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APP1 TCATIOV OF ALGEHEA TO TIIE THEORY OF 
CURVES AND SURFACES. 


PART I. 

THEORY OF CURVE LINES SITUATED IN A PLANE. 


CHAP. I. — FIRST PRINCIPLES. LINES OF TIIE FIRST 
ORDER. TRANSFORMATION OF CO-ORDINATES. 


i. When an equation contains two unknown quantities a* and y, the 
question will admit of innumerable solutions, and is therefore said to 
be indeterminate. By giving a number of arbitrary values to one of the 
unknown quantities, ,r, wq may determine as many corresponding values 
of y. Thus, iu the equation 


y = l(Xr -f 5, 


if ,r = 0, then y = 5 ; if jc = 1 , then y —Id; if ,v — 2, then y = 25 ; 
and so on : the number of solutions being evidently unlimited. 


2. If, in the indefinite stra* -ht lino Aw 
the parts AP> AP\ &c., he ta* en to repie- 7/ 

sent thu values of jr, and the lines PM, 1 

l*M', &c., drawn parallel to the line Ay, I 

be taken to represent the corresponding 
values of y; we uwy find as many points, / J 

M, M\ &c., as we please, and a line pjs>»- f - - * 

ing through all tliese points is called the 
locus of the equation. 

Conversely, this equation is called the Q 

equation to the line, which passes through v y 

all the points M, M\ &c. 


. * 

3. The line AP , which expresses any value of a\ 

VOL. II. 


M 



is called ari 
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abscissa ; and PifiF, the corresponding value of y„j£*fafttk)d an ordinate • 
Any two corresponding values of .? and y art^allecWo-orcftMateJ. 

4. The lines Ax f Ay> are called the axes of x and y. They are 
generally drawn at right angles to each other, and are then denomi- 
nated rectangular axes ; when they are inclined to each other at a 
given angle, they are called oblique axes. 

The point A is callpd the origin of the co-ordinates. 

5. Since x is measured from a fixed point along the line Ax, given 
in position ; if the values of x to the right of A be supposed positive , 
those to the left of A must be considered negative (vol. i. p. 417). In 
like manner, if the values of y, measured upwards , be positive, those 
measured downwards will be negative. This conventional rule being 
established, we shall have 

x positive and y positive in the angle yAx 
x negative and y positive „ yAx' 

«i f negative and y negative „ y 'Ax* 

x positive and y negative „ y'Ax. 

When, therefore, any particular values are given to x and y, we imme- 
diately perceive where the point situated. Thus, if .v = -f 4, and 
y = — 3, the point will be somewhere within the angle y'Ax; and if 
we wish to determine its position, we take AP = 4, AQ' = 3 ; then 
the intersection of the two lines Pm , fjfm 9 drawn parallel to the two 
axes Ax, Ay , respectively, will he the point required. 

When any point is situated i" the axis xx\ then y = 0 ; thus, for 
the point P, x = 4, y = 0. 

W hen any point is situated In the axis yy', then x = 0 ; thus, for 
the point Q' } x = 0, y ==■ — 3. 

The point A is given by the values x = 0, y = 0. 

The two equations x = a, y = b, by which any point is determined, 
are called the equations to this point . 

(5. Curve lines are usually divided into two classes, algebraic and 
transcendental. When the equation to a line can be expressed in a 
finite number of terms, containing only integral powers of x and y, and 
constant quantities, it is called an algebraic curve : all others are called 
transcendental curves. Thus, the lines represented by the equations 

x 2 -f y 3 — - r 2 = 0 ; ay = x 2 ; ay m — x n ; 
are algebraic curves. And those represented by the equations 
y = »in x ; y = log x ; y = a v ; 
are transcendental curves. 

7. Algebraic curves are divided into orders, according to the degree 
of the equation which expresses the relation between x and y. Thus, 

Ay -f- Bx + C = 0 is the equation to a lin° of the 1st order 

Ay 2 +(Bx+t')y f Dx 2 + Ex+F~Q „ „ 2d order 


Ay nJ t (Bx -f C)y n ~~ l + ( Dx l -f- Ex + F)y -f &c. = 0, is the gene- 
ral equation of the wth order, in which the highest sum of the indices 
any term is equal to n. 

8* The general equation of any degree includes not only all lines of 
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that order, hut likewise all those of an inferior order. Thus, the equa- 
tion of the second degree, * 

(y — ax + b ) (y — ax + V) = 0, 

represents two lines of the first order, whose equations are 
(y — ax + b) = 0, and y — a'x + V = 0 ; since either of these 
equations will satisfy the original equation. And if a = V = b> 
these two lines will become one line only of the first order. 

In like manner, the equation of the third degree, 

(y — a x + 6) (erf — dx') = 0, 

represents one line of the first order, whose equation is y — ax+b •= 0 ; 
and a line of the second order, whose equation is cy 2 — du : = 0. 
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form 


All equations of the first degree are comprehended in the general 


Ay + Bx 4* C = 0 ; or, y — 



C 

A ; 


and putting 



C 

A 


by this equation becomes 


y~ar + b, 

which is the general equation of the first degree. We shall first consider 
the case when b = 0. 


10. Prop. I . — To determine the locus of the tine whose equation is 
y s= ax. 

Let Ax, Ay , be the two rectangular axes ; 
and let AP, AP, be two given values of 

and PM \ PM', the corresponding values 
of y. Then, since the equation ;/ = ax is 
always true, we have 

PM = « x AP ; P M' = a x AP; 

PM : PM ' :: a x AP : a x AP ' 

: : AP : AP. 

And because the angles at P and P' are 
equal, the triangles APM , A PM', are similar (Geom. prop. 71); 
therefore the angle P'AM ~ PAM, and M ' is in the straight line 
AM. Hence it follows tV t all the points M, M\ &c., are in a straight 
line, drawn through Ay the origin of the co-ordinates. 

When a is negative, or the equation is y = — ax, then positive 
values of x correspond to negative values of y, and negative values of a 1 
correspond to positive values of y. Hence the line AM will take the 
position 4m ; and it may be proved, in the same manner as in the first 
case, that the locus of the point m is a straight line Am, which passes 
through the origin A. 

Ilf Cor . — Since /* = — = it follows that a is the trigono- 

x AP 

metrical tang^pt of the angle PAM. 
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12. Prop. II . — To determine the locus of the line whose equation is 
y = ax -f b. 


In this case, the ordinate y always ex- 
ceeds the ordinate in the last proposition 
by the same quantity, l. If, therefore, 
any ordinate, PM, be produced, and MN 
be taken equal to b; then, if a straight 
line, NN be drawn through the point N 
parallel to uiM, every straight line M r N', 
parallel to MN . , will be equal to 4. Hence, 
putting AP = x, 7W = //, we have 

7W = y = (Lv + b. 


-yt 












iff 

L ' 



CJC 


The straight line NN 1 , therefore, is the 
locus of the equation y = ax + b. 

If b be negative, the distance Mn must be measured in the opposite 
direction from the point M. Hence the line NN’ will, in this case, 
occupy the position W. 


1,3. Cor . 1. — The constant quantity b is the distance, J/>, at which 
the straight line NN' cuts the axis A y. And the constant quantity n 
is the trigonometrical tangent of the angle PAM or AC it. 


14. Car. 2. — If in the equation Ay -f Bx + C --- 0, it = 0, then 

y = — for all v Hies of x ; therefore the locus of N is a straight 

line, parallel to Ax. ff 71=0, C= 0, the line CN will coincide 
with Ax. 

(j 

If A — 0, then ,v = — — for all values of y ; therefore the locus of 

N is a straight line, parallel to Ay. If A = 0, C = 0, the line CN 
will coincide with Ay. 

15. Scholium . — Hence it appears that an equation of the first degree 

always represents a straight line. The easiest way of constructing this 
line will be to find the points where it cuts the two axes, by putting suc- 
cessively x = 0, if = 0. Thus, if the equation be 2«r— f> = 0, then 

when x = 0, 3 y — fi = 0, // «= 2 ; 

when y = 0, — 2x ~ G d. x = —3. 

Hence, if we take AB~2, and AC =- —3, in the last figure, and 
through the points 7?, C, draw the line BC it will be the line required. 

If the equation* be y = ax, we can only determine point by this 
method ; for when x = 0, y is also = 0, and therefore the l*n,c passes 
through the origin of co-ordinates. A second point, however, may easily 
be found, by giving to x any determinate value, such as l, and then 
finding the corresponding value of//. 

If, therefore, w F e give to a and b their proper signs, we shall have the 
fol owing equations, represented by the straight lines CN, CN , &c., 
gin n in the figures below. 
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// = ax + b ; // -f i7.i' — b ; y = — ax + b \ y = — ax — b . 



If the equation bo x = /?, the line is parallel to the axis of y , at the 
distance < 7 . 

If the eqi.uuon be // = /;, the lit A' is parallel to the axis of./’, at the 

L 

1 (i. Prop. III. — The equation L> a straight line is one of the first 
degree* / Sce fi«r- *n prop. 2.) • 

Let ( X be the ghon straight line, rotting the two axes Ax, sly, in 
C and //. Take ait} point, X, in the line BN 9 and draw NT perpen* 
dieu la r to -7«r. I hit A P = x 9 J*X = //, AB = b, AC = c ; we have 
tho»., from similar triangles, 

AC : Alt : : CP : PX; or, c : h : : c + x: y; 

. * . cy — bx -f- be : or, // = — ,v + b. 


Examples. 


Construct t lie straight lines which belong to the following equations: 


1. 

// — ,r = 0 

5 . 

% + 1 ‘le— 10 = 0 

2 . 

j ?/ 4- 2a' = 0 

(i. 

dy -j- (ix -f - 0 = 0 


10 // - 2 x - 7=0 

7 . 

5 x -- iO = 0 

-1. 

(\y — hr + J 8 = 0 

! 8. 

[y -H 2 = 0 


PROBLEMS ON THE STRAIGHT LINE. 


y \ 

|A 


1 P f* 


17. Pro b . I . — To find the equation to a straight line , 13 M, which 
passes through tiro given points , m, m\ 

Lei y = Ax+B be the equation to the 
straight lino BM, in whicli «r and y denote 
any values whatever, and A and B , constant 
quantities, to he determined from the condi- 
tions of the problem. Let ft and a', ft, be 
the to-ordinates of these, points, which are 
supposed to be given. Then, since the equa- 
tion y = Ax -f B is true for every point in 
the straight liue/JJ/, it is true for the points 
m > m '* ^JSi&rtiave, therefore, 

y = Ax + B ; 0 = Acc + B ; 

and the values cf A and B are to be determined from the two last of 
these equations, and substituted in the first. Eliminate B by subtract- 
ing the second of these equations from Wie first and third ; we then get 

y — /3 = A (.r — «) ; /S' — £ = A(*! — «). 


0=zA*' + B; 



THEORY OF CURVE LINES. 


6 


fi f — * 

From the last equation we have A = ; and substituting this 

a — * » 

value in the preceding one, we finally obtain 

s-f 


for the equation to the straight line mm 1 . 

18. Cor . 1. — The equation y — /3 = A (x — *), which was ob- 
tained by eliminating B from the two equations y = Ax + B , and 
j3 = Ax + By is the equation to & straight line passing through the 
point m ; for if x = x, then will y — / 3 = 0, and y = j3. The co- 
efficient ^ remains still indeterminate, since an infinite number of 
straight lines may be made to pass through this point. 

19. Cor. 2»— The distance rW is manifestly equal to 

*/[(*'-«)*+ 0S'-/3)*]. 


20. Prob. II. — To find the equation to a straight line which passes 
through a given pointy and is parallel to a given straight line . 

Let y = ax + b be the equation to the given straight line, 
and y = Ax + B the equation to the required straight line. 
Also, let x, /3, be the co-ordinates of the*given point through which the 
line is to pass. Because this is a point in the straight line whose equa- 
tion is y = Ax -f By we have (art. 17), 

/3 = Ax + By and y — j3 = A{x — a). 

And because the two lines are parallel, they will cut the axis of x at 
the same angle ; therefore the tangents of these angles are equal, or 
A = a. Hence the equation to the straight line required is 

y — /3 = a (x — a). 

21. Cor. — The equation to a straight line which passes through a 
given point (a, /3), and makes an angle 0, with the axis of x, is 

y — • /3 = tan 8 (x — a). 


22. Prob. III.— 7b find the equation to a straight line which passes 
through a given pointy m, and is perpendicular to a given straight 
line, CD. 


Let y = ax -|- h be the equation to the 
given straight line CD, and y = Ax + B 
the equation to the line EMy which passes 
through the given point m y and is perpen- 
dicular to CD. Let the angle DCx = 0, 
and mGx*= <p; also, let x, /3, be the co- 
ordinates of the point m. Then, because 
the straight line mE passes through m, we 
,ve (art# 18), 


\m 



y •*— @ — - A (a* — <j&) • 

And? since mE is perpendicular, to CD , the angle a : 
sequei^ly 


: 90° + con- 
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A tst tan p = tan (90° + 9) a= — tan (90° — 9) (Trig. art. 67) ; 

• * A cot 9 ~ a ~~ ™ • •*«.... ( 1 ) ■ 

tan 9 « v 

g 

Hence y — /3 = — — (a? — ft) 

a 

is the equation required. 

23. Cor. — If y = ^ 4 ? + J5 and y = + b be the equations to 

two straight lines which are perpendicular to each other, we ha\e, from 
equation (1), 

A = — — ; or, Act + 1 = 0. 


24. Pbob. IV . — To find the length of* the perpendicular mE, from 
the given point m upon a given Mratght line CD. 

As before, let y = ujt + b be the equation to CD, and *, P, the co- 
ordinates of the point m. Also, put mE = p , and the angle Z>Ct* = 9. 
We ha\c then, 

p = mn x sin mnE = wmcos 9 = ( pm — - pn ) cos 8 (2). 

Put pm = p. Also, since n is a point in CD, whose equation is y = 
a.v + b, therefore, 


pn = a x Ap + b = act + 4. 

1 1 1 


Likewise cos 0 = v — — - , 

sec 0 \/(l + tan 2 0) V(l + a 2 ) 

Substituting these \alues in equation (2), we have 

P — (la, — b 


P = 


v(\ + a 2 ) • 


Problems Jhr Practice . 

1. To find the equation to a straight line which passes through a 
given point, and makes a given angle with a gi\en straight line. 

2. To determine the point of intersection of two given straight lines. 

3. To find the angle contained between two given straight lines. 

4. To find the equation to a straight line which bisects the angle 
contained by two given stra ; 'V lines. 

Notf . — A point is said f n be given, when the co-ordinates of that 
point are known ; and a straight line is said to be giten, when its 
equation is given. 


^e^nxv. TRANSFORMATION OF COORDINATES. 

25. Before we proceed to the discussion of equations of the second 
and higher orders, it is necessary to explain the method of changing 
the origifi and direction of the co-ordinate axes ; by which means the 
equation may often be considerably simplified, and the properties of the 
curve more easily investigated. 
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26. Prop. I . — To change the origin of the co-ordinates, the new axe* 
being parallel to the former . 

Let Ax, Ay, be the original axes; At, A f u, y\ V> 
the new axes, respectively narallel to the former. I 
Take any point, Ms in the'curve, and draw the j J W 

ordinate MQP parallel to Ay or A'u. Let I I I 

AC = a, AC = o, AP = x, PM = y 9 A'Q =t, 

QJ/ = u. We have then / — fc — L b 

* = AP = AC+A'Q=„ + n {A) ir4r-p- 

y = PM= A'C+ QM = 6 + u] 

Substituting these values of x and y in the equation to the curve, we 
obtain a new equation in terms of t apd w, the new co-ordinates. 

When C is to the left of A , a will be negative ; and if A ' be below 
the axis Ax, h will be negative. 

27. Prop. II . — To change the directions of the co-ordinates, the new 
axes having the same origin as the former . 

Let Ax, Ay, be the original axes, At, Au, 
the new axes, and M any point in the curve. 

Let AP = x, PM = y, AQ = /, QM — u . 

Draw QR parallel to Aj^ and QS parallel to 
A M .; and let the angle tAx be represented by 
(tx), the angle xAy by (ay) ; and so on. Now, 
x = AP == AR 4- RP = AR + QS 
y = PM = PS + SM = RQ + SM. 

We have also, by Trigonometry, 

AR : AQ :: s\nAQR : sin ARQ :: sin(/y) : sin(#y); 

AR sin (xy) = £sin(fy). 

QS : QM : : sin QMS : sin QSM : : sin (uy) : sin ( xy ) ; • 

QS sin (xy) = u sin (uy). 

Hence, adding these two equations together, 

^sin(^ry) = t sin (fy) + wsin(vy) (B). 

Again, we have 

RQ AQ sin QAR : sin ARQ :: sin (tx) : sin(yx); 
i£§sin (yx) = t sin (tx). 

SM QM sin SMQ& : sin QSM : : sill (ux) : sin (yx) ; 

SM sin (yx) = u sin (ux). 

And adding these two equations together, 

y sin (yx) = t sin (tx) + u sin (ux). . .% A . . . (B). 

These equations being symmetrical, may easily be rememfei^d in this 
form. 

28. Cor. 1. — When the axis At is situated below Ax, the angle 
tAx or (tx) must be considejed negative, and therefore also its sine^ will 
be negative (Trig. art. 51). In like manner, when the axis Au is to 
the left of Ay, the angle uAy must be considered negative. 




TRANSFORMATION OF COORDINATES. 9 

29. Cor. 2. — If the angle tAx = a, the angle uAx as ft and 
yA* v = 90° ; we hare 

sin (tx) = sin a; sir} (ty) = cos a ; sin (#jf) as 1 ; 

sin (i ux ) = sin/3; sin (#y) =s cos/3. 

.*• «r == f cos a + if cos 0 ; y = t sin * + * sin 0 . . . . • . (C). 

30. Cor. 3. — If the axes of <r and y be at right angles to each other, 
and also the axes of t and ti, then will \3 = 90° + *• Hence 

sin p = sin (90°+ ») = sin (90°— a) = cos » (Trig, art. 65) ; 

cos|3 =b cos(90°+*)= —cos (90V-*) = —sin* (Trig, art, 66) ; 

.\ # = / cos * — u sin * ; y = t sin * + u cos * (2)). 

31. Scholium* — Since the values of x and y are in all cases expressed 
by simple equations, the degree of an equation can never be cnanged 
by the transformation of co-ordinates. 

32. The position of a point upon a plane may also be determined by 
means of its distance from a given point, and the angle which that dis- 
tance makes with a line given in position. The given point is called 
the pole , and the variable distance, the radius vector . 

This angle and the radius vector are sometimes called polar co- 
ordinates ; and the equation which expresses the relation subsisting 
between them, at any point in a curve, is called the polar equation to 
the curve. 

33. Prop. Ill — To transform an equation between rectangular co- 
ordinates into another between polar co-ordinates ; and conversely. 

(1). Let Ax, Av 9 be the arcs of x and y at yj 
right angles to each other ; M any point in the 
curve; O the pole, and OM the radius vector. 

Draw Ot parallel to Ax ; and put AP = x 9 PM 
= y, AR = a , RO = b , and the angle MOt 
= p. We have then, 

x = AP = a + r cos p 
y = PM = b + r sin p. 

Substituting these values in the equation between rectangular co-ordi- 
nates we obtain an equation between r and p, or between polar co- 
ordinates. 

(2.) Conversely . — To find r and p in terms of x andy. We have, in 
the triangle OMN \ 

r 2 (<v — a) 2 + (y — 6) 3 

y — 5 — tf 

tan p = * sin p = ; cos p = - 

r x — a r 

34. Cor. 1. — If the axis Of, from whence the angle p is measured, 

be not parallel!*? Ax, but makes an angle a with it, when they are pro- 
duced : substitute p ± *for p in thtf preceding equations. 

35. Cor. 2.— If the axes oi x and y be oblique to each other, the in- 
vestigation is nearly the same; but as the expressions are seldom re- 
quired, and are more complicated, we shall not introduce them here. 
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CHAP. II. — LINES OF THE SECOND ORDER. 


36. The general equation of the second degree between x and y is 

ay 2 + bxy -f ca? + dy + ex +f = 0 (1) ; 

in which wc may suppose the axes of the co-ordinates to be at right 
angles to each other, and not diminish the generality of the equation ; 
for if they were not rectangular, they might easily he transformed by 
equations (B) into others which were so. 

By resolving this equation as a quadratic, we obtain the value of y 
equal to 

h 1 l 1 ^ 

— ~ — — ± — [ (6? — 4ac)x 2 + (2 bd — 4ae).r + d 2 — 4 «/*] 

And if, for the sake of simplicity, we put 

— — = k 9 — = /, — = m, b 2 — 4ac = «, &c., 

2 a 2a 2a 

we get 

y = kx + / + rn */(nx 2 + px + q) (2). 


37. If "e suppose BQ to be the straight 
line whose equation is y = kx + /, and from 
any point, Q, in this line take QM, QM\ each 
equal to the irrational part m a/(»^+ px+q)l 
then will A/, M', be two points in the curve ; 
for PQ = kx + /, and therefore 

PM = kx + / + m */(nx 2 + px + q) 
PM 1 = kx + / — in V(nx 2 + px -f q). 



38. Det. — T he straight line BQ, which bisects all the lines MAP, 
drawn parallel to the axis of y , is called a diametei' of the cune. 

If BQ bisects these lines at right angles, it is called an axis of the 
curve . This must be distinguished from the axes of x and y , which arc 
called the axes of co-ordinates . 


39. Prop. I. — To determine the general form of the curve from the 
hat equation . 

Let ft be the two roots of the equation nx 2 •+• px «f q = o ; then 
we have, from the principles of Algebra (arts. 107vr ?70), 

f nx 2 + px + q = n(x — a,) (x — p ) 9 ** **' 

for all values of x ; and therefore 

f y = hx + / ± m </[n(x — a.) (x — £)] (3). 

This proposition, therefore, will divide itself into three different cases, 
Uncording as n is positive, negative, or zero. 
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40. Prop. II .— -To determine the curve when n or b* — ^ac 11 

positive . * 

(1.) Let the roots a, ft be real and un- 
equal, and a >jS; also, let Ad=&. 

When x > <*, each of the factors under, the 
radical, it, — a,# — ft is positive, conse- 
quently the values of y are real. However 
great, therefore, the values of x be taken, 
there are always two real corresponding values 
of y ; hence there are two infinite arcs to 
the right of the ordinate DE . When x<a and >ft n and are 
positive, and x — a is negative ; therefore n(x— <x) (<*»— 0) is negative, 
and the roots of y are imaginary. Hence no part of the curve lies be- 
tween the ordinates DE and do . In this case, the curve between DE 
and dc is said to he imaginary. >> 

When x < ft x — « and x — /3 are both negative, therefore 
w(«r— -a) («r— ft) is again positive, and the values of y are again real, 
however great the negative values of x be taken. Hence there are two 
infinite branches to the left of de . This curve is called a hyperbola . 

If x = a, or x = ft the two values of y become equal to each other, 
and therefore the ordinates DE> de , are tangents to the curve, at the 
points E and e . 

(2.) Let the roots a, ft be equal. We have in this case 
y = kx -f / + m+S^n^x — a) (x — a)} 

= kx -f / Hh w* (x — ») ; 

y = (/< + m //»).* + /— or y = (/*— 

These are the equations to two straight lines ; and since the coefficients 
of x are unequal, these lines will cut the axis of . ,r at different angles, 
and intersect each other. 

(3.) Let the roots a , ft be imaginary. 

These will be of the form y -f $ V — 1 and y — — 1. Hence 

Ha* 3 -f px 4* q = w (x — y — SV'-lXj’-y + S/-1) 

= *[(*-*? + *]. 

And since the expression within the brackets is the sum of two squares, 
it is always positive, whatever be the value of x ; therefore the values of 
y are always real. Hence the curve consists of two infinite branches 
to the right of A, and two infinite branches to thedeft of A. 

This curve also is a hyperbola ; and it will afterwards be proved that 
this is llie same as the first curve, with the axes in a different position. 

41. Prop. III. — To determine the curve when n or b a — 4ac is 

negative . ^ • 

(J.) We^frave in this case 

y == kx + / ± m V[— n(x — «) (x — j9)]. 

It may be proved, as in the last proposition, that when x is greater 
than either « or ft the expression under the judical, —n(x — ») (x-~0) p 
is Beg&titis»*nd the roots of y are imaginary. When x < aand > ft 
this expression is positive, and the values of y are real. When x is less 
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than either » or ft the roots of y again become 
imaginary. Hence the curve is limited by the 
lines DEy de ; and no part of it lies to the right 
of DEy or to the left of de. This curve is of an 
oval form, and is called an ellipse. 

(2.) When the roots a, ft are equal. In this 
case. 



y = kx + / + wt (# — a) V — n. 


Hence the values of y are always imaginary, except when v = a 5 
therefore the ellipse is reduced to a single point. 

(3.) When the roots a, ft are imaginary, and of the form y + — 1. 

In this case, * 


— nx 1 4" p<i*+ q = — n [(j* — y ) 8 4- 
which being alwajs negative, the values of y are impossible; therefore 
the cur\e is imaginary. 


42. Prop. IV. — To determine the tune nhen n or b 2 — 4ac = 0. 


We have in this ca^c, y = hx+l + 
q 

or, putting = , 

P 

y = kv H- / + m V [])(&’ — a)]. 


(1.) If p be positive, and x > the values 
of y arc real, and the curve has two infinite arcs 
to the right of DE. If «r < a, the values of y 
are imaginary, and therefore no part of the curve 
lies to the left of DE. 



(2.) If p be negative, and x > n, y is imaginary, and therefore no 
pait of the curve lies to the right of DE. If x < a, both p and » 
are negative ; therefore the values of y arc real, and the curve has two 
infinite arcs to the left of DE. This < urve is called a parabola . 

43. Cor . — If n = 0, p = 0, then y = hx + / + m */q% which are 
the equations to two straight lines when q is positive. These stiaight 
lines also are parallel, because the coefficients of x are equal (art. 11). 
If q be negative, y is impossible, and there is no curve at all. 


44. Prop. V. — To determine the form of the curve ichcn a = 0, in 
equation ( 1). I# 

In this case, (bx + d)y 4- ex 2 + ex +/ = 0 ; 

fvr 2 4- cx 4- f 

* = TTTd * ^ 

nd by division, we obtain an equation of this fofm, 

y= ff .r + A+ (4). 

LA, OQ be the straight line whose equation is y ^ ga> + h. 
At Wf point, P, draw PQ perpendicular to AP, and take QM — 
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- — ■ — then AI will be a point in the Hi ^ 

Ox + a 1 1 

p V || 

curve. It is evident that = dimt- 

bx + d 

nishes as lx 4- d increases, and that when 

p 

bx + d becomes indefinitely great, - GT ' ST] 1 — * 

becomes indefinitely small, and conse- " 
quently the curve approaches indefinitely \ 

near to the line OQ , but yet never actu- j 

ally meets it. 

If bx 4* d = 0, or x = j-j y is infinite ; if, therefore, we take 

b 

d 

AG — , and draw GH parallel to Ay> the line GH will never 

b 

meet the curve. • 

If bx -f d become negative, gm must be measured on the other 
side of the line Og ; and when — (bx 4- d) is indefinitely great, 
r 

— p— — will be indefinitely small; therefore the curve again ap- 

proaches indefinitely near to the line Oq , but never meets it. 

45. Def. — Straight lines which continually approach a curve, and 
come nearer to it than by any given distance, but being produced ever 
vo far, never meet it, are called asymptotes .* 


Examples . 

To determine the limits and general form of the curves to which the 
following equations belong : — 

1. ;/ 3 — 2 xy 4- '2*1* — 2 y — - 4x 4- 9 = 0 . 

2. y 3 -h 2 xy 4- 3x l — 4«r = 0. 

3. y 3 — 4xy 4- 2x 2 — 2y -f 1 6 r — 17 = 0. 

4. y % — 4 xy + 5<r l f 2y — 4x + 2 = 0 . 

5- y ’ 5 — 3 xy + x 2 + 1 - 0 . 

6 . y 2 — 6xy + 8 .r 2 + 2 *r — 1 = 0 . 

7. y 3 4 - 3,ry + ^r 2 4 y + x = 0 . 

8 . y 3 — 2 . 27 / -f <r 2 — - «/ — 1 = 0 . 

9 . y 3 + 2xy 4 - x % — 1 = 0 . 

10. 2xy — 4«r 3 + 6x — 3=0. 


REDUCTION "1’IIE GENERAL EQUATION OF THE SECOND DEGREE 
TO ITS MOST SIMPLE FORM. 

40. Prop. VI . — Thj second term in the general equation , 
ay 3 4 - bxy 4 - cx 3 4 - dy 4 - ex 4 - f = 0 ( 1 ), 


* From eurbfjLirrufTost which signifies never coinciding . 
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may be taken away by passing: from one system of rectangular co~ 
ordinates to another , the origin repiaining the same . 

Assume (formula D) 

«r = t cos a — u sin a, y = t sin a + u cos a, 
and substitute these values in equation (1); we then obtain an equation 
of this form, 


Au % + Btu + Ct 2 + Du + Et +/= 0, 
in which B is equal to the expression 

2(<* — c) sin a cos a + b (cos 2 a — sin 2 a) 5 

and in order that the term containing tu may disappear, we must put 
this expression as 0* And because (Trig. art. 74), 

2 sin a cos a = sin 2a ; cos 2 a — sin 3 a = cos 2a ; we have 

0 = (« — c) sin 2a + 4 cos 2a (jS.) 

sin 2« _ b 

— = tan 2a = . 

cos 2a c — a 


And since the tangent has all degrees of magnitude, from 0 to -f- «*», 
or from 0 to — 00 , the arc 2» is always real, and therefore B may be 
always made to disappear. 

Hence equation (1) can always be reduced to an equation of the form 
Au 2 + Ct 2 + Du + Et +/= 0 (5). 


47. Prop. VII . — To find the values of A and C, in terms of the 
coefficients of equation (1). 

We have from the transformation in the last proposition, 

A = a COS 2 a — b sin a COS a -f c sin 2 a 
C = a sin 2 a -f b sin a cos a -f c cos 2 a* 

Hence, adding and subtracting the last equation, we get 
A + C = a + c (y). 

A — C = a (cos 2 a— sin 2 a) — 2b sin a cos a — e(cos 2 a —sin 2 a) ; 

. * . A — C = {a — c) cos 2a — b sin 2a. 

To eliminate a, add the square of the last equation to the square of 
equation (j3), and we obtain 

(A »-C) 2 = (a^c) 2 + b 2 ; 

A — C — Vi (a - <•)* + «*] ( y ). 

Taking half the sum and hjlf the difference of equations ( Q ) and (y), 
we get 


A = h(a + c) ± iV[(a — c ) 2 f A 2 ] 

C = i(a + c) + i«/l(a - c) 2 + ASJ: 
the sign of the radical in C being contraiy to that in^r^^ 


48. Cor • 1.— When 4 s — 4ac = 0, or the curve is a parabola, 

(a — <?)* -f b 2 as (a — c) 2 + 4ac = (a + c) % ; 

A s=s a + c, Or 0; (7 = 0, or a + r. • 

Hence, in the case of the parabola, when M is made to vanish, either 
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A or C vanishes at the same time. If we suppose (7 =a 0, equation 
(5) is reduced to 

Au 1 + Du + Et+f=z 0 (6). 

49. Cor . 2.— -If 2? also vanishes, the equation becomes 

Au 2 + Bu 4-/== 0 (7). 

50. Cbr. 3, — When b 2 — 4«e is positive, or b 2 > 4ac, then 
a/C(* + 4*] > « + c. Hence it is evident that A and C will 
have different signs. When b 2 — 4ac is negative, A and C will have 
the same sign. 


51. Prop. VIII .— The simple powers of t and u, in equation (5)> 
may be taken away , by changing the origin of co-ordinates ; the new 
axes being parallel to the last . 

T\ T\ % rvQ 

Since Au 2 -h Du = A {u 2 + — «i^ = A^ti 4* TjTff) — 


« + ® = c(<>+§.) =c(< + 2 f)’- 


4^ 

4C 


If we put 

D E 

U + 2 A * + 2C = m * 

wo shall obtain the equation 

Ay* + Cr* — F, 


/>* E % _ 
4A 4 r ~ 

( 8 ). 


Fr 


52. Cor . — It is manifest that the first power of t cannot be taken 
away in equation (6), but the equation may be simplified by putting, 

as in this proposition, u -f = y, and also 


- „ D 2 „ r F D 2 1 

Ft 4- F = E t -4 I = Ex. 

* 4A L E 4AEA 


Equation (G) will then become 

Ay 2 4- Ex = 0 (9). 

By the same substitution, equation (7) will become Ay 2 = / 
equation is included in equation (8), C in this case being = ' 


53. Scholium.-— From the two last propositions it appea 
general equation (1) can always be redded to one of the tw 

My 2 -f Nx 2 = P ; My 2 4- Nx = 0. 

And we shall now consider the nature of the lines represented 
equations. 


54. Prop.' IX . — To determine the form of the curve lines to 
the two last equations belong r 


If we divide every term of the first equation by P> we gbt 




— V-sl 
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Now the coefficients , may be either both positive, or one positive 
P P 

and the other negative, or both negative. In the first case, put 
P P 

— = &*, — = a\ and the equation becomes 
M N 

|j- + SS 1 i or, a*y* + 6V = o’A* {B)> 

The curve represented by this equation will be shown in article 65 to 
be of an oval form, and is called an ellipse. 

If the first of these coefficients be positive and the other negative, 

p p 

put — = b\ and — = — a 2 • the equation then becomes 
r M N 


^ as 1 or, ay — 5V = a 2 b 2 (H)* 

This curve is called a hyperbola, and its form will be considered in 
article 130. If the first of these coefficients be negative and the other 
positive, the curve is still a hyperbola, and has the same form, the two 
axes having interchanged places. 

If both these coefficients be negative, the equation is manifestly 
impossible, and the curve is imaginary. 

If any of the coefficients M, N $ or P = 0, that equation will either 
represent two straight lines, or the lines will be imaginary. Thus, if 
iV= 0, My* = P will represent two parallel straight lines, when jl/ and 
P have the same sign. If P as 0, the equation My 2 + Na 2 = 0 will 
represent two straight lines, which intersect each other when M and N 
have different signs. * 

(2.) If we divide every term of the second equation My 2 + Njc = 0 

N 

by My and put — = — 2 p, we get 

v y 2 = 2/w? ( P ). 

T1ie\locus of this equation is called a parabola, and it will be discussed 
in article 191. The curve has the same form, whether p be positive or 
negative.^ 

55. Dt '?-— When every chord passing through a point is bisected 
by it, this point is called tne centre of the curve. 

56. Pit op;* X . — The origin of co-ordinates , in the curve whose equa- 
tion is My 2 + Nx* ss P f is a centre of the curve. 

For if we substitute — a and — y for -f ,v 
and + y, rwe shall have the same equation, 

My 2 4* = P • Consequently the point 

m, whose co-ordinates are — — y,* is a 

point fri the curve* We have also, in the 
triangles APM, Apm , AP~Ap> P Mss pm, 
and the artgle APM = Apm* therefore the 
a*igle MAP = mAp ; and MAm is a straight 
line* bisected in A. 

57. Scholium. — Whenever the equation 
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remains the same on the substitution of — jt aud — ■# for + *» and 
+ y, the curve has a centre, in which is placed the origin of co-ordi- 
nates. And this will be the case, 

(1.) When the sum of the indices of <s» and y is even, whether there 
be a constant term or not; as 

Atf + Bxy + Cs A + D = 0. 

(2.) When the sum of the indices of x and y is odd, and there is no 
constant term ; as 

Aip + Bxy 2 + Cy + Dx as d. 

58. Prop. XI . — To explain the changee which have taken place in 
the position of the axes, in consequence of the alteration in the form of 
the original equation . m 

These will be sufficiently understood frorn the following diagrams 



(1.) In each of these figures the lines Ax, Ay, represent the position 
of the axes to the curve, in the original equation (1). 

(2.) 1-4 the first transformation (prop. 6), the origin remains at A , 
but the curve is referred to the new rectangular axes, At, Au ; and the 
corresponding equation to the curve is equation (5), in the ellipse 'and 
hyperbola sAsmd equation (6), in the parabola. 

In the tfjcond transformation (prop. 8), the origin is transferred from 
A to A the centre of the curve in the ellipse and hyperbola, and to 
A', the wertex in the parabola. The new axes are parallel to the/ 
former, At, Au . / 

59. Prop. XII. — A straight line cannot cut a line of the second 

order in more than two points. f 

Let y = gx -f h be the equation to a straight lj/ne, and 
ay 2 + bxy + cx 2 + dy + ex +f = 0 the equation to a lime of the 
second order. Now, at the points of intersection^ the values of x and 
y in the straight line are the same as those in the curvu*. If, there- 
fore, we substitute gx + h for y in the equation of the second degree, 
we shall, evidently have an equation of the form 

Mx 2 + Nx + P ns 0. 1 

From this quadratic are obtained two values of x , which, substituted in 
the equation to the straight line, give two corresponding v&Jues of y; 
and these w» ! ! give the two points in which the line cuts the cmrve. 

60. Cor . 1 . — When the two roots of the quadratic are equf*gl, the 

points of intersection coincide, and the straight line is a tangent tto the 
curve* When the roots are imaginary, the straight line falls entu'rely 
without the curve* \ 

61* Cor. 2. — In the same mapner it maybe proved that a straight 
line cannot intersect a line of the 6th order iw mofe than » points!? 

▼OIi* XI* o 
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CHAP. III. — THE CIRCLE AND THE ELLIPSE. 


62 . The equation to the ellipse, in art. 51 , is 

a 2 y 2 4- b 2 x 2 — a 2 b 2 . . (E ) ; 

and if a = 5, the ellipse becomes a circle. Beforo we proceed, there- 
fore, to deduce the various properties of the ellipse, we shall briefly 
consider the different forms of thef equation to the circle. 


THE CIRCLE. 

r 

63 . If we put b =s a in tj>e preceding equa- 
tion, it becomes 

3,2+** = a 2 ; or, CQ 2 + QM 2 = a 2 . . . . (1). 

This equation shows that every point M, in 
the curve, is at the same distance from the 
origin of co-ordinates, C; and therefore the 
curve is a circle whose centre is C, and radius 
= CA/=«. 

64 . tf we produce QC to the circumference 
A\ and put A'Q = x 1 = x + a, we have x = x f — a, and the preced- 
ing equation becomes y 2 + (x f — a ) 2 = a 2 ; or, 

y 2 = 2 arf — y 2 (2). 



65 . Prop. — 7 b y&irf the equation to the circle , tatan 

or without the circle, is assumed as the origin of coordinates. 


Let the point A be the origin of co-ordinates, and Ax, Ay, the rect- 
angular axes. Let M be any point in the circumference ; draw MP, 
#?/£, perpendicular to Ax. Put AP = x , Pil/= y , AR as a, RC — 3 ; 
we h? ave = CA/ 2 , or 

\ / (■*’ - «) J + (y — 19 )® = «* ( 3 ), 

which is most g° nerfi| l equation to the circle when the axes are 
rectangular 

66. Scho $ um ' — Ike general equation of the second degree 
(art. 36 ) 4 an( * a = this may evidently be reduced to the 

same form asi e< l l,at * on (®)> an( * consequently the curve will be a circle. 
And if this ei c l uat * on he transformed to another where the origin^emains 
the same an cr axes arft rectan 8 u ^ r > * e shall also find j? = 0 and 

farlT** 47 ). This result might have been anticipated, since it 
appears frof m * ast article that the rectangle xy cannot enter into the 
equation the circle. The general equation to the'Sh^]#, therefore, 
when th^ axes are rectangular, 18 the form 


y 2 + y + dy + ex +/= 0 , . (4). 

gj/iice the circle may be considered as a species of ellipse, where 
9 * is equal to b in equation d^E ) ; we shall not at present dwell on the 
/ properties of the circle, but proceed to the more general form of the 
equation, where the values*of a and b are unequal. 
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THE ELLIPSE. 

67. Prop. I . — To determine the figure of the ellipse from its equation . 

The origin of the co-ordinates being &t y 

the centre, the equation ta the ellipse is 

+ bW s= o 2 6 2 (E) ; 

y = ± —V(a 2 — # 2 )- 

a •. 

When x = 0, y = + 4. When a* is 

positive, and < a, y has two equal values, 
with contrary signs. When ^ = d,ys0. 

When x > a, y is ini possible, and therefore no part of the curve lies to 
the right of A. Hence the two opposite BMA 9 6mA , are equal 
and similar. It is also evident that y continually diminishes from 
x = 0 to «r = a . 

If <r be negative, y has the same values as when a* is positive ; the 
same values of y must therefore recur, from a? = 0 to a? = — o ; and 
there are two equal and opposite arcs, Ba, ba . Hence the whole curve 
is diuded into two equal parts by the axis of x 9 and also into two equal 
parts by the axis of y ; and it is therefore symmetrical with respect to 
these axes. 

The same properties might have been deduced by finding the value 
of x in terms of y. 

68. Cor .— From the equation to the curve, we have. 

CM= v^'+y*) = y / [W ^o* 8 -* 8 )] = f \^ +U -jr A *\ • 

Therefore CM is least when x is least in magnitude, that is, when 
x = 0 ; in which case, CM becomes equal to 6 or CB. Also, CM is 
greatest when x is greatest in magnitude, that is, when x — Ca or 
CA ; in which case, CM becomes also equal to a. Hence it follows 
that CM continually increases from CB or Cb 9 its least value, to CA 
or Ca 9 its greatest value. 

69. The lines Aa 9 Bb 9 are evidently axes of the curve (art. 38). 
The greater axis, Aa } is called the transverse or i nqjor axis, and the 
lesser axis, Bb 9 the conjugate or minor axis . 

The points A, a , B 9 b , are called the vertices of the curve* 

70. Prop. II. — To find the equation to the ellipse when the 
ordinates p re measured from the cevfifx 

Let PM, as before, = y and aP = then x = aP — aC = ** — a, 
therefore 

/ = £(«* -**) = - V - ; 

,* = •£ (2«/- .r^) ( E ' ). 

ThU equation, expressed in the form of a proportion, becomes 
a* : 6* :: x (2o — ✓) y* that is, 

CX : CB* : : aP x PA :• PM*. 
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71 •Cor, 1. — If PM 1 be any other ordinate, then (see the last figure) 
PM 2 : PM '* :: aP x PA : aP x PA. 

72. Cbr. 2. — If a circle be described upon 
Aa as diameter, and the ordinate PM be 
produced to meet the circumference in JV, 
then PN 2 = aP x PA ; therefore 

CA 2 : CB % :: PN 2 : 

or, CA : CB :: PN : /W. 

Hence the ordinate in the ellipse has to the 
corresponding ordinate of the circle, the constant ratio of the a\U 
minor to the axis major. 

73. Cor . 3.— In like manner, if a circle be described upon 1 3b as 
diameter, and corresponding ordinates in the ellipse and circle be 
drawn to this axis, the ordinate iu the ellipse will have to the corres- 
ponding ordinate of the circle, the constant ratio of the axis major to 
the axis minor. 




THE POCI. 

b 2 

74. If in equation (i?') we put — = p, 

and suppress the accents of <r, this equation 
becomes 

y 2 = 2 \px — — jP. 

The line 2 p is called the principal para- 
meter , or latus rectum ; and by the definition it is a third proportional 
to the transverse and conjugate axes. 

The focit F \ f, are two points in the transverse axis, where the ordi- 
nates are equal to half the latus rectum. The reason of this name will 
be afterwards explained. 

The distance, CF ', between the focus and centre is called the eccen- 
tricity of the ellipse. In some treatises on Conic Sections, the ratio 
CF 

is called the excentricity. 
i/A 

75. Pk6p. Ilf. — To find the distance of the focus from the centre of 
the ellipse. 

JLet the origin of the co-ordinate^ be at the centre. t Also let 

Cfts c ; then, by the definition, FL — p — — Substitute these 

* * ® 
values for r and y in equation (E), we thejn obtain 

+ W = or, 6* + = #». 

c = _ b%y 

76. Cor. 1. — Since a 9 = 4* + c 1 , by this proposition; and in the 
right-angled triangle JBC7, BF* t= b- f c*, 

i BF — d ; and in like manner Bf** a. 



BUJtttB. 


77. Cor • 2. — Since 4* = o 8 — c 9 as (a + o) (a c), 

aF x W S3 5(7*. 

78. Prop. IV. — To determine the distance of thy focus front any 
point in the curve . 

Let CF=s Cfzsc. We have then 

FM 2 = (c — x) 2 + y 2 q 

= c 2 — 2c,r + x 2 4- (a 8 — x 1 ) 

a* 

= c 3 + i 3 - 2c* + tf 2 o 

a 2 

But c 2 + 4 8 = a 2 ; and 

* a 9 - 4* • c 8 * 8 



Hence FM 2 = a 8 * 2c,r + -r* jt* ; 

tr 


and putting — = e* 


ex 


FM= a- — = a~ 


ex. 


In like manner, we shall find 


cx 


fM ~ fl -f — = tf *f ex. 


79. Cor • 1. — If CV be taken a third proportional to Cf and CA 9 
an&'VQ be drawn perpendicular, and MQ parallel to CV; we have 


MQ= VP = ~+x 


Also fM = a + = 


a 1 4* cx 
c 

a 2 + cx 
a 


•\ fM : MQ :: c : a. 

The line VQ is called the directrix of the curve, and by some 
writers this constant ratio is taken for the definition of the ellipse. 

80. Cor . 2. — Adding the two focal distances together, we get this 
remarkable expression, 

FM + fM = 2a; 

that is, the sum of the two lines draw from the foci to any point in 
the curve is equal to the major axis. In many geometrical treatises, 
this equation is taken for the definition of the ellipse ; and as it.is one 
of its most distinguishing properties, we shall take the^ converse pro* 
position, and from this definition prove that the curve is the same as 
that which we have called an ellipse. 

81. Prop. V.-~To find the locus of a point whose distances from two 
fixed points are together always equal to a given line , 2a* 

Let F!fi be the two given points, M afcy point in the* curve. Join 
Ffi and bisect it in C. Produce Ff indefinitely, and Cy 9 MF f 
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perpendicular to Ff. Assume Cx> Cy> for the axes of co-ordinates, and 
put CP = w, PM = y f CF *= C/* s= c. Also, let FJf = a — * and 
because JRJf + ,/3/ = 2«, therefore ^3/ = a + %• Now in the right- 
angled triangles FMP,fMP, we have 

y 2 + (c — .r) 2 = (a — z) 2 
y* + (c + «*)* = (« + *)*• 

From which equations we must eliminate &. Subtracting the first 
equation from the second, we have 

c# 

Acx =5 Aaz? or, jar = — . 


Substituting this value of z in either of the preceding equations, we get 

JiJZ 

y* + c 2 + *s = a 2 + — ; 

0 a 

a 2 y 2 + ( a 2 — c 2 ) = « 2 (a 2 — c 2 ). And putting o 2 — c 2 = 4^, 


n 2 y 2 + Wo? = a 2 4 2 , 


which is the equation to an ellipse whose axes are 2 a and 2 b. 


1 HE TANGENT AND NORMAL. 

82. In Geometry, a straight line is said to (ouch a circle, when, being 
produced, it meets the circumference in one point only ; but in order 
to have a definition which is equally true for all cunes, and of easy 
application in Analytical Geometry, it is usual to define the tangent as 
follows : — 

83. Def. — If a secant, MmS, be 
drawn, cutting any curve in two 
points, M 9 m ; and if it turn about 
the point 3/, until m moves up to 
M, and at length coincides with it, 
the secant, in its ultimate position 
MT, will be a tangent to the curie. 

The part of the axis PT y inter- 
cepted between the ordinate and the tangent, is called the subtangent . 

A straight line, 3/(7, perpendicular to the tangent at the point of 
contact, is called a noma/. 

The part of the axis PG } intercepted between the ordinate and the 
normal, is called the subnormal » 

84. Prop. VI.— To find the equation to a tangent to the ellipse. 

Let at, y\ be the co-ordinates of the given point, and y", those of 
any other point in the ellipse. The equation to a straight tine drawn 
through these two points is (art. 17) 

o> 

And because these two points are in the curve, we hate 

«V * + £V 9 m « 9 6 9 ; «y 9 + 6W 9 pc •, 

a * (y » 9 ,'*) + i* (*"* ~ *>•) m 0 , • 

or, + y') (/' -tf) + *»<*" + *')(•*■"- *) * 0 1 




■ KUO. 

. __ ** ^ 
5^ ss "'a»pqrp 

Hence equation (1) become*, by substitution, 


y-y = 


6 * *" + y 


a* y" -I- y‘ 


j (tf — y) (2). 


This is the equation to the secant, passing through the two points 
(V, y), (#", y*). Let now the point (4-", y*\ be supposed to move up 
to the point ( a /, y’), and ultimately to coincide with it, the secant then 
becomes a tangent (art, 80), and x" ac y" = y ' ; hence the equation 
to the tangent is 


A* y 


Multiplying by aV, and transposing; an<i also substituting a 2 4 2 for 
«y* + 4 V 2 , we obtain 

+ (r>, 

the equation to the tangent most frequently used* 

85 . Prop. VII . — To find the intersection of the tangent with the 
two axes. 


(1.) The equation to the tangent 
being 

(Pyf -f- b % xri = « 2 5 2 ; 
let it cut the axis of x at T; then 
at this point y *= 0 ; therefore 

AW = a* A*, and CT = x= ^ ; 

CP x ct= c^ 2 . 



(2.) Again, let the tangent cut the axis of y at t. In this case 
y = Ct, and x = 0, therefore 

a % yy = «*A 4 , and Ct as y =s tj ; 

y 

.*. Cjo x <7f = CB 2 . 

Hence it follows; that each of the semiaxes is a mean proportional 
between the abscissa and the part of the axis intercepted between the 
centre and the tangent. 

86. Q of. — Since the Value of CT\% independent of the minor axis h 
and the ordinate y*, it will be constant for the same abscissa; in all 
ellipses described upon the same major axis Aa. Also, since the circle 
may be considered as an ellipse whose axes are e^ual to each other ; if 
a circle be described with the centre C and radius GA> and the ordi- 
nate PM be produced to meet the circumference of this circle in N, 
the tangents to the ellipse and the circle, at the points M and N, will 
meet the axis in the same point; T. 

87# Prop. VIII,— 7i find the trigonometrical tangent and sine of 
the angb, which a tangent to the ellipse makes with the major axis • 

(1.) By transposition and division; equation (T) becomes 
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JV 4* 

If we compare this with the general equation to the straight line 
y = Ax + B = x tan i + B f we have 
iV 

= tan 0 = 

the trigonometrical tangent of the angle which the tangent to the ellipse 
makes with the axis* 

(2.) We have likewise * 

• « _ tan2 6 _ h **' % 
sin “i + tan 2 8 ay 2 +6V* 5 

also, a 4 y' 2 + &V 2 = a 2 (a 2 b 2 — $y 2 ) + 6V 2 

== a 4 * 2 - (a 2 - £ 2 ) iV 2 = aV - PcV* ; 
a 4 y 2 + 6V 2 = a 2 b 2 (a 2 — eV 2 ). 
bx f 

Hence sin 6 = ■ -rr? ToT • 

aV(ar~ eV*) 

88. Cor. 1. — If a be the angle which C7I/ makes with the axis 
then tan# = -^r; therefore 


tan 8 = — 


a 2 tan a 


; or, tan « tan fl = • 


89. Cbr. 2. — If we substitute — x* and — y for -f y and -fy', we 

iV 

shall still find tan 9 equal to — -jjp. Hence, if JlfC be produced (see 

the preceding figure) to meet the curve again in M\ the tangents at M 
and M' will be parallel. 

90. Prop. IX. — To find the equation to (he normal , at any paint , 
(x', y'), in the ellipse. 

Since the normal passes through the point (y, y'), its equation will 
be of the form (art. 18) 

y — y' = A' 

Also, if y ss ^4? + J3 be the equation to the tangent at the point 
(y,y), we have = — — (art. 23), because the normal is perpen- 
dicular to the tangent. But (art. 87) 

~ «y’ A ~ b v 

Hence the equation to the normal is 

y-*'* w (tP “ y) 

91. Prop. X. — To find the intersection of the nortnat with the axes. 

(1.) Let the normal MO cut the axis aA in O, and the a^ig Bh in 

S . If, then, in the last equation we put y =s 0, we have x = CO, and 
e equation becomes ; 



Hence CG 


a* -J* 4 _ 


= *V. 


(2.) Again, if in equation ( N ) we put # = 0, we have y as CJy, and 

the equation becomes y — y f = — ; therefore 

h* 

„ «•-«• , _ .■ , 
c «- nr?* 

92. Cor. h — Since GP = — «V = -^ y, we have 

^ T » 4 e* 


_ g»6 8 (a 8 -cV») 


(art. 87). 


Aft? = — V (a* - *V»). 


93. Cor . 2. — In like manner, siuce fly = y + = we 

haV6 4fr = ** + *£. = *£ + **'-, 

.*. = ~ <✓(«* — «V*). 

94. Prop. XI. — 7b find the lengths of the perpendiculars from the 
centre , and the foci upon the tangent . 

(1.) Let C/= P, FH = a, /A = fl', 

-FAT as r,fM~ t**; we have then 

P= Grain 0= — -j fl— ■ 

^ o-v*(a*— «V*) 


-/ (e* — eV*) 

(2.) Next we have 
/> =» PTsin $ = (CT- CF)s,..b 
_ /«* \ AP 

“ (y“°V 



— ~ «**) _ . /ia — e^\ _ , / r 

# -/(«* - «v») " # v Irprpi _ 6 v r ' 

And in like manner we find 

95. Cor.— Hence flp* s J* i 



con io acnoNs. 


96. Pro?. XII . — The tangent Hh maku equal angles with the focal 
distances FM, fM. 


Let the angle FMH = q>, and the angle fMh — then 

. . p . / r 1 b 

sin 0 = — as d 4/ — r X ~ as — — ■ . . ■ ; 

r Y r 1 r 

b 


rto, ,a f ' = t. = _.. 

Hence sin f c= sin p' , therefore p is either equal to p' or 180 — 
But is evidently not equal to fMH or 180 — qf 9 therefore f = <p', 

97. Cor . — gin f> = 1 ~~ . 

r V(rr>) /(o» - «V») 


• Scholium . 

98. From this property of the ellipse, the two points are called 
jftos or burning points. For if the concavity of the ellipse be a 
polished surface, rajs of light and heat issuing from one focus, will by 
the laws of optics be reflected to the other. In the parabola, rays of 
light parallel to the axis will be reflected to the focus ; and in the 
hyperbola, rays of light proceeding towards one focus will be reflected 
to the other. 


99. Prop. XIII. — The locus of the point H is the circumference of 
a circle , described upon the major axis as diameter* 

Draw Cl perpendicular to the tangent, and join CH . We hate then 
CH^ = (7/2 + ///* = CT*sin 9 + CF* cos 2 9 

a 2 

= — sin 2 9 + (1 — sin 2 *®) 


= .V + (£ - „v) .i„.(=„v + sh ,,. 

&v* 

Bu ‘ 

CH' = «V + J* = «*. 


Hence CH = a ; and the locus of the point H is the circumference of 
a circle, described with the centre < 7 , ana radius CA . 

100. Scholium . — This pioposition admits of a veiy simple and elegant 
geometrical demonstration. For if FH> fM t be produced tp meet in 
K y the angles FMH, HMTC, are equal (art. 96) ; and it may easily be 
shown that 


fK —fM + MK = fM + MF= ia, 
and that CH is parallel to/TT. Hence 

CH as \fK ss a, 


THE DIAMETERS AND SUPPLEMENTARY CHORDS. 

101. Dev.— -Two diameters are called conjugate* when each bisects 
le chords parallel to ^he other. 



* muffle 


102. Pro?. XI equation to the turn between the mtangu- 

lar co-ordinates mag be changed into another , in which the pb#que mu 
are diameters conjugate to each other , 

Let CD$ CE 9 be two new axes, drawn M r .. n — ^TP 

through the centre C ; also, let the angle 
DC A = a, EC A = 0. Draw any chord, /S\ 

MPm> parallel to Ee 9 and let CP ss t, ( \JP\ \ 

PM ■= «. We have then, from art. 29, l ’ *v^|A 

a? =s * qos a -{- « co$ /S ; # 

y a f sin * + u sin $; 

and substituting these values in equation (17), a*y* + 0V » a*6*, 
we obtain an equation of the form , 

^«* + + Ct » bb n*6* ... (1), 

in which 

A s* a* sin* $ + 6* cos* 0 ; <7 = a* sin* a + 6* cos* 6; 

21 =* 2a* sin a sin 0 *f 26* cos a cos ft ... . (2). 

If now we put J3 = 0, the equation will be reduced to 

^w*+ Ct* = a*6* (3); 

and since each value of t gives two equal values of u with contrary 
signs, the axis of t is a diameter of the curve. In like manner, each 
value of u gives two equal values of t with contrary signs, therefore 
the axis of ti also is a diameter. Hence, since each of these axes 
bisects all the chords drawn parallel to the other, they are conjugate 
diameters. 

103. Cor . 1.— In dhiding the equation 

F B = 2o* sin a sin 0 + 26* cos a cos j3 = 0 

by 2a* cos a cos ft it becomes 

6* 

tan a tan B . 

a* 

Whatever value, therefore, be given to a 9 f3 will always have a real 
value. Hence it follows that every line drawn through the centre is a 
diameter, and that every diameter has its conjugate. 

104. Cor . 2. — If a tangent be drawn at the extremity of the diameter 
Dd 9 we have, from art, 88, 

v A v < a* 

tan a tan 8 « — — - as tan a tat) j3 ; 
a* 

hence tan 0 = tan /9, end 0 = /9. The diameter £«, therefore, is 
parallel to the tangent at D. 

105. Cor. 3.— —If we divide equation (3) by a*A*, and put 

* _ a»* aW , 

*” A a* sin* f> + 5* cos* <5 * 

a? w 

C a* sin* a + <0* cos* a ’ 
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we get, in substituting * and y for t and «, 

£ + — = 1 or, a'Y + *'**» = a'W* (a). 

And when x = 0, y = ±4'; when y = 0, x = + a • Hence the 
lengths of the conjugate diameters are 2a 7 , 24'. 

106. iSeAe/ftf#!. — Since equation (e) has exactly the same form as 
the equation between rectangular co-ordinates, it is evident that all the 
properties which arc independent of the inclination of the ordinates 
will be equally true for the conjugate diameters as for the two axes. It 
follows, therefore, that the squares of the ordinates to any diameter are 
proportional to the rectangles of the abscissae ; or 

CD 2 : CE 2 :: dfxPD : PM 2 . 

Also, the equation to the tangent, at any point, ( a \ y') 9 is 

a n t)y' + 

And lastly, if T 9 I, be the intersections of the tangent with the two 
conjugate diameters dD 9 eE ; then 

CP x CT = CD 2 ; CpxCt = CE 2 . 

107. Prop. XV.— The axes of the ellipse are the only pair of con- 
jugate diameters which are at right angles to each other. 

If we put p = 90° + *, we have 

sin p = cos a . ; cos P = — sin a. 

Substituting these values in equation (2), it becomes 

(a 2 — h 2 ) sin a cos a = 0. * 

And since a and h are unequal, this equation can only be satisfied by 
making sin * = 0, or cos a = 0 ; in which cases the conjugate dia- 
meters will coincide with the major and minor axes. * . # 

The same result might also be obtained from art. 23. For when 
two lines, which make the angles 6, <p, with the axis of <r, are perpen- 
dicular to each other, then tan 6 tan p = — 1 ; but in this case, 
b 2 

tan a tan p = which is not equal to — 1. 

a* 

108. Cor.— When the ellipse becomes a circle, we have a = b; in 
which case tan a tan p = — 1, whatever be the value of «. All the* 
conjugate diameters in the circle, therefore, are perpendicular to each 
other. 

109. Prop. XVJ. —The co-ordinates oj D, the extremity of any 
diameter , being given ; to find those of E, the extremity of the diameter 
conjugate to it. 

Let y = x tan a, and y = x tan 0, be 
the equations to the diameters CD, CE. 

Also, let x f 9 y, be the co-ordinates of the 
point I) 9 and x fl , y", those of the point E. 

Because the point ( x"> y ")> is in the curve 

a y 2 + AV' 2 =/a 2 . 

Also . 




„ „ ■ & 1 (tot? * 

f = 4?" tan £ sa 5 : *" = — -jT y ' ; 

* <r tan* <ry 


from which two equations, we are required to find the values of x H 
and*". 

4V 2 av* « 

• From the last equation, <to/ f 9 = a* — j— | y 9 = *"*• 

instituting this value in the first equation, 
jaj% 

+ AV* = «W, 

reducing, (AV* + a % t/ 2 )J 12 = «y *• 

Dividing the last equation by flVVh «V a = « a AY we get 


y„ _ fY*. 

/ ~ b* ’ 


and 


.v > ' - + a 4. 


Also y" = SB + — , • 

ay a 

the sign of y being contrary to that of #" a 

1 10. Prop. XVII. — The sum of the equates qf any two 'conjugate 
diameters is equal to the sum of the squares of the two ares. 

Retaining the same notation as in the last article, we have 

.. + . 

f . av 9 av*4 -«y a 

y /2 + y a *= —ir + y = — ~ - = 4* ; 

Hence *"* + y" 9 + y* + y 9 = a 9 + 4* ; 

.’. a ,% -f- V 9 = a 9 - f- A 2 . 

111. Prop. XVIII . — All parallelograms formed by drawing tangents 
at the extremities of any two conjugate diameters are equal in area . 

The parallelogram Zz is evidently 
divided into four equal parallelograms 
by the diameters Dd, Ee, Also, the 
parallelogram CZ = CE X CL Now 

4V 2 


c&^^+y"' 


.,42 + : 

A* T a* 


AV» 




= «*— a/*+— = o*— 

or <r 

= a* — eV 9 ; 

, parallelogram CZ = \/(a a — eV 2 ) x 
• = aA. ^ 



ab 


V(a 2 - <?V 9 ) 


(art. 94) 


Hence parallelogram Zz = rectangle of thg two axes. 
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1 12. Cor.— Hence, also, we have ' 

C& = (a- erf) (a + erf) - FD X fD; 
that is, the rectangle contained by the focal dittances of any point in 
the curve is equal to the square of the corresponding semwjon/ugate 
diameter. 


113. Prop, XIX .— through any pointy O, within or without 
an ellipse , two straight lines,, Mm, Nn, be drawn to meet the curve , 
parallel to two other straight lines given in position, the rectangle 
contained by the segments of the one will have a constant ratio to the 
rectangle contained by the segments of the other ; that is, the ratio 
OM x Om : ON x On is constant . 


Let the axes of co-ordinates be (fans* 
ferred to the point O, the new axes being 
OM , ON \ Then the equation to the curve 
will be of the form (1), 

ay 2 + bay + cap + dy + ex + /= 0 ; 
and if jr = 0, it becomes 
* «y* + dy +/= 0, 

in which equation the values of y are ON, 

— On ; and therefore, from the theory of equations (Alg. art. 106), 

ON X On = - — . 

w a 



In the same manner, by making y — 0, we find OM x Om — — 



OM x Om : ON x On :: 


f.L 

c a 


a : c. 


Now, let the origin be transferred to O', the new axes being parallel 
to the former. This will be effected (art. 26) by putting 
* = * + «, y = u + P; 

and it is evident that in substituting these values in equation (1), the 
form of the new equation will be 

<?w 2 + btu + ct 2 + Du + Et + F as 0, 

in which the coefficients a, b, c, are the same as before. We have, 
therefore, as above, 

Wx Om! : ON X On 1 : c; 
and consequently 

OM x Om : ON x On :: OM ' x OW : ON x On’. 


114. Cor.— If the point O' coincide with the centre of the ellipse, 
and CD, CE , be parallel to Mm, Nn ; we shall have 

% OM x Om : ON x On : : CD* : CE*. 

115. Def— T wo straight lines drawn from any point in the curve to 

the extremities of a diameter are called supplemental chords . If that 
diameter be the axis major, c.ney are called the principal supplemental 
chords. i 



mxm* * 
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116. Prop. XX.*— Having given the equation to the chord DM* to 
find the equation to the supplemental chord dM. 

Let y, t/, be the co-ordinates to the 
point D, referred to the axes of the ellipse ; 
then will — of, — if, be those of the point 
d . Also, let a, el, be the angles which the 
chords DM, dM, make with the major axis. 

Then^ since these chords pass through the 
points D, d, the equations to these lines 
will be (art. 21) 

y — y =b tan a (x — o') *, y + y 3 * tan «' (* + y). 

Let x", y n , be the co-ordinates of the point M* Because this point Is 
common to both the lines DM, dM, we have 

- y* y u + y f 

tan a — ^rp-pl 



tan a = 


tan a tan ot! 


, _y ,, -y» 


But because D, M are points in the ellipse, 

«V* + $V S = a*6* ; «V'» + 4V' S = aW ; 

«*(y"* - y'*) + - y») = 0. 


Hence 


y 


,119 _ 


y* 


y ,s - y* 

and the equation to the chord dM is 


P , f 

sss ~ = tan a tan a ; 


y + y = - 


4* 


a 9 tan a 


(«** +>'). 


117. Cor. — If a, P, be the angles which two conjugate diameters 
make with the major axis, the first of which is drawn parallel to DM, 
then (art. 101) 

b 2 

tan a tan @ « tan a tan a'; 

ar 

consequently tan j9 = tan a', and 0 = a'. Hence it follows, that if a 
diameter be drawn parallel to DM, its conjugate will be parallel to the 
supplementary chord dM . 


r POLAR EQUATIONS. 

118. Prop. XXL — To find the polar equation to the ellipse 9 the 
centre being the po*e. 
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or, r* [o*(l — cos* <p) + a*(\ — e*) cos* f] as o* (1 — c*) ; 

. -a- 

~l-e»cosV 

119 . Prop. XXII . — To find the polar equation to the ellipse > the 
focus being the pole. 

This equation may be found in the same way as the last, by substi- 
tuting in the equation to the curve, and then reducing the terms ; but 
we may deduce it more easily from prop. 4 . 

Let fM = r, and the angle AjM = <p ; then 

rssza+e*=:a + e(r cos p — ae ), 
from whence we obtain 

r = A Lz+L. 
r 1 — e cos q> * 

an equation much used in Astronomy. 

120. Cor . — If Mfbe produced to meet the curve again in tit, we 
shall have 

= , «».-/•> , = , 

1 — e cos («■ + 9) 1 -I- e cos <p 

L _L - 2 _ _2 

r + r' ~ a(l-e*) ~ p ' 

Hence, rf* = ip (r + r'). 

THE CURVATURE AND QUADRATURE OF THE ELLIPSE. 

121. Def. — I f a circle be described through three points of a curve, 
and two of them continually approach the third point, and at length 
coincide with it; the circle in its ultimate position is called the circle 
of curvature at that point : and the radius of this circle is called the 
radius of curvatwe. 

122. Prop. XXIII . — To find the radius of curvature at any point of 
an ellipse . 

Let D be any point in the ellipse ; 
draw the diameter Dd> and take any 
point, M , in the curve near D . 

Draw the chord Mm parallel to the 
tangent Z)/, and through the points 
M, D, m 9 let the circle Drz be 
drawn; then when the points m 9 
move up to Z>, this will ultimately 
be the circle of curvature. Also, 
draw Dz perpendicular to the tan* 

S rot at D; this will ultimately be 
e diameter of curvature. 

Let Mm cut Dd in P 9 and put 
DP = t y the chord. Dt the chord of curvature passing through 
thjs centre of the ellipse, Jor the value of Dt when M and m move up to 





D~o% also, put the semi-diameter CD =*«*, the semtaonjtfpte 
d iameier as b\ and the radius of curvature =s f. Conceive Cl to be 
drawn perpendicular to the tangent Dl ; we have then (art* 106) 

PAP = (2a't - f*). 

And because the chord Mm is bisected by the diameter Dd, 

PM*z= PifxPm^ DPx Pt*=t(C-t); 
b n 

• C — t SS — f). 

Let M and m move up to D , then t rs 0, and (7 becomes c, the chord 
of curvature ; therefore 

2 *'* 

*- v - 

_ „ c 24'* CD 4'* 

Henre 2g . „ n . _# * n. ’ or ’ f “ r»* 


‘ sin (7Z>/ o' Cl ’ 
But 4" = a* - *V* (art. 112) ; and Cl = 


(art. 94) ; 


° “ v- ~ y (a *_ v— • 

(a*-.V*)i. 

* • * - Tb 

123. Cor . l.*~ If the normal at the point D = n, we have (art. 92) 
* = W(* — eV 2 ^ ; therefore 


d* 8 _ n* 
b* n p 2 


124. Cor. 2 . — It Dr be the chord of curvature, passing through the 
focus, and the angle rDI = f>; then 


2 sin f ■ 


2 („* - *V 2 )f 6 

ah — eV 2 )’ 


Dr = 


125. Lemma. — 7/wi curvllineal space, AabB, a number of equidis- 

tant ordinates, Aa, y', y" . , . Bb, be drawn, and the inscribed parallelo- 
grams be completed; then if the number of these parallelograms be in- 
creased indefinitely, the sum of the inscribed parallelograms will approach 
nearer to the curvllineal space AabB than by any assignable difference . 


Let Aa = a, Bb = l, an l tbe base 
AB = c ; also, let AB be divined into n 
parts, each equal to h, so that c = nk . 
Then if the inscribed and circumscribed 
parallelograms be completed as in the figure, 
and the sum of the inscribed parallelograms 
be put ss #| the sum of tbe circumscribed 
parallelograms =±= 8, and the curvilincal area 
AabB an Pi we have 



.H i 


VAt TV 
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• 39 ah + j/h + j f'h + 

S = tfh +■ yf% + W; 

S — t = bh — ah (b — a) h = — ~f —* 


And when n becomes indefinitely great, the difference S — a continu- 
ally diminishes, and may become less tha^i any assignable quantity. 
But the curvilineal space P being always contained between S and i, 


P-e < < 


therefore the difference P — * may become less than any assignable 
quantity. 

We have here supposed the ordinates to be perpendicular to AB ; 
but the proof is nearly the same when they are oblique. 

126. Cor . 1. — If the distances between the ordinates be not equal 
to one another, but they are all diminished indefinitely, a will still 
approach nearer to P than by any assignable difference. For if h be 
the greatest of these distances, it may easily be shown that 

— e < (4 — • a)h; .\ P — s < S — s < (b — a) h. 

And when h is diminished indefinitely, P — s becomes less than any 
assignable quantity. 

127. Cor . 2. — In the same manner it may be proved that the sum 
of the circumscribed parallelograms, when the distances of the ordinates 
are diminished indefinitely, will approach nearer to P than by any 
difference that can be assigned. 


128. Prop. XXIV . — To find the area of the ellipse. 

Let CA , CB , be the two semiaxes of the 
ellipse, and AB r a a semicircle described 
upon the major axis Aa. Let CA be 
divided iuto n parts, each equal to h> so 
that CA ss a = nh . Also, let the in- 
scribed rectangles in the ellipse be com- 
pleted, and the corresponding rectangles a 
in the circle. 

Let 4, y, y' 0 be the ordinates of the ellipse, 

and a, Y\ Y” .... 0 the corresponding ordinates of the circle. 
We have then 

4 : n :;y : r :: f : Y" :: &c. 

: : y + f + y" + Ac. : Y' + Y" + Y w + Ac. (Alg. art. 184), 
: : sum of inscribed rectangles in the ellipse t do. in the circle. 

And when » is increased indefinitely, these sums, by tbe lemma, will 
approach nearer to the areas CBA % CBfA , than by any assignable 
difference ; therefore this proportion must be true alsp for these areas* 
V Hence b : a s: area of tbe ellipse : area of the circle* 

A * 4 • 

.% uu <H the ellipse =* — *«* • mab. 

i • 




CHAP. IV.— THE HYPERBOLA 


129. When M and N hare different eigne, in art. 50, we obtained 
tiro equations, 

- A V = - o*4* ....(H) 

«y_6V= <#,). 

From the first of these we get y =• — •/(*? — o*) ; 

i I 

and from the second, x = -~*S(& — 5*) . 

0 

Now the last equation has exactly tfte same form as the preceding one, 
a and x having interchanged places with b and y* We shall therefore 
confine our attention to equation (//), the one most frequently used, 

130. If we compare equation (H) with the equation (E) to the 
ellipse, 

a 2 y 2 •+■ b 2 x 2 bb a 2 b 2 , 

we perceive that the only difference between them is in the sign of b % ; 
for if?n the equation to the ellipse we substitute — b 2 for -f b\ we get 
the equation to the hyperbola.^ Hence it is evident that many of the 
properties of the hyperbola will be analogous to those of the ellipse, 
and that their investigations will be exactly alike. We shall, therefore, 
in the greater number of cases, merely enunciate the propositions, and 
leave their demonstrations as exercises for the student. Where the 
properties are altogether different, n e shall distinguish the propositions 
by the letters of the alphabet. 


131. Prop. I . — To determine (he figure of the hyperbola from it 
equation . 


From equation (J7)^we have 




When v = 0, y = bV — 1 ; there- 
fore the hyperbola does not intersect 
the axis Cy. When x is positive and 
< a, the values of y aye imaginary ; 
therefore no part of the curve lies 
^between C and A . When x = a, y = 0 ; therefore the hyperbola 
cuts the axis of x, at the point A. When x > a, then for each value 
of x there are two equal values of y* with contrary signs. As x increases, 
the values of y increase; and when x becomes indefinitely great, the 
values of y become so likewise* Hence the two opposite branches, 
AM, Am, are infinite, and also equal and similar. 

If be negative, y has the same values as when x is positive ; no 
part of the curve, therefore, will lie between C and * ; and to the left 
of a there will be two infinite branches, aM\ am', equal and similar 
to the two,branches AM, Am . 

Hence the hyperbola consists of two eqfeal and similar branches, 
extending indefinitely to the right of A ; am also of two equal and 
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similar branches, extending indefinitely, to the left of a; and it is sym- 
metrically placed with respect to the axes of x and y . 

132. Cor. — From the equation to the curve, wo have 

cm= w+,f)= </[*'+*, (**-«*)] = x/ffir*-*]- 

Therefore CM is least when x is least in magnitude, that is, when 
x~a\ in which case CM becomes also equal to a , Hence CA or 
Ca is the least line that can be drawn from the centre to the curve. 

133. If CB and Cb be taken on the axis of y, each equal to b, the 
line Bb is called the conjugate axis, although it does not meet the 
curve . The real axis Aa is called the transverse axis ; and this may 
he either greater than, equal to, or Jess than, the conjugate axis* When 
the two axes are equal, the curve is called the equilateral hyperbola ; 
and it has to the hyperbofh with unequal axes the same relation that 
the circle has to the ellipse. 

The points A , a, are called vertices of the curve. 

134. Prop. II. — To find the equation to the hyperbola , when the 
co-ordinates are measured from the vertex , A. 

The equation is y 1 * = ~ (2ax' + x’*^ (-S 7 ) ; 

CAP : CB* :: aPxPA : PM*. 

135. Cor . — If P’M f be any other ordinate, then 

PM 2 : PI W* :: aPxPA : aPxPA. 


THB fOCI. 


13G. If in equation ( H ! ) wc put 

— = », it becomes 
a 

y* = 2px + — x\ 



The line 2 p is called the principal 
parameter or latus rectum, and by 
the definition it is a third propor- 
tional to the transverse and conju- 
gate axes. 

The foci F)f> are two points in the transverse axis, where* the ordi- 
nates are equal to half the latus rectum. The reason of this name wo 
have already explained, in art. 98, in the ellipse. 

The distance CF between the focus and centre is called the excen- 

- fjp 

tricity . In some treatises the ratio is tilled the excentricit}'. 


137* Pkop. III.— 7b find the distance of the focus from the centre of 
the hyperbola * 

CFyCfm */(*» + 4 *>. * 

138 . Cor. ‘ AFxFa me BCK 



THE HYPERBOLA. 
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‘ *lTO. PrOb. IV.— To determine tie distance t>f tit fetus froth? «*y 
point in the curve. 

CF c 

If the ratio tt; =* — be put =* e 9 then 
OA a 

FM = ex — a; fM ss ex + a. 

140. Cor. 1 .—If CV be taken a third proportional to CF and CA 
and VQ be drawn perpendicular, and MQ parallel to CA t then 

FM : MQ : : # : a. 

The line VQ is called the directrix of the curve ; and this property is 
sometimes taken for the definition of the hyperbola ; c being greater 
than a in the hyperbola, and less than a in the ellipse. 

141. Cor . 2. fM — FM = 2a ; € 

that is, the difference of the two lines drawn from the foci to any point 
in the curve is equal to the transverse axis. In many geometrical 
treatises this equation is taken for the definition of the hyperbola ; and 
as it is one of its most distinguishing properties, we will take the con- 
verse problem, and from this definition prove that the curve Is the 
same as that which we have called a hyperbola. 

142. Prop. V. — To find the locus of a points the difference of whose 
distances from two given points y F, f, is always equal to a given line, 2a. 

If 7Y= 2c, the locus is a hyperbola, whose axes are 2a, and 


THE TANGENT AND NORMAL. 

143. Prop. .VI. — To find the equation to a tangent of the hyperbola . 

If a/, /, be the co-ordinates of the point M, the equation to the 
tangent is 

a 2 yy' — Wxx' =s — a 2 b 2 (T). 

. 144. Prop. VI I. — To find the intersection of the tangent with the 
axes . 

If 7* and t be the intersections 
of the tangent with the transverse 
and conjugate axes, then 

Cl*x CT = CA'i 
Cp x Ct = CB % . 

145. Cor.— The value of CT 
is constant for the game abscissa, 
in all hyperbolas described upon 
the same transverge axis, Aa . 

146. Prop. VIII.— 7b find the trigonometrical tangent and tine of the 
angle which a tangent to the hyperbola makeswith the transverse axis. 

If 6 be the angle which the tangent makcs'with the transverse axis, 
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5V 


lx> 


t»n< = Tji sin B = — i73_,. «v • 

«V — «*) 

147. Cbr. 1. — Algo, if « be the angle which CAT makes with the 
transverse axis, 

tan S tan « = . 

148. Cbr. 2.— If MCM* be a diameter, the tangents at M and 31 r 

are parallel. # 

149. Prop, IX. — To find the equation to the normal at any point 
(x'> y') m the hyperbola. 

The required equation is r 

y-V = -^(*-y> w 

150. Prop. X. — To find the intersection of the normal with the axes. 

CG = = «V 

or 

o a + J* e* , 

151. Cor. — The length of the normal MG = (*V 2 — a 2 ^ , 

and Mg = ^ ^ e iV* — . 

152. Prop. XI. — To find the lengths of the perpendiculars from the 
centre, and from the foci upon the tangent . 


The perpendicular Cl = 


ah 


*/(*V 2 - a 2 ) 

yw = >'/&=$ = ‘/f 

153 . Cor. FJT x/A = A 2 . 

154. Prop. XII. — TAe tangent MT makes equal angle I ttf/A ;Ae 
y&ca/ distances FM, fM. 

Ft = = = 

therefore $ i= p'. 

* .1 

155. Prop. XIII.- — The locus of the point H it a circle , described 
upon the transverse axis as diaseeter. 

Scholium.— This proportion admits of a simple geometrical demon- 
stration, in the same manner as the similar proposition i» the ellipse 
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(art. 100). For if Fffhe produced to meet fM in K, it may easily 
be shown that . 

fK AfK =/M- MF — 2a, 

and that CH is parallel to fR> Hence 

CH = \fK = a. 


THE DIAMETERS AND StfPP&EMBMTARY CHORDS. 

o 

156. Prop* XIV. — The equation to the hyperbola^ between the rtcU 
angular co-ordinates, may be changed into another, in which the oblique 
axes shall be diameters conjugate to each other . 

By substituting, in equation (H) % 

x = t cos a -f- u cos p ; y = t sin a -f u sin p 9 
we obtain an equation of the form 

A* + Btu + Ct* = - aW (1), 

in which we have 

A =5 a* sin 2 j 9 — fl 2 cos 2 p ; C = a 2 sin 2 a — 5 2 cos 2 a ; 

5 = 2a 3 sin * sin p — 25 s cos a cos 0. (2). 

And putting 2? = Op the equation becomes 

^* + C/ 2 = -« 2 i 2 (3){ 

in which each of the axes bisects all the chords drawn parallel to the 
other, and therefore they are conjugate diameters. 

5 2 

157. Cor. 1. — Since B = 0, therefore tan a tan p = — . Hence 

or 

P has a real value for every value of a\ therefore every line drawn 
through the centre is a diameter, and every diameter has its conjugate. 

158. Cor . 2. — If a tangent be drawn at the extremity of the diameter 
Dd, it is parallel to the diameter Ee • 

159. Cor . 3. — If we divide equation (3) by a 2 6 2 , and put 

, a _ — g 2 6* _ — a*b % 

a C a 2 sin* tt — b % cos 2 a * 

_ a 2 5 2 

A a® sin 2 p — 4 2 cos 2 Q * 

we get the equation 

£ _ ^ _ 1 ; or, -U*a*=- a'*6» (d). 

When y *= 0, a? a* + o'; but when or = 0, y== W — 1 1 the axis 
of y, therefore, never meets the curve. The lines CE, Ce, however, 
are taken equal to V, and Ee Is called the conjugate diameter. When 
x abstracted from its 1 sign Is less than o', the values of y are imaginary ; 
therefore no part of the curve lies between D and d. 

166. Cats 4.~fTbe length of any semkhameter which meets the 

curve, and makes jtn angle « with the transverse axis, is. 

% 
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ab 

*/(— a* sin 2 ob + b % cos 4 a ) # 

And the length of any semiconjugate diameter which does not meet the 
curve, and which makes an angle j9 with the transverse axis, is 

ab 

sin 2 j3 — b 2 cos* j9) * 

161. Scholium.— Since equation (A) has exactly the same form as the 
equation between the rectangular co-ordinates, it is evident that all the 
properties which are independent of tho inclination of the ordinates will 
be equally true for the conjugate diameters as for the two axes* Hence 

CD 2 : CE 2 :: dPxPD : PM 2 . 

Also the equation to the tangent, at any point, (x\ y') 9 is 
a f2 yy*i~ V 2 xx’ = — a ,2 b' 2 . 

And if Ty t 9 be the intersections of the tangent with the two conjugate 
diameters dDy eE ; 

CP x CT = CD 2 ; CpxCt = -CE\ 

162. Prop. A. — To determine those diameters which meet the curve . 

Let y = x tan a be the equation to 
any diameter, and x f 9 y\ the co-ordi- 
nates of the point of intersection with 
the curve. We have then 
y 1 = a? tan a ; 
a 2 y’ 2 - 5V 2 = — a 2 b 2 ; 
from which two equations we find 
f _ ab 

W "" “ V(b 2 — a 2 tan 2 a) * 

Now these values are real, if b 2 > a 2 tan 2 *; or, abstracted from its 
b 

sign, if tan a < — . If, therefore, the line HAh be drawn perpen- 
dicular to CAy and AHy Ahy be taken each equal to by and also the 
lines HCky hCK 9 be drawn ; any diameter drawn within the angles 
HCh, KCk 9 will meet the hyperbola, and any line drawn within the 
angles HCKy hCk , will not meet it. If h = a tan a 9 a? is infinite ; 
the lines CB , Ch 9 therefore, will never meet the curve, but they will 
approach indefinitely near to it. 

163. Cor.— Since tan » tan /9 = (art. 157); if tan * < — , 

a* a 

tan J9 will be > — • Hence, if the diameter CD meets the curve, the 
a 

& 9 t>jugate diameter CE will not meet it. 

W 164. Prop. XV . — The axes of the, hyperbola are tie only pair of 
1 ^conjugate diameters which are at right angles to each other . 

165. Prop. XVI. — The co-ordinates , x', y ; , of the extremity of any 
diameter being given , to And the co-ordinates x", y", qf thk extremity 
of the diameter, conjugate ho it. 

* 
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This proposition may be investigated by finding the value of tan 0, 
in the same manner as in the corresponding proposition in the ellipse ; 
and then finding a/', from the expression x" as S' cos /?. The value of 
V is given in art._159. In this way we get 


‘”=±T > 


r-Tj- 


166. Prop. XVII. — The difference of the squares of any two conju- 
gate diameters is equal to the difference of the squares of the two awes. 

«y» 4 _ 4V»- a y* 

£* ” P 


For = 


= 8 * 


f - -jr 


= ay»-av» _ b% 


Hence *'* + y’\ - a?'* - y»* as «1— A* j 
«'* - A'» as a* _ 4*. 

167. Prop. XVIII . — All parallelograms formed by lines drawn 
parallel to two conjugate diameters, through their extremities, are equal 


i n area. 


For CE» = •*■'*+ y»« = «V* - a®, 

ah 


" d c/ 

# parallelogram CZ = (7i7x (7/ = ab; 
and parallelogram Zz = rectangle of the two axes. 

168. Cor. CE 2 = {eaf - «) + a) a x fD. 

169. Prop. XIX. — through any pointy O, within or without a 
hyperbola , the straight lines Mm, Nn, be drawn to meet the curve , 
parallel to two other straight lines given in position; the rectangle 
contained by the segments of the one will have a constant ratio to the 
rectangle contained by the segments of the other; that is, the ratio 
OM x Om : ON x On is constant. 

If the axes of co-ordinates be transferred to the point O, and the 
new axes be OM, ON; the equation to the curve will be of the form 

a r y 2 4* Very + csP + dy + ex +f = 0, 
a!, V being accented to distinguish them from the semiaxes of the curve ; 
and the proof will be precisely the same as for the ellipse. 

170. Cor . — If the point O' coincide with C, the centre of the hyper- 

bola, and CD, CE, be drawn parallel to Mm, Nn , the equation to the 
curve will become (art. 52) * 


«y + b\ vy + e* 3 +/' = 0* v 


y-y +jr*y + yr** + 1=0; 


where V, V, c, are the same as before; but in this case the axes of 
co-ordinates will never meet the curve. Now it appears from art. 156, 
that the equation to the curve, for any axes passing through the centre, 
and inclined to the transverse axis at the angles a, Q f is 

V • a . 5 . C o 

y*+^'y + 3X3'’t 1S!0 » 


s& 



oonoo ncroiOr 


. 4 * 

where A =s a 9 sin* /5 — $<cos s ft Cae* ein* «t* 4* eo** a. And. 
if these axes be the same as those above, it is evident that the equa- 
tions must be identical. Hence (art. 159) 

_o_ _ A_~ _ 1 o __ C __ 1 

/' o*6* = Lc , £* ; f ~ dW ~ C^ ! 

.*. OJ/ x Oot : OiV x On : : o' : c : : CZ>* : C2J*. 

171. Dkf.-—Two straight lines drawn from any point in the curve 
to the extremities of a diameter are called supplemental chords . If 
that diameter be the transverse axis, they are called principal supple- 
mental chords* 

172. Prop. XX. — Having given the equation to the chord DM, to 
find the equation to the supplementakchord dM. 

If the equation to DM y — y' = tan a (x — x*) 9 the equation to 

dM will be y + y f = -5 (x + x f ). * 

‘ fl tan a 

173. Cor . — The conjugate diameter CE is parallel to tho supple- 
mentary chord dM. 


THE ASYMPTOTES. 


1 74. Pnqp. B. — fVhen the equation to a curve can he reduced to 
the form 

. y = Ax + B + y + J + &c., 

the straight line whose equation is y' = Ax + B is an asymptote to 
the cut ve. 

C J 0 

For as x increases, the terms — , , &c., continually diminish ; 

and when x is indefinitely great, these terms become indefinitely small. 
Hence, since y ~ y 1 becomes indefinitely small, the straight line whose 
equation is f a = Ax -f B approaches nearer to the curve than by any 
assignable difference, and yet never meets it ; and therefore the straight 
line is an asymptote to the curve (ait. 41). 


175. Prop. C. — The asymptotes of the hyperbola coincide with the 
diagonals of the parallelogram constructed upon any pair of conjugate 
diameters . 


The equation to the hyperbola is 

y=± yV'V-a'*)- 


Expanding this expression by the binomial 
theorem (Alg. act. 389), we get 

b'st o'* o'* \ 


_Vx eW o'* 6 ' 

a’ ~ 2J + &C * 
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Hence the lines represented by the two equations 
b'x V» 




y = - v > 


will be asymptotes to the curve ; and these two lines are evidently the 
diagonals of the parallelogram HKkh . 

176. Cor* 1. — Because HDh is parallel to the conjugate diameter 
Be, Hh touches the hyperbola at the point D* Also l)l£=sCE=zDk* 

1 77. Cor . 2. — Since the equation to ‘the tangent! at any point, 

(art. 162) . ^ ^ 


3 ~ a'Y 


X — 




and the equation to the curve is £ V* — V*x t% = — or 

By the substitution of this value in the equation to the tangent, we get 

i'w //, &'»v A** 

3 = 7v(‘ + 7») - y • 

6'* 4'* 

And when y 9 is indefinitely great, — and — are indefinitely small, 

* 

therefore the equation to the tangent Ultimately becomes y = — > 

which is the equation to the asymptote. Hence the asymptote may be 
considered a* a tangent to the curve, at an infinite distance. 


178. Prop. D* — 1/ any chord of the hyperbola be produced to meet 
the asymptotes , the parts of it intercepted between the curve and the 
asymptotes will be equal * 

Let Mm be any chord of a hyperbola, and let it be produced to 
meet the asymptotes in N, n. Bisect Mm in P 9 and draw the diameter 
CP ; then the equations to the asymptotes CN> Cn, are 
V V 

» = ■ !*• y = 

consequently PN = and therefore MN = mn* 

1 79. Cor.— Hence also we have 

MNx Mn = ( PN-PM ) (PN + PM) = PN*~PM*. 

• 4'* h '* 

But PN*=— % **; PM* = ~ (** - a’*) ; 

.-. MN <Mn = *'*. 


180 . Prop. E.—To find the equation to the hyperbola when the two 
asymptotes are the axes of co-ordinates* 

Let the inferior asymptote be the axis of /, and let 2<p be the angle 
contained between tne asymptotes. Then, in the equations (art. 28) 

* • x sss t cos a + u co^[ 

* y = t sin m + « sin v ft 



con io g&cttotrs.* 


we have * = — p, P <p\ therefore mm i * n». 

* = * cos f + u COB f as (* + «) cos f , J r 

y = u sin p — t sin f = (e — /) sin p. f \ 

Substituting these values in equation (tf)# / * 

we get Kr ~yfsi x 

o a sin 3 ^(tt— if~b* cos* f (#+*) 2 = j yr j 

And because tan <p = therefore jj T f 

n 2 sin 2 f =5 3 cos 2 p ; hence reducing, 

4 « 2 sin 2 p . tu as 4ai sin 9 cos p • to = « 2 A 2 ; 

oi 

tu =^ r -. — • 

2 sm 2 p 

181. Cor. — The area of c the parallelogram Cilf = to sin 2(5 = |oi. 
Hence the area of the parallelogram Cl M is invariable, and equal to^ 
-J-th of the rectangle on the two axes. 


POLAR EQUATIONS. 

182. Prop. XXI.— The polar equation to the hyperbola, the centre 
being the pole , is 

1 — e 2 cos 2 p 

183. Prop. XXII. — The polar equation to the hyperbola , the focus F 
being the pole , and the angle MFx s= p, is 

r — a < e * — j) 

1—0 cos <p * 

184. Cor. — If il/F be produced to meet the curve again In m, and 
Fm ' be put = r', then 

r + r* «(o 8 — 1) p * 


THE CURVATURE AND QUADRATURE OF THE HYPERBOLA. 

185. Prop. XXIII. The radius of curvature } at any point of a 
hyperbola, is equal to 

(eV 2 — a 2 )f __ (normal ) 8 • 

ab p 2 

186. Cor.— The chord of curvature passing through the focus is 
equal to 

2 <*V 2 - a 9 ) 
a 

, • 187. Prop. XXIV. — The area of a hyperbola, between its asymp- 
totes, is proportional to the logarithm of the abscissa. * 

Suppose AM, for the sa^e of simplicity, to be M equilateral hyper- 
' feok; Cx, Cy, the asymptotes, and A the vertex. Draw AH, AK , pa- 



1‘jmttBOUb 


* 

« 


raltel to the asymptotes, and abo any 
number of ordinates, p'm,', p"m", &«., 
parallel to Cyi complete the rect- 
angles Hnl, p'n", &c. . 

Let CH= CK =a 1, CP =s x, 
PM = y. Also, let -the abscissa 
Cp', Cp\ Ac., be denoted by 4*', y', 
&c.j add the ordinates p'm' t p"m", 
by y', y", Ac. Then the equa- 
tion to the cunre gives . 



•ry = yy* * yy» = & c . = ch*ha = 1. 


Also the rectangle Hri = ft/x Up’ = 1 x(y — 1) = y — 1 

„ = joW xy'p" =5 y' (y' — y) = ^ — i 

„ • /»V" = P "n" x yy" = y" (y"-y' ) = ~ - 1 


and sq on. 

Now, as the disposition of the points p', p", &c., is altogether arbi- 
trary, we may suppose the abscissae 1, x?> x", &c.. . to be in geo- 
metrical progression. Putting, then, /=!+», we have 


rf = 1+u; ,r" = (l+w) 9 ; = (l+») 8 - 

y .r" y"* 

Also T = y * 7 - 


..r as (1 + t;)* . 
= 1 + v ; 


consequently each of the rectangles Hvl, p'n", &c., is = *r'— 1 = v. 
If, therefore, we take the abscissae 


1, l+V, (l+t>) 9 , 0+*)* (1+*)% 

the sum of the rectangles contained between AH and these abscissa? 
will be respectively 

0, v, 2v, 3v nv . 


Hence, while the abscissas increase in geometrical progression, the 
areas increase in arithmetical progression, and consequently the sum of 
the rectangles contained between HA and any ordinate, PM, is pro- 
portional to the logarithm of CP . 

As this conclusion is entirely independent of n , the number of divi- 
sions, it will be equally true if n be indefinitely great. But in this case 
the sum of the rectangles will approach indefinitely near to the curvi- 
lineal arda HPMA ; consequently the hyperbolic area HPMA is pro- 
portional to the logarithm of CP* 


188* Scholium . — If the area *BPMA be supposed equal to the loga- 
rithm of CP, we may easily determine the base of this system of loga- 
rithms. For since 


log(l + v) n = nv, when n is infinite; 
and in any system* 6f lbgonthms, the base is equal to the number whose 
logarithm's 1 (Alg.^rt* 391) putting, therefore, np as 1, or v = — * 



ooma mmem* 


the base of this system of logarithms is equal to k when n u 

infinite. Now, 

(' + t)"= ' + O ' +*» 

= 1+ i+jTgl 1 ~) + ^ (i -~)(i -|-)+&c. 

And when n is infinite, this series becomes 

1 + 1 + 172 + TTI73 + &c * = 2 - 71828 ”-* 

But this number is equal to *?, tfce base of the Naperian system of 
logarithms (Alg. art. 399). Hence the area HPMA is equal to the 
Naperian logarithm of the abscissa CP ; for which reason these loga- 
rithms were at first called hyperbolic logarithms. » 

TIIE CONJUGATE HYPERBOLA. 

1 89. In art. 129 there is an equa- 
tion (Af a ) of a different form from .>■'- 

(ZST), but which we have shown may V\^ — ^ B 

be reduced to this form by inter- \\. / D 

changing the letters x and y 9 and \ ' f 

also a and h ; and consequently this L 

curve likewise is a hyperbola, placed J X. \ 

in a different manner. If we examine j yS V 

the course of this curve, we shall find — 1 ~‘"*-“*XXv s s 

that Bb = 2 b is the real or trans- 
verse axis, and Aa = 2a is the con- 
jugate axis ; and also that this curve has the same asymptotes as the 
original hyperbola. We shall now prove that all the conjugate or imagi- 
nary diameters of the curve AD are real diameters of the curve BE 9 
and conversely. Hence this hyperbola is said to be conjugate to the 
other hyperbola, and the properties of the two curves, when taken 
together, bear a still stronger analogy to those of the ellipse. 

190. Prop. F. — If in the hyperbola AD, CE be a conjugate diame- 
ter to CD, it is required to find the locus of E. 

Let y 9 be the co-ordinates of the point E, and tf 9 those of the 
point D . We have then (art. 166) 

td % + — ** — y % sa a % — A*. • 


But (art. 165) tf = + — , 


y * +22 

- b 


b % jfl oV . 4 

--r — * + ~jr—s 9 ~ * — **» 


b'-a* 


«*- 6* 


a % — J 4 


Hence, dividing by o* — If and reducing, we get 
efy* ~ sac 



which is the equation, represented by (H t ) ; and therefore the extremi* 
ties of alTthe conjugate dia&eters ate in the conjugate hyperbola. 


CHAP. V. — THE PARABOLA. 

t 

191. Prop. I.— 7b determine the figure of the parabola from tie 
equation* 

The equation to the parabola, whenVeferred 
to rectangular axe*, is 

If* = 2/w> (P). 

When a* =s 0, y is also = 0 ; hendb the curve 
passes through the origin A • # 

If p be positive; theo for each positive 
value of x, there are two equal values of y with 
contrary signs. As x increases, y increases; 
and when x becomes indefinitely great, y also 
becomes indefinitely great. Hence there are 
two infinite arcs to the right of A . 

If x be negative, y is imaginary ; therefore no part of the curve lies 
to the left of A . 

If p be negative, there will be two infinite arcs to the left of A, and 
no part of the curve will lie to the right oh A . 

192. Cor . — The line Ax is evidently an axis of the curve. The 
point A is called the vertex of the curve. 

193. Prop. II. — To find the equation to the parabola when the co-ordi- 
nates are measured from any point in the curve, and parallel to the 
former co-ordinates . 

Let DE = Ed = a, DP = /, 

PA1 as u; then (art. 191) 

2 p x AE = o 3 

2 pxAp = Mp % as (a — 0 a 5 
•*. 2 p (AE—Ap) = 1)\ 

Hence 2pu = 2 at — A 

194. Cor. — Because 2<zl — & = t (2a — t) ss jDP x Prf; 

x Pd : jDJ? x Ed :: 2 p x PM t 2p x AE 

or, # Z>/> X Pd s : : PM ; 

that is, the ordinate PM varies as fhp rectangle DP x Pd. 

* THR FOCUS. 

195. The line 2p is called the principal parameter, or latus rectum; 
and from equation ( P ), it is a third proportional to any abscissa and 
its corresponding ordinate. 

The focus P is a point in tfte axis, where the ordinate is equal to 
half the ltftus rectum.* > „ 

196. Cor.— Since FL afcji, we have at this point 
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p* as 2pjf ; therefore cs AF^=. \p. 

197. Prop. III. — 7b determine the distance of the focus fi'om any 
point in the curve . 

Let M be any point in the curve ; put AP = x, PM sb y ; then 
FM % = FP* +]Pil/ a = (.r - jpf + y* 

+ + 2px 

ss 4?* + px + &* (* + ip)*; 

. Fflf as + 

Hence, if in FA produced, A V be taken equal to \p, and VQ be 
drawn at right angles to Ax, we shall have 

FM= AP 4- AV = VP = 

The line VQ is called 4he directrix ; and by many writers this equa- 
lity is taken for the definition of the parabola. 

198. Scholium . — In the parabola, the distance of any point in the 
curve from the directrix is equal to its distance from the focus. In the 
ellipse, the distance of any point in the curve from the directrix is 
greater than its distance from the focus in a given ratio. And in the 
hyperbola, the distance from the directrix is less than its distance from 
the focus in a given ratio. 

The equation to the parabola is y* = 2 px 

„ ellipse y* = 2 px ~~-x* 

„ hypeibola y* = 2 px -f — 

Apollonius gave the name of hyperbola* to the last of these curves, 

because the square of the ordinate is greater than the rectangle of the 
abscissa and the latus rectum ; and the name of ellipse f to the second 
curve, because this square is less than the same rectangle. The natne 
of paraholnX was afterwards given to the first curve, on account of the 
equality of this square and rectangle. 


THE TANGENT AND NORMAL. 


199. Prop. IV . — To find the equation to a tangent to the parabola. 


Let x\ y, bo the co-ordinates of the given 
point, and y'\ those of any other pojnt in 
the parabola. The equation to a straight 
line drawn through these two points is 
(art. 17) 

i/r — «' 

y ” y ' ss 5^rp (j, ” y) - 

And because these two points are in the 
curve, we have 

y* s=s 2 pxf; f* = 2 psP; 
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y»* _y*- (y'+y> or - y> = 2 p(*"-*') ; 

. _ jjg 

*’• *"-*'~y r +y- 

Hence the equation to the secant becomes, by substitution! 

Let» now, the point (#", y") move up to the pbint (x> 9 /), and ulti- 
mately coincide with it; then the secant becomes a tangent, and 
«" bs y, y f = y. Hence the equation to the tangent is 

3'-y' = ^r(‘ r “■*')» 

or — y* as /mp — par'; and because y* as 2/?^, 

••• y/ = /J(a? + ^) (3P), 

which is the equation to the tangent generally used. 

200. Cor. 1. — Let the tangent MT cut the axis in T, then at this 
point y = 0; hence 

p(x + t?)=z yy> =0; x + J=z<h 

or, «r = — x* sss — 

Hence AT is measured in the opposite direction to AP, and is equal 
to it. Hence also the subtangent PT = 2AP. 

201. Cor . 2.—* Because FT = AT + AF = 

and FIT = a?' + \p (art. 194); therefore FT = F3/. 
Hence the angle FflfJT = /TAf = TAfQ; or the tangent ilf 
bisects the angle FMQ. 

20% Prop. V . — To find the trigonometrical tangent and sine which 
a tangent to the parabola makes with the axes* 

(1) . By transposition and division, equation ( T ) becomes 

P , ^ 

r = 7 *+, 7 . 

And if this be compared with the general equation to the straight line, 
y 5= Ax + B ss x tan $ + J3, we have 

A as tan 9 ss £- . 

(2) . We'have likewise * 

• sa — tan g 0 __ jo* __ p % 

Sm 1 + tan® 9 ~~ y ® + />* 2p*r' + f 



203. Prop. VI.— 7b /&ui die equation to the normal \ at any point 
(x', y), in the parabola . 

Since the normal passes through the point (o', y), its equation will 
be of the form (art. 18) 

VOL. II. 


£ 
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y— /as 

Also, if y = Ax-\-B be the equation to the tangent at this poiitt, then 
A s= — because the normal is perpendicular to the tangent (art. 83Jh * 

But A ss ~ (art. 202) ; therefore A' ~ — — . 

y P 

Hence the equation to the normal is 

y-’S = # -£(x~*>) w). 


204. Cer. 1. — If the normal MO cut the axis in G, then y = 0 ; 

y f • 

— y* =s — ^ (*• — ; or, x — x f = /> ; 

hence the subnormal PC = x rf si p. 

205. Cor. 2. — The length of the normal 

MG = + y'») = V"Kp + 2Pj. 


206. Prop. VII . — To find the length of the perpendicular from the 
focus upon the tangent . 

FH = FT 1 sin 9 ss + -rfF) sin 0 

= (*/> + (^y) = + S) . 

Hence F// 9 = AFx FT ; and since FHT is a right angle, therefore 
FAH is a right angle (Geom. prop. 72). And because the tangent at 
the vertex is perpendicular to the axis Ax (art. 202), the point H 
is situated in the line Ay . 


THE DIAMETERS. 

207. Prop. VIII . — The equation to the parabola, between the rect- 
angular co-ordinates , may be changed into another of the same form , 
having a different origin and different axes. 

Let the origin of co-ordinates be trans- 
ferred from the vertex A to any point, Z>, 
in the curve. Let Dt> Du , be the new 
axes ; and let Dt be parallel to Ax , and 
the angle tDu = 

Let AP = x, PM = y , be the rect- 
angular co-ordinates of any point, M , in 
the parabola; DQ^st, QM=su t the new 
co-ordinates of M. Also, let A E = a, 

DE = b . We have then 

y as PM =s DE+ MN = 6+itswfi, 
x = = AE + DQ + QN = a + t + « cos p % 

.Substituting these values in the equation y*ss2px 9 w4 get 
* (5 + « sin 0) a =s 2p{a + t + u cos j9) j 
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•’• «* »in* £ -t- 26u sio $ *f 4? = 2pa + 2 'pi + 2 pu eo« 0; 

and beonuM J) is a point in the cprve 4* ss 2 pa, 

«*sin*0 + 2«(4sinj9 — p cot 0) =s 2pU 
Hence, putting 4 sin £ — p cos /3 = 0, since j9 is indeterminate, we get 

w*sio*0 as 2pl; or, (2). 

And since each value of l gives two eqi^al values of ti with contrary 
signs, the axis of t is a diameter of the curve* 

208. Cor. 1. — Since b sin p — p cos j3 =s 0, therefore 


tan 0 as •£. as tan 6 (art. 202) ; 


18 = 6; 


or the ordinates to the diameter Dt are parallel to the tangent at D. 

tan* 3 * «* 

209. Cor. 2. Because *<9 = 

••• 


Putting, therefore, 4 FD = 2/4 the equation becomes 

« 2 = 2p't • (p). 

• 210. Cor . 3. — If tho ordinate Q'J/ 7 pass through the focus F, then 
fc* = 2p'xDQ f = 2 p'xFT = 2 p'xFD = 4FZ> 2 . 

Hence w = 2/7) = p', and i/'m' = 2« ss 2p'. 

211. Scholium . — Since equation (p) has exactly the same form as 
the equation between rectangular co-ordinates, it is evident that all the 
properties which are independent of the inclination of the ordinates will 
be the same in the two systems. Hence the equation to the tangent, 
at any point, M, will be 

ytf =p'0* + <*0; 

the ordinates to the tangent being parallel to the axis of u • Also, the 
value of the subtangent 

FT = 2 1. 


212. Prop. IX.—// through any pointy O, within or without a 
parabola, two straight lines , MOm, NOn, be drawn to meet the curve, 
parallel to two other straight lines given in position; the rectangle 
contained by the segments of the one will be to the rectangle contained 
by the segments of the other in a constant ratio . 

This proposition is proved exactly in the same 
manner as prop. 18, in the ellipse^ 

213. Co/v— If the point O' coin^th* with the focus 
F, we have 

FM'xFm’ = JpxATm' (art. 216) = ipP; 

P being the parameter to the ordinates parallel to 
Mm. In like manner, if F be the parameter to the 
ordinates parallel to Nn, Flsf 1 x Fn 1 = ipF. Hence 

OMxOm : ONx On : : FM'xFm! : FN'xFn 9 ixPiF* 
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CONIC SECTIONS. 
POLAR EQUATIONS^ 


A 


214. Prop. X. — To find the polar equation to the parabola > the 
focus being the pole . (See fig. to prop. I.) 

Putting FAf as r, and the angle AFM = p ; we have 
a? = AF + FP = |y + r cog PFM = Jy— r cos p, 
y = PJ/ as r sin p. 

Substituting these values in the equation y 2 =s 2y«r, and reducing, we 
shall obtain the polar equation. We may, however, obtain it more 
simply, by substituting the value of x in the equation 
r = FM = \p + x = y — r cos p ; 

ji p # 

•* 9* ss ■ — ■ * 

# # 1 -f- cos p 2 cos 2 |p * 

215. Cor . 1. — If d/P be produced to cut the parabola again in m f 
and Pm = r', we shall have 

r f _ i£ _ P _ JP # 

1 -f cos (w -f p) 1 — cos p 2 sin 2 |p * 

216. Cor • 2. — Hence it follows that 

112 

— + V ~ ~p * and ** <*' + ^ 

CURVATURE AND QUADRATURE OF TIIE PARABOLA. 

217. Prop. XI .— To find the radius of curvatwe atjiny point of a 
parabola . 

Let D be any point in the para- 
bola ; draw the diameter l)t , and 
take any point, A I/, in the curve 
near D . Draw the chord Mm 
parallel to the tangent at D, and 
through the points M , D, m let 
4he circle Dtx be drawn ; then, 
when the points A /, m move up to 
2>, this will ultimately be the circle 
*of curvature. Draw Dz perpendi- 
cular to the tangent at D , this will 
^ultimately be the diameter of curva- 
ture. Let Mm cut Dt in P; and 
vput DP = ty the chord Dt = (7, 
the chord of curvature parallel to 
the axis, or the value of Dt when M and m move up to D = c: also, 
put the parartieter to the diameter of the parabola Dt = 2 p', the angle 
TDt = v, and the radius of curvature » f. Then, because PM is 
arallel to DT t it is an ordinate to the diameter, and the chord Mm is 
isected in P ; therefore 

2 p't = PM 2 = PMxPm as DPxPt as t (Cr- *) J 
2 p f a=C~t. 



• « 



>%**42fi4pou. 


And when If and « move #*’<>,. and C= e; comm 

the chord of curvature parallel to the axis u equal to 2p. H« 

follows that the radius of curvature f = CQi 0m = * 

But f! = + ip) = P + 2 *' (art, 209), 

and sin 9 = A- -p— ) (art. 202) ; therefore 


Os 

juently 
once it 


\ 


__ (p + aOj 


t- 


SP 


4. * Cor. 1.— Since the normal n = V p{p + 2^) (art. 205), 

• _ * 

• £ — ”T • 

p* • 

219 Cor. 2. If Dr be the chord of curvature, passing through the 

focus F t then the angle ODr = 01)1, therefore Dr — Dt-, or the 
chord of curvature passing through the focus is equal to 2 p' = 2p+4.r\ 

220. Prop. XII. The area of the parabola is equal to two-thirds of 

the circumscribing parallelogram. 

Let AM be the arc of a parabola, A the vertex, 
and AP the axis. Complete the rectangle APMQ, 
and suppose AQ to be divided into n parts, Aq, qq', 

&c., each equal to h } also complete the rectangles 
Am, qm', q'm", &c. 

Let AP — x, PM sb y ; then the sum of the 
rectangles Am + qm! + q'm" + &c. is equal to 

h ( qm + q'm' + QM) . 

And the equation to the curve gives 


. A 9 , 

qm — Ap — — ; qm - ,. 


,..QM = 



Hence the sum of the rectangles Am+qm' + & c. is equal to 

*<£+%■■■+ (A !r i9n 

= £(' + t)(A) 

Now let » be indefinitely great, then thp sum of the rectangles wHI 
approach indefinitely near to the cutviUpal area AMQ, and the frac- 
tions — , — become indefinitely small. Hence the 
n ’ 2» 

curvilineal area AMQ = i-ry ; 
t .• . the area AMP — i*y. 

221. Cor.— The proof is nearly the same when AP is any diameter, 
and j>»», PM, &c. are oblique ordinates. 
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CHAP. VI — THE SECTIONS "OF 
. CYLINDER. 

DEFINITIONS. 

222. If through the point F, without the 
plane of the circle ANB 9 a straight line, 

AVA\ be drawn and produced indefinitely, 
both ways; and if the point remain fixed, 
while the straight line AVA 1 is moved round 
the whole circumference of the circle; two 
surfaces will be generated by its npotion, each 
of which is called a conical surface ,* and 
these mentioned together are called opposite 
conical surfaces . 

The solid contained by the conical surface a ^ # # 

and the circle ANB is called a cone . 

The fixed point V is called the' vertex of E 

the coue. 

The circle ANB is called the base of the cone. 

A straight line drawn from the vertex to the circumference of the 
base is called a side of the cone. 

A straight line, VC, drawn from the vertex to the centre of thebase, 
is called the axis of the cone. If the axis of the cone be perpendicular 
to the base, it is called a right cone ; but if it be not perpendicular to 
the base, it is called an oblique or scalene cone . 

223. If a straight line, AA r (see the figure to prop. 6), be moved 
round the circumference of the circle ANB , and kept always parallel 
to the line CO, which passes through the centre of the circle ; the sur- 
face generated by the motion of A A’ is called a cylindrical surface . 

The solid contained by the cylindrical surface, the circle ANB, and 
a plane, ANB 1 , parallel to ANB, iatcalled a cylinder . 

The circle ANB is called the base of the cylinder. 

Any line, NN\ drawn from the circumference of the base parallel to 
CO, is called a side of the cylinder. 

The line CC f is called the axis of the cylinder. If the axis of the 
cylinder be perpendicular to the base, it is called a right cylinder ; but 
if it be n dl perpendicular to the base, it is called an oblique cylinder * 

224. Prop. I *—If a cone he cut by a plane passing through the 
vertex , the section will be a triangle . (See the figure abovfe.) 

Let VANB bo a cone, of which VC is the axis ; let AN be the 
common section of the base of the cone, and the cutting plane; join 
VA, VN. When the generating line comes to the points A and N, 
it is evident that it will coincide with the straight lines * VA, VN; they 
sure therefore in the surface of the cone, and they are in the plane 
wlpch passes through the points V, A , N; therefore the triangle VAN 
is the common section of the cone, and the plane which passes through 
ts vestex. 

— — — 2 

* By nSfer writers these surfaces are frequently called sheets, a word taken from 
he French authors, who give them the name of nappes. 
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225..Paor. II . — If a cone btcutby a plant parallel to ih bait. At 
Motion mill be a, oirtfewhote e/ntrt it in At axis. 

x * ’ f 

Let mb be a section parallel to tfce base of the cone; sod VGA, 
VCN, two sections of the cone, made by any two planes passing through 
the axis VC. Let ca, cn, be tbe common sections of the plane nmb, 
and the triangles VGA, VCN. Because the planes anb, ANB , axe 
parallel, ca, cn are parallel to CA% CN (Geom. prop* 97) i therefore 

CA : ca :: VO : Vo :: CN : 

But CA = CN, therefore ca «s cn. • 

In like manner it may be shown that every other line drawn from 
the point c to the perimeter anb is equal to ‘ co, and consequently the 
section anb is a circle of which c is the centre. 


226. Prop. III . — To find the equation toethe curve formed by the 
intersection of a cone by a plane . 


Let any cone, VNB, be cut by 
a plane, DMd, which is not parallel 
to the base ; and let this plane be 
produced, until it meet the plane of 
the base in the straight line Kk. 
Through C \ the centre of the base, 
draw ABH perpendicular to Kk ; 
and suppose a plane to pass through 
the points V, A, B , cutting the 
plane DMd in the line Dd, which 
we will take for the line of the ab- 



sciss®. The problem then will divide itself into three cases, according 
as Dd meets the line VB in the same surface AVB , or in the opposite 
surface A f* VB 1 , or is parallel to VB . In the present proposition we 
shall consider the case when Dd meets VB, in the same surface AVB . 

Let any plane, aMb , be drawn parallel to the base, cutting DMd in 
the line MP, and the plane AVB in the line aPb. Let Dd = 2 a, 
DP=za, PM~y. Also draw DF, dG, parallel to AB , and put 
DF=z 2f s dG^ 2 g. Because the plane DMd cuts the parallel planes 
aMb, ANB, their intersections PM,Kk, are parallel (Geom. prop. 97) ; 
for a similar reason, ab is parallel to AB. And since eb f PM, are 
parallel to AB, HK, the angle aPM is equal to AHK , and is there- 
fore a right angle. Hence * 


y a = PM % = aPxPb. 


But from the similar triangles DaP , DGd, 


aP : * :: 2g : 2*; aP — — . 

I * I* ^ 

Also front the similar triangles iifl, dt)F, 

Pb ; la— # :: 2f i ‘2ai .% Pb — — (2a— jt ) ; 

a 

consequently tbe equation to the curve is 

,*=^( 2 ax-**). 
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Hence the conic section Is an ellipse, whose diameters are 2a, and 
Wfg* 

227. Cor . I*— -If the plane VAB pass through the line drawn from 
V perpendicular to the base ANB 9 VAB will be perpendicular to 
NAB (Geom. prop. 102). Hence HK will be perpendicular to the 
plane VAB (Geom. prop. 103% and consequently perpendicular to 
BHa In this case, therefore, the ordinate PM will be perpendicular 
to the diameter Dd. Hence Dd is an axis of the ellipse. 

228. Cor. 2.— If the angle MdD = VAB, the triangles DFd % DGd \ 
are similar ; therefore 

2f : 2a : : 2a : 2g, and fg = a % ; 

• • • y % =* 2ax — a/ 2 . 

If, likewise, the plane JfAB be perpendicular to the base, and con- 
sequently PM perpendicular to Dd, the curve in this case will be 
circle. 

This section is called a subcontrary section • 


rnop. IV . — To determine 
meets VB in the opposite surface* 


Let the plane DMP meet the piano of 
the base, as before, in the line Kk ; draw 
the diameter AB perpendicular to KJc, 
and let the figure be constructed as in the 
last proposition. 

Let DP = x, PM = y, Dd = 2a, 
— 2/, dG = 2g. We then find, as 


before, 


y* = aP X P ; 


aP = *A 


(2 a + *•); 


yS = 4 (2«* + .r*). 


Hence the conic section is a hyperbola, 
whose diameters are. 2a, 2Vfg. 



230. Prop. V . — To determine the curve when the section DKk is 
parallel to VB. 


# Constructing the figure as before, and put- 
ting DF as 2f, VF = d; we have in this case, 
since DH is parallel to VB, and the triangles 
DaP, VDF, are similar, 

aP : * :: 2f : d\ 

< aP = also Pb = 'If. 

u 


Hence y % 




therefore the conic section is • parabola. 
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231. Prop* VL— If a cyUhdtr be cut by a plane passing through the 

axis or parallel to it, the section will be a parallelogram : and (f If be 
cut by a plane parallel tq the base, the section will be a circle . * 

(1.) Let the plane AN* be parallel to 
the axis CC , and let it cat the base of 
the cylinder in the line AN. let AC, 

NC, "be tiro planes passing through the 
points A , N, and the axis CC* ; and let 
A A*, NN*, be the common intersections of 
these planes with the plane AN*. Because 
CC is parallel to the plane AN*, and A A* 
is the intersection of this plane with the 
plane AC*, the lines A A!, CC * are parallel, 
since they do not meet each other. Hence 
A A* is in the surface of the cylinder. In lik# manner, NN' also is in 
the surface of the cylinder. And because A A*, NN*, are both parallel 
to CC*, they are parallel to each other (Geom. prop. 95, cor. 2). Also, 
since the planes CAN, C*A’N *, are parallel, and the plane AN* meets 
them, their intersections AN , A*N *, are parallel. Hence the figure 
ANN* A* is a parallelogram. 

(2.) Because A A* is parallel to CC * and C*A* parallel to CA, there- 
fore AC* is a parallelogram, and CA = C*A *. For the same reason, 
CN = C*N*m But because C is the centre of the circle ANB, 
CA = CN, therefore C* A* =. C*N*. In like manner it may be shown 
that ever} ? other line drawn from C * to the perimeter A*N*B* is equal 
to CA' ; consequently the section A'N'B * is a circle of which C * is 
the centre. 

232. Prop. VII — To find the equation to a curve famed ly the 
intersection of a cylinder by a plane . 

Let any cylinder, AB ', be cut by a plane, 

DMd , which is not parallel to the base, and 
let this plane be produced until it meet the 
plane of the base in the straight line Kit. 

Draw the diameter ABH perpendicular to 
Kk, and suppose a plane to pass through 
AB, and the axis CC, cutting the plane 
DMd in the line Dd, which we will take 
for the line of absciss®. Let any plane, / — /-^Y \ /i) 

aMb, be drawn parallel to the base, cutting iL — 

the plane DMd in MP, and the plane 
CAB in *aPB. 

Put Dd = 2a, DP = x, PMrst y • draw DF, dG , parallel to AB, 
and put AB = 2r ; then it may bis ptoVed, precisely in the same man- 
ner as in prop. 5, that 

/ = (2«r* -■**), 

which is the equation to an ellipse. 

233. Cor.— If the plane AB' be perpendicular to the base, and the 
angle DdB" be equal to DAB, then will Pa = PD, and Pb = Pd; 
therefore Dd stabs: 2 r. Hence, in this case, 
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y 2 = 2r* — #*. v 

And because PAT is perpendicular to Dd (art. 60), therefore the 
subcontrary section DMd is a circle equal to the base. 


CHAP. VII* — PROBLEMS ON LINES OF THE 
SECOND ORDER. 


23 4. Prob. I. — 7b determine the equation to a conic section which 
passes through Jive different points 

Let -rfy 2 + Ary r + Gr* + Dy + Ex + F =sr 0 (I) 

be the general oration to the conic sections. Dividing by A> and 

putting — = 6, — = c, Ac., we have 


y 2 + bxy + csfl + dy + ex +/= 0 (2); 

in which expression there are five indeterminate coefficients, and there- 
fore we must have five equations to find their value. Hence it follows 
that five points must be given, to determine the particular form of the 
conic section. 

Let * 9 8 ; a r , f? 9 Ac., be the co-ordinates of the five given points. By 
substituting these values in equation (2), we get five independent equa- 
tions, from which the values of the coefficients 6, c, d 9 e,f 9 may be found. 

235. Scholium . — In the preceding problem we have supposed the 
species of the curve to be unknown. If the curve be a circle, then 
three points are sufficient for this purpose, since 6 = 0, c = 1 ; and 
d 9 e, /, are the only three coefficients which remain undetermined. If 
the curve be a parabola, four points are sufficient; for in this case 
b % = 4c, and therefore there are only four independent coefficients. 


236. Pros. II . — The transverse and conjugate axes of an ellipse 
being given , to describe the ellipse . 

1. By mechanical description.— Let Aa, 

Bb be the transverse and conjugate axes, 
and C the centre. With the centre B and 
radius = CA describe a circle cutting the 
transverse axis in F and f; these points 
will be the foci of the ellipse (art. 73). 

Let the end* of a string equal ii> length 
to A a be fastened at the points F, f; and 
while the string is kept uniformly stretched 
by a pencil, A/, let tlie pointtaf the pencil be carried round in the plane 
ABa. By this motion it will describe a cutve tine, which k the ellipse 
required, as is evident from art. 77* * 

2. With tho elliptic compass# or trammels.— Aa> Bt ate two cross- 
bars with grooves m them, at right angles. DEM is a rqler about a 
foot long, bearing three cursors, (o one of which may be screwed points 
of any kind, and to the bottom of the other two are rivetted two 




USOBIIKSk 




sliding dovetails, adjusted to the 
grooves in Aa 9 j 86. The dovetails 
being fixed on the ruler DMj ai*d 
running along the grooves, the 
point M will describe an ellipse* 

* For if DQi MQ be drawn pa- 
rallel to CA % CB } and DM =a* 
EM = b, CP = *, PM = y 

then MQ = ^-MP = -ly. 



Hence M<?+£>p = DM*; or, J-y* + *» -= «*; 


• • . « 3 y 3 V = a 8 A*, 

which is the equation to an ellipse, of whi^i DM is the semi-trans- 
verse, and EM the semi-conjugate axis. 

It is upon this principle that the engines for turning ovals are con- 
structed. 


3. By finding a number of points in the curve , (See the first figure 
in this problem.) — Find the two foci F, f as before ; and in the trans- 
verse axis take any points /. Then with the radii Al f BI f and centres 
F 9 f 9 describe arcs intersecting in M, Mi these will be points in the 
curve. And in the same manner any number of points may be found* 


237- Prob. III . — The transverse and conjugate axes of a hyperbola 
being given 9 to describe the cutve. 

(1.) By mechanical descrip- 
tion.— Let Aa> Bb be the two 
axes ; join AB 9 and in Aa 
produced take CF, Cfi each 
equal to AB. The points F 9 f 
will be the foci of the hyper- 
bola* 

Let one end of a string be 
fastened at F 9 and the other to 
G y the extremity of a ruler, 
fMG ; and let the difference between the length of the ruler and the 
string be equal to Aa. Let the other end of the ruler be fixed to the 
point f and let the ruler be made to revolve about f as a centre, in the 
place of ACB 9 while the string is stretched by means of a pencil, M 9 
so that ijie part of it between M and G is applied close to the edge of 
the ruler; tne point of the pencil will by its motion trace a curve line, 
MAm 9 upon the plane, which is oty? <>f the hyperbolas required. 

If ther ruler be made to revolve anout the other, focus F t while the 
end of the string is fastened to f the opposite hypeiboia will be 
described bp the moving point M. eg 

(2.) By finding a number of points in the curve . — Find the two foci 
Fyfy as before ; and in the transverse axis Ax, take any point, /. Then 
with the ractil AI^aL and the centfps F,f, describe arps intersecting 
in Af, m i these wut be points in the curve. And in the same manner 
any number of points may be found. 

Again, if in the axis aA any point be taken, and arcs be described 
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as before, the intersections ‘Of these ! «cs will give the 1 opposite ’by- 

pterbola. if * 4 1 * r "U ^ k’/ 

238. Prob. IV. — 7%a direction anti focus (fa parabola being given 
in position, to describe the parabola . 

(1.) By mechanical description. — Let VC c 
be the given directrix! and F the focus. Place 
the edge of the ruler CD along the directrix, 
and keep it fixed in that position. Let RQC 
be another ruler, of such a form Jhat the part 
QR may slide along CD, the edge of the 
fixed ruler, and the part QG may have its 
edge constantly perpendicular to CD. Let 
FMG be a string of the same length as QG, 
the edge of the moveable ruler ; let one end 
of the string be fastened A F, and the other 
end fastened to G , the end of the moveable 
ruler. By means of a pencil, M, let the string 
be stretched so that the part of it between G 
and M may be applied close to the edge of 
the fixed mo\eable ruler, while at the same 
time it slides along CD , the edge of the fixed ruler. The pencil M 
will thus move along QGy the edge of the ruler, and its point will trace 
upon the plane CVF a curve line, which is the parabola required. For 
since the string GMF = GQ , the part MF= MQ; therefore the 
pencil describes a parabola whose focus is F, and directrix is VC. 

(2.) By finding a number of points in the curve. — Through the focus 
F draw Vx perpendicular to the directrix, and Vx will be the axis of 
the curve. Draw any straight line, Mm , parallel to the directrix, cut- 
ting Vx in P ; and from the centre F 9 with the radius VP } describe 
arcs cutting Mm in M and m ; these will be two points in the parabola 
required. And in the same manner any number of points may be found* 

239. Prob. \ % —An arc of a conic section being given , to determine 
to which of the curves it belongs ; and also the axes and foci of the 
curves . 


t 



G 


■B 
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Draw any two parallel chords, MPm, NQn j ^ N 

and draw a line, DPQ> bisecting these chords. 

DP is a diameter of the curve. Draw any two D/^/ / / 

other parallel chords, and a line, D'P', bisecting / 

them. Then if the lines DP, DP' meet on the W /Mq 

concave side of the arc, the curve is an ellipse, / 

and the point of intersection is the centre. If <• 

the lines meet on the convex side of the ate, the 

curve is a hyperbola; and if they are parallel, the curve is a parabola. 

(1.) Let the curve be an ellipse. To find the diameter conjugate to 
CD, draw CE parallel to Mm ; and putting CD = a 1 , CE = V, 
CP&x, PM = y, we have* , 

fl'V + i'V=* <S*b'*; 

in which equation a', x, y, are inqjvn, and therefore V may be {bund. 

To find the axes 2a, Hit we have, putting the angle DCE =* ft > 

«* + as «'* + A'* ; ab s± tiV sin <f ; * 

Hom which equations a and b may b6 determined. 



f ftomaagg 



To find ihqpemrffoft of the, axe*.: let,*, ft be the aagfai wbi$h the 
diameters CA CJ5 make with the transverse axis; then pitting 
tan f as /, which is supposed to be known, we have 


* = tan $ 


tan (j3 — a) 


tan p — tan * 

1 -fien « taij/3* 


But tan j9 =s (art, 101); hence 

a a tan « ' 7 

— tana «= / ( 1 =- ) . 

d* tan a V a % ) 

And the solution of this equation will give the value of tan a- 

(2.) When the curve is a hypeijola, the diameters and axes may be 
found in the same manner. 

(3.) If the curve be a parabola : lei 2 p be a 
third proportional to DP and PM \ then will 2 p 
be the parameter to the diameter DP. Through 
D draw tDT , parallel to Mm ; tT will be a tan- 
gent to the curve. Make the angle TDF=PDt, 
and take DF= ip ; F will be the focus : and 
a line drawn through F> parallel to DP , will be T 
the axis. 



Prob. VI. — To determine the roots of a quadratic equation by means 
of a geometrical construction . 

240* If two curves can be constructed whose equations are known, 
the intersections of these curves will give values of x and y, which will 
satisfy both equations. If, therefore, y be eliminated from these equa- 
tions, the values of x , in the resulting equation, will correspond to the 
intersections of the two curves ; and conversely, the intersections of 
these curves will give the roots of the resulting equation. This method, 
known by the name of the consh'uction of equations , was formerly much 
used by mathematicians ; but from the great improvements which have 
since been made in the solution of equations, it can now only be con* 
sidered as an object of curiosity. 

The roots of a quadratic equation may be found from the intersec- 
tion of a straight line with a line of the second order. For since the 
equations to these two lines are of the first aqj| second degrees, the 
equation resulting from the elimination of y will be of the second 
degree (Alg. art. 120), and may be made to coincide with any proposed 
quadratic. As thp circle is more easily described than any other cunre 
of the second order, it is alway* taken to construct the roots of a 
quadratic equation. * > 

241. The four forms pf a quadratic Aquation 
are— # 

(1) x t +px as q ss a % \ (2) x *—p* = « 9 ; 

(3) x*~px = — a*; (4) X*+J}X = —a 9 . 

Construction of the first find second firms 
Let a cirde, ADD, be described, with a radios 
CA = ip. From any point, A , in the circuoi- 
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ference draw the tangent AB = a, or a mean proportional between 
1 and q ; and through B draw the diameter BDE ; then will BD t 
BE, represent the positive and negative roots of the first and second 
equations ; the less line being the positive root in the first case, and 
the greater line in the second case. 

For by construction DE as p; and if BD be put = x, then 
BE = r + p ; and by Geometry* 

BDxBE = BA*; or, s*+p*=zaK 
Or if BE = — 4*, then BD = BC — DE = — «r - p ; therefore 
(— *) (— & —p) = 4* + px e*. 

Hence BD and — BE are the two roots of the first equation. 

In the same manner it may be shown that BE and — • BD are the 
two roots of the second equation. * 

Construction of the third form . — Let a circle, * 

AMm , be described, with a radius CA = as 
before. Draw any diameter, Aa and AB, per- 
pendicular to it, and equal to o. Draw BMm 
parallel to the diameter Art, cutting the circum- 
ference in the points M, m ; then will BM, Bm , 
represent the two positive roots of the third equa- 
tion. Draw MP , mp perpendicular to A a. 

Then if AP or Ap = x, aP or ap will be = p — x ; therefore 

AP X Pa = PM*, or px — a? as a*. 

Hence AP and Ap are the two roots of this equation. 

If BM does not meet the circumference, the two roots of the equa- 
tion are impossible. 

Construction of the fourth foi*m. — The roots of this equation are the 
same as those of the third form, except that they are affected with a 
negative sign. 

242. Phob. VII. — To determine the roots of a biquadratic equation 
by a geometrical construction . 

It appears from Algebra (art. 122), that if we have two general 
equations of the second degree in x and y , and one of the unknown 
quantities be eliminated, the resulting equation will be of the fourth 
degree. If, therefore, this equation be made to coincide with any pro- 
posed biquadratic, the intersections of the two curves which represent 
the two equations or the second degree will give the roots of this 
biquadratic equation. 

Since the circle is the most easy to be described of all, curves of the 
second degree, we should first take the equation to two circles, and 
eliminate y ; but it will immediately be found that the resulting equa- 
tion rises only to the second degree. This agrees with what is proved 
in Geometry, that the circumferences of two circles cannot intersect one 
apether in more than two points (Geom. prop. 36, cor.) 

*The most simple curve, after the circle, is a parabola. Let^ tJtCre- 

< > y*.;= ax; m y* + x* + Dy + Ex + F tss 0, * 

be the equations to h parabola and a circle. Substituting, in4he second 
equation, the value of x taken from the first, we get 




y 4 + (** + E*)y % + D^t + W « 0; 
and this may be made to coincide with any equation, 
y 4 + qtf + ry + s ss 0, 

of the fourth degree, which wants the second team. 

Since we hare four indeterminate quantities, a, Z), E, F, and only 
three equations, we may assume one of these quantities, for example, 
o=l; thus, the same parabola whose equation is y* ss x will serve 
for all equations. 

243. Cor.— The roots of a cubic equation may be constructed in the 
same manner; for if we multiply the equation byy, it will become a 
biquadratic equation, one of whose roots is equal to nothing* 

244. Ed*. — Let it be required 9 to 
construct the roots of the equation 

y 4 -9y*-4y + 12 = 0. 

If this be compared with the equation 
y 4 + (1 + E) y* + Z>y + F = 0, we 
have 

D = — 4, F=12, l+E = -9, 
or E = - 10. 

Hence the equation to the circle becomes 

y % + x 1 — 4y—10.r + 12 = 0 ; or, (y— 2) a + («*— 5) a = 17. 

Let the parabola MAm be described, whose parameter is unity. 
Draw the axis AP, and take AQ = 5, and QO (perpendicular to 

AQ) = 2. With the centre O and radius = V H describe the circle 
MM'm , meeting the parabola in the points AI, M\ m . Draw the ordi- 
nates MP, M'P ', ; and measuring these values, we shall find the 
positive root MP = -f 3, MP 1 = + 1 ; and since the circle touches 
the parabola at m, there are two negative roots, pm, each = — 2. 

245. Pros. VIII . — To find two mean proportionals between two 
given lines , a And b. 

Let x and y be the required lines. Then 

a : x :: x : y :: y : b; 

.• . x* = <iy, and y a =&r. 

Hence «r 4 = ny = a 2 x 4# ; or .r 4 — = 0. 

The roots of this equation may be found by 
the intersection of a circle and a parabola, as 
in the last' problem. The followmg solution, 
however# jb interesting, as being the first known 
instance of the application of geometrical foci 
to plane problems. Menechme, of the school 
of Plato, was the author of it. 

With die axis Ax, and parameter 6, describe the parabola MA. 
With the axis Ay, and parameter a , describe the parabola MA. 
Then if AP ss x, PMss y, we shall have y a ss bx, ss ay ; or 
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a : * t: x: y :: y t b; 
and consequently a, w % y 9 b are In continued proportion. 

246* Scholium.— Another problem, equally celebrated, was to fiad 
the side of a cube which should be double of a given cube* Bui we 
have shown in the scholium, vol. i. p. 406, that this problem ts only 
a particular case of the one above ; and that if in the last problem 
b sc 2a, the two solutions will be the same. 

247. Prob.-IX . — To trisect* an angle • 

Let the given angle BAC =s= 3a; then the problem will be solved, if 
cos « be found in terms of cos 3a. Now (Trig. art. 67), 

cos 3a as 4 cos* a — 3 cos as 

c 

and putting cos a = y 9 cos 3a = a, we get 

5* — f. y-ia-0 IDs 

from which equation we are to determine the value of y . 

Multiplying by y , this equation becomes 

y 4 — $y* — i«y = 0 (2); 

and this equation may be derived by eliminating a*, either from the 
two equations 

y 1 = xi a? — |*r — Jay = 0 ; 

or from the two equations 

y 2 = x ; y 2 -f- a? — Joy — -Jj* = 0. 

Tn the first case, the roots of equation (2) will be given by the intersec- 
tion of two parabolas ; and in the second case, by the intersection of a 
circle and a parabola. 


Problems for Practice in Conic Sections . 

1. A parabola being given in position, to find its focus, axis, and 
directrix. 

2. An ellipse and a hyperbola being given in position, to find their 
axes and foci. 

3. From a given point, either in the curve or without it, to draw a 
tangent to the parabola, when the focus is given. 

4. From a given point, either in the curve or without it, to draw a 
tangent to an ellipse or a hyperbola, when the two foci are giVbn. 

5. Construct accurately, on paper, a parabola whose abscissa and 
double ordinate shall each be 6 inches. 

6. Construct an ellipse whose transverse axis shall be 8 inches, and 
conjugate axis 4 inches. 

7 t Construct the four conjugate hyperbolas whose two axes are 1£ 
and 3 inches. 

8. If the axes of an ellipse be 60 and 80 ; what are the lengths of 
two conjugate diameters, one of which makes an angle of 20° with the 
transverse axis? Ana. 64*2941 and 76*5915. 



curves or 'tm input orders. 
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9. If the axes of an ellipse be 60 and 100 inches; it is required to 

find the radius of g circle which wtyl, touch the curve, when the centre 
is in the transverse axis, at the distance of 16 inches from that of the 
ellipse. Ana. 27*49545 inches. 

10. Required the radius of curvature to the parabolfe and the elHpse, 
in problems 5 and 6, at the extremities of the axes. 

11. If VAB be a right cone in art. 226; proye that DO Unequal to 
the distance between the foci of the ellipse DMd. 

* 12. Prove that the polar equation t$ a circle, any point within or 
without the circle being the pole, is 

— 2r(0sin p + * cos q)r + m 2 + ff 1 — a* = 0 ; 
r being the radius vector, a the radius of the circle, and a, ft, the co* 
ordinates of the centre. * 

Construct the figures to which the following equations belong 


13. 

Ay 1 - 

f 9«r 2 as 36. 


14. 

/- 

6y + 8 sss 0. 


13. 

y = 

9 + 6jf + ; r 9 . 


16. 

y- 

*9 + ** + V + x — !• 




Ans. An ellipse whose axes are 

4 and 3 a/3. 

17. 

3y* ■ 

- 4 »y + 3x 2 + y — — A = 0. 



Ans. An ellipse whose axes are 

2 and 

18. 

y- 

2i vu + — Gy — 6^ + 9 = 0. 




Ans. A parabola whose latus rectum is 3*/2. 

19. 

y — 

2«ry — x 1 — 2 = 0. 




Ans. A hyperbola whose axes are each 2 jJ/2. 

20. 

y- 

1 0 jpy + a t2 + y -f x -f 1 =0. 



Ans. A hyperbola whose axes are -J and 


CHAP. VIII— CURVES OF THE HIGHER ORDERS, AND 
TRANSCENDENTAL CURVES. 


248. We ha\e seen, in the preceding chapters, that an equation of 
the first degree always represents a straight line; and an equation of 
the second degree represents three diffeient species of curve lines; 
besides the circle, which is a particufc kfnd Of ellipse, and the straight 
line, which is included in all equation* of a higher degree. 

When we come to equations of a higher degree, we find that eighty 
different kinds of curves are represented by the general equation of the 
third degree, and more than 5000 different species are included in that 
of the fourth degree. It would be utterly impossible, therefore, to 
give a general investigation of ail the different curves in the higher 
orders. We can only therefore select, in a work of this limited extent, 
some particular examples, which, either from their history or their 
utility, deserve more especially the attention of the student. 

VOL. II. F 
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CURVES 07 THE PARABOLIC CLASS. 

249. The general equation to curves of this class is 

y =s + pa *— 1 .... + tx +u; 

and the curve represented by this equation is called a parabola of the 
. nth order. 

250. Prop. I.— To trace tie parabola of the third degree, whose 
equation is y = mx 8 + px 2 4- qx -f r. 

(1) . Suppose the three roots of the equation qx+r = 0 

to be real, and equal to a, 6, c f tak^n in order ; then ( Alg. art. 270) 

y = m(x — a) {a? — h) (a? — c) 

. If x be greater than a, y Is positive; and 
if x be indefinitely great, y is indefinitely 
* great. If x < a and > 5, then y is nega- 
tive ; and if x be < h and > a, y is again 
positive. If x < c, y is negative ; and if 
x be negative and indefinitely great, y is 
also negative and indefinitely great. Hence 
the curve has the form of the annexed diagram. 

(2) . If two of the roots be equal, one of these semi-ovals will disap- 
pear ; and if two of the roots be impossible, both semi-ovals will disap- 
pear, and the curve will only cut the axis of x once. 

(3) . If three roots are equal, the equation is of the form 
y ss m(x — a) 8 ; and the curve is then called the cubical parabola . 

251. Prop. II. — To trace the curve whose equation is 

y 2 ss mx 8 -f px 3 4 - qx + r. 

(1) . Suppose the roots of the equation 
ma* 4- px 2 4- qx + r = 0 to be real and 
unequal. Then, if these roots be a , b y c, 
taken in order, 

y = a/jm */[(# — a) (x — b ) ( x — *)]. 

Hence, if ,r > a f y has two real and equal 
values, with different signs. If x < a and > 5, y is impossible. If 
x < b and > c, y has two equal values, with contrary signs. If x<c 9 
y is again impossible. Hence the curve consists of an oval and two 
infinite branches, as in the adjoiuing figure. • 

(2) . If two roots be equal, or a = b 9 the figure will be the same as 
that above, when the points a and b coincide. If b = c 9 the ovfel Will 
be reduced to a point, the other part of the figure remaining the same 
as before. 

(3) . If two roots be impossible, the oval disap- 
pears altogether. 

(4) . If = i = m(x — a)\ The 

figure in this case has two branches, with their 
convexity toward! the axis. This curve is called 
the eOmcubicut patabola . If the origin be at a, 
the equation becomes y % ss mx*. 
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CURVES OF THE HYPERBOLIC CLASS. 

* 

252. These curves are represented by the general equation 

ss a, 

and their forms are similar to the common hyperbola (art. 188). 

253. Prop. III.— -7b trace the curve whose equation is 

xy = mx 8 + px* + qx + r. 

The axis of y is evidently an asymptqfe ; the r 
other part of the figure will depend upon the y 
nature of the roots. 

— Qp 

If y = — the curve is callejf a trident , 



as 



from its form. If a parabola be described, as yi 

the dotted part of the annexed figure, whose 

I I 

equation isy = — , the branches of the pa- [/ 

rabola will approach indefinitely near to the branches of the trident. 
These branches of the trident are called parabolic branches ; whereas 
the other branches, which approach indefinitely near to a hyperbola and 
the asymptotes pf a hyperbola, are called hyperbolic branches. 


THE CI3SOID* OP DIOCLES. 


254. Let AB be the diameter of a circle, 
ANB ; from the points P and Q , taken always 
at equal distances from A and B, draw PM, 
QNat right angles to AB, and join AN, meet- 
ing PM in M; the point M will trace out a 
curve called the cissoid of Diocles.* 

255. Prop. IV. — To find the equation to the 
cissoid. 

Let AP = * v, PM =b y , AB = a; then, 
from the similar triangles, APM, AQN , 

AP 1 : PM 2 : : AQ 3 : QN\ or, AQxQB ; 
.\ x 2 : y 2 :: a —x : x. 

Hence the equation to the curve is 




Scholium . — This cmve was invepkd by Diodes to solve the cele- 
brated problem of the Duplication of the cute, and the Insertion of two 
mean proportionals between two given lines . 


THE CONCHOID OF HICOMEDES* 

* 

256. DeF.— L et As be a line given in position, and about any point 
C/ taken without it, let the indefinite line CM revolve, and cut Ax in 

-a . ■ ■ . !■■■■■»- 

* From Metro , ivy, because the curve climbs up its asymptote, like ivy up a tree. 




m 
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N; then, if NM be taken always 
of the same length, the point M 
will trace out a curve called the 
conchoid of Ntcomedes.* 

The point C is called the pole 
of the conchoid . Ax is called the 
directrix, and AD the modulus . 



257. Prop. V. — To find the equation to the conchoid . 

Draw CAD and MP at righ'i angles to AB % and MQ parallel to it; 
let CA 5ss a, AD = NM = b , ^P = *r, PJf = y ; then, from the 
similar triangles CQM, MPN , 

CQ* : 93P MP* : PN\ 
or, (a+y)V ** y* : b*—y* i 
m \ = (a + yy(b* -y 2 ) 

is the equation to the curve. 

If Nm be measured in the opposite direction equal to 6, the equa- 
tion to the curve is 

*V — (« — yf (* a — y*)* 

DM is called the superior, and dm the inferior conchoid ; if£ be > a, 
the inferior conchoid will have the form which is shown" in the figure ; 
if b =5 a, there will be no oval, and*the points Cand D will coincide; 
if b be < o, the curve will have the same form as the superior conchoid ; 
but the point C % although an insulated point, belongs to the curve, and 
is called a conjugate point. 


258. Scholium . — This curve was invented by Nicomede6 to solve the 
problems of the duplication of the cube , and the trisection of an angle . 
The latter problem may be briefly investigated as follows : 

Let COB be the angle to be tri- 
sected. With the centre 0, and any 
radius 0C t describe the circle BCJE. 

With the pole C> the directrix AF \ 
and modulus OC , describe the con- 
choid CE , cutting the circle in P. 

Join BE and produce it to F, 
then will the angle EOF be a third 
part of the angle COB , or the arc 
DE = a third of the arc BC. 

The demonstration is sufficiently evident. 



ran lemniscate,*)* generated by watt’s parallel motion. 

259. Prop. VI.— Let EC be a straight line qf given length , having 
t/t extremities always in the circumference of two equal circles ; to find 
the locus of the middle point , M, of the line BC. 

Let 0, O be the centres of the two circles; bisect 00 f in A; and 


* From Koyxtit signifying a shell. # * 

t From lemniscus, a ribbon. Any curve of the form of Uie figure 8 is celled a 
lemniscafe. 
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* 8 + (« - if « r 2 ; «'* + («- 0* = A.. (If 2), 

(«-*')* + (/+ 0 8 = 4d* (3), 

2y = u + «' ; 2* =b t — (4, 5) ; 

and, to get the equation to the curve, we mus* eliminate the four quan* 
tides, t , t\ u y u f . 

We shall first eliminate the rectangles tl f , uu\ by adding equation (3) 
to the squares of equations ( 4 ) and ( 5 ) ; we then get 

w* + «' 2 + <*+<'* = 2 d* + 2/ + 2*r*. 

Also, adding equations (I) and (2) together, we get 

4- «' 3 4- P 4- = 2 r* — 2 a* + 2a(t + 0- 

Putting these two values equal to qach other, we obtain 
a(t + 0 = y* + «r* + a 2 4* d 2 — r * ; 
or, substituting m i* for e* 4 - tf * — r*, 

a(t + 0 = y 2 + ** + w 2 (6). 

We have also, from equations ( 1 ) and (2), 

u * _ u '2 + fl _ /'« - 2 a(f -0 = 0 ; 

therefore, substituting the values of ct + u', and / — t', from equations 
(4) and (5), 

(u — «') 2y + (/ 4- O 2 * — Aax = 0. 

Hence ( u — w') y = j?[2o — (t 4- 01 ^ ~ j [ 


= -Jc « 8 -(* 8 + ^)] (7). 

Putting j2a* — #/»*== a* — d* 4- = **• 

Hence, substituting the values of (f + t f ) 9 (s# — «'), derived from (6) 
and (7), in equation (3), we obtain 

~ [»* -(»'+ ^)]* + fr* + ** + rn*3* = 4 «*d»; 

and therefore the final equation to the curve is 

y % (y* + *t + m')*+ai>(y' + ** r = 4 ^V- 

• Cor . — If the circles be unequal, and AT be any point in the line 
BCf the curve will be of the same nature ; but the investigation is 
longer, and the equation more complicated. 
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260. Scholium . — If the lemniscate be constructed by points, it will 
be found that the curve is a double oval, such as is represented in the 
preceding diagram. At A there is 
a point of contrary flexnre, and the 
curve, for a considerable length, 
differs insensibly from a straight 
line. The beautiful contrivance of 
Watt, to reduce a circular to a rec- 
tilineal motion in the steam-engine, 
is founded upon this property. « 

Let OB be the extremity of an 
engine-beam , movable about its 
centre O; and O'C the radius-rod , 
which moves about the centre The two extremities, B , C, are 
joined together by a bar, c BC ; and the piston, MN, is fixed at M, the 
middle or the bar. Since the extremities of the bar BC describe the 
circumference of two circles, which have their convexities turned oppo- 
site ways, or towards each other, it is evident that there is some point 
in the bar that will have the convexity of its path turned neither way; 
that is, will be neither concave nop convex, but insensibly straight, for 
a certain portion of its ascent and descent. And it was, probably, from 
considerations of this kind that Watt was led to the discovery of this 
contrivance. 



TRANSCENDENTAL CURVES. 

261. Def.— T hose curves whose equations cannot be expressed in 
a finite number of terms, containing only integral powers* of .r and y , 
are called transcendental cuives (art. G). 


THE LOGARI1HMIC CURVE. 

262. Def. — The curve MCm , of which the 
abscissa AP is the logarithm of the corre- 
sponding ordinate PM, is called the logarith- 
mic curve . 

263. Prop. VII. — To trace the logarith- 
mic cur ve. 

Let AP = PM = y , theu «r = log y ; or if a be the base of 
the system of logarithms, y = a x . 

When «r = 0, y = a 0 = 1 ; as x increases from 0 to oo , y increases 
fiom I to oo ; as — a? increases from 0 to oo , w decreases fsotn 1 to a 
quantity indefinitely small; hence CM continually approaches the axis 
Ajp 9 which is therefore an asymptote. 



THE CTCLOID. 

264. Def.— I f a circle be made to roll in a plane upon a straight 
line AB , the point M in the circumference, which was in contact with 
AB at the beginning of the motion, will, in a revolution of the circle, 
describe a curve, AMDB, called a cycloid : * ^ 

The line AB is called the base of the cycloid. c 


* From kvk\qs, a circle, aad utios, figure. 
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The circle QMR is called the generating circle. \ 

The line CD, which is drawn bisecting IB at right angles, and pro* 
duced until it meets the curve in D, is called the axis, and the point 
D the vertex . 

265 • Cor . — It follows, from the description of the cycloid, that the 
base, AB, is equal to the circumference of the generating circle ; and 
AC to half the circumference. Also, when the generating circle comes 
to C f draw the diameter Cz, which will be perpendicular to AB. And 
because the circle has completed half a revolution, z is the generating 
point. • 

266. Prop. VIII . — To find the equation to the cycloid. 

Since the circle in rol- 
ling applies every point 
in its circumference to the 
line AB , it is evident 
that in any situation, as 
QMR, the distance AQ 
is equal to the arc MQ 
contained between the 
point M, which first 
touched the line AB in A , and the point Q , which is in contact with 
it in its present position. # 

Draw the diameter QR , which will be perpendicular to AB ; also, 
draw MP perpendicular and AIN parallel to AB ; and draw the radius 
of the generating circle MO. 

Lot QO = a, AP ~ x, PM = QN = y, £ MOQ = 6. 
Then y = OQ — ON = a — a cos 0 = a vers 0 ; 

\ersfl — and 9 = vers — 1 — . 

a a 

Also, x = AQ — PQ = arc MQ — MN = ad - VZay — f. 
Hence the equation to the cycloid is 

x = if vers~ l — — V 2 ay — y % . 
a 

SPIRALS. 

267. Def.— Spirals are transcendental curves, which derive their 
name from making several revolutions round a fixed point, and receding 
at the same time continually from this point. 

THE SPIRAL OF * RCHIMEDES. 

268. Def.— I f a straight line, SA , move uniformly round a point, 
whilst a point, M, also moves uniformly along the line, then the point 
M will trace out a curve line called the Spital of Archimedes. 

^269. Prop. IX .— To find the polar equation to the spiral of Anhi- 
medes. • 

Le t the point M start from S, at the same time that the line SM com- 
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mences its motion from S; and let A be the 
position of the point M, when 8 A lias made 
one revolution. 

Put SM = r, ZA8M=6-, 
then, since the increase of r and 6 is uniform, 
SM : 8A t: L ASM : four right-angles 
st $ : 2 *. 


Hence, putting 

4 67t 



a, the^equation (o the curve is 
r = aO. 


Scholium .— The spiral of Arch-'medes is sometimes used by archi- 

tecls for the volutes of the capitals of columns. 

0 

2 70. Prop. X.— To trace the spirals when r varies as 0®. 

The general equation to the spiral, in this case, is 

r = 00“ . 

(1) . If »=— -1, the equation is r= 00 ”* 1 , 
or, rS css a . This curve is called the re- 
ciprocal or hyperbolic spiral, from the simi- 
larity of its equation to that of the hj per- 
bola referred to its asymptotes (art 1 80). 

When 0 = 0, r is infinite. If r = 0, 

6 is infinite; the spiral therefore makes an 
infinite number of revolutions round S . 

Since MN = rQ = a , the wilue of 
MN is the same for all positions of SM. 

Hence it is evident, if SB be drawn at 
right angles to SA, and taken = a, that MN will approximate to a 
straight line parallel and equal to SB. Hence the line BD , parallel 
to SA, is an asymptote to the curve. 

(2) . If w -= — we get immedi- 
ately r*J = a*. This curve is called 
the lituus * If 0 == 0, r is ipfinitc. 

If r == 0, 0 is infinite. This spital, 
therefore, makes an infinite number of 
convolutions round S. 

o a 

Since MN = rS = — , when rbe- 
r 

comes indefinitely great, MN becomes 
indefinitely small. Hence it is evident that SA is an asymptote to 
the curve. 




THE LOGARITHMIC SPIRAL. 

271 . Dbp.— If the angle of ASM be proportional to the logarithm 
of the radius vector, the curve is called the logarithmic spiral • 0 


* From the Latin Htum, a trumpet, 


T 
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272. Prop. XI . — To find the equation to the logarithmic epirat. 

Let the angle ASM = 0, SM = r ; then, if if be the bead of the 
system of logarithms, the equation to the spiral is 

0 = logr, or, r as a 9 . 

273. Scholium . — The logarithmic spiral was invented by Descartes, 
and several of its curious properties investigated by James Bernoulli ; 
who was so delighted with its singular property of reproducing itself in 
its involute, eyoluto, Ac., that he desired to have it engraved on his 
tomb, with this inscription <~Endem numero mutata resurgo . 


PART II. — ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS. 


274. In the preceding part of this Treatise we have supposed all the 
lines and points to be situated in the plane of the co-ordinate axes of 
x and y ; in which case the Geometiy is said to be of two dimensions. 
We now come to the consideration of lines and surfaces situated any 
where in space ; and therefore this branch is entitled Solid Geometry, 
or Geometry of Three Dimensions. 


CHAP. I.— THE POINT, THE STRAIGHT LINE, 
AND THE PLANE. 


THE POINT. 

275. The position of a point in a plane was shown to be determined, 
when its distance from two gnen lines, the axes of x and y in that plane, 
is known (art. 5). When a point is given in space, we conceive two 
lines to be drawn at right angles to each other, which we may call the 
axes of x and y ; and, for the sake of distinctness, we will suppose the 
plane passing through these lines to be 
horizontal. We then suppose a third 
axis, Az , to be at right angles to the 
plane xAy , and consequently pelpOnd*- 
cular to the axes Ax, Ay. The sittHttuni 
of any point, M, then will be determined, 
if we know the length of the perpendi- 
cular, Mm, drawn from M upon the 
plane xAy, and also the situation of the 
poim. m» or the co ordinates of the point 
j^iere the perpendicular Mm meets the plane xAy> 

276. Suppose the two planes zAx, zAy to be drawn through Az ; 
these planes will be perpendicular to the plane xAy; also, suppose the 
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parallolopiped AAI to be completed. Then tbe perpendicular from M 
upon the three planes xAy, xAz, yAz, namely, Aim , Mm\ Mm!', are 
respectively equal to AR % AQ, AP, or equal to Mrih Pm, AP\ and 
these three lines are called the co-ordinates of Af. 

The point A is called the origin of co-ordinates. 

The three planes zAy, xAz, yAz, are called the planes of <xy, xz, 
and yz, respectively. 

The three points m, m r , m!\ in which the perpendiculars Aim, Mm!, 
Mm" meet the three co-ordinate planes, are called the projections of 
the point M on the planes of xy, xz, andys, respectively. 

277. If AP = a 9 Pm = b 9 mM = c, the position of the point 
M is completely determined by the equations <r = a, y = 6, f =s c; 
and therefore these are called the equations to the point M. 

278. The three co-ordinate planes, when produced indefinitely, form 
eight different solid anglbs at the point A 9 of which four are situated 
above the plane of xy, and four beneath it. The same rules also are 
applicable to the signs of the co-ordinates, as in Plane Geometry: 
thus, if the values of z when measured above the horizontal plane be 
positive, when they are below this plane they must be considered nega- 
tive. Hence we are enabled to determine immediately in which of 
these eight solid angles any point, M 9 is situated. 

279. Prop. I. — To find the distance of any point , M, from the 
origin of co-ordinates . 

Let Ax, Ay, Az be the three rectangular axes. Draw Aim perpen- 
dicular to the plane xy ; mP perpendicular to Ax, and mQ to Ay. 
Put AP = x 9 Pm = y , mM = z ; and also A At = d. 

Because Mm is perpendicular to the plane of xy 9 the angle Mm A is 
a right angle. Hence 

AAP = Am 3 + Aim* = AP 2 + Pm* + Mm*; 

d 2 = x* -f y 2 + z 3 . 

280. Cor . 1. — Let <&, ft y be the angles which AAf makes with the 
axes Ax, Ay, As, respectively. Because AP is perpendicular to the 
plane MP, it is perpendicular to the line AIP ; therefore 

AP = AM cos MAP ; or, x = d cos 
In like manner y = d cos ft z = d cos y. 

Hence d 2 = cP cos 3 « + d 2 cos 3 Q + d 2 cos* y ; 

cos 3 a + cos 3 P -f cos 3 y = 1. 

281. Cor. 2.— We have also, 

d 2 sss x 2 + y 2 + z 2 = x . d cos * + y . dcos p + z . dcos y ; 
d = x cos * + y cos P + z cos y. 

282. Prop. II. — 7b find the distance between two points, M, N, 
whose co-ordinates are kpoton. 

Let x, y, z; x / , y, z f be the co-ordinates of two points, M } N, situ- 
ated any where in space. Then, if three lines be drawn through each 
of the points M and N, parallel to the axes of x, y, z, and the parallel#* 
piped AfiVbe completed, the distance AIN will be evidently the diago- 
nal of this parallelopiped, the three contiguous sides of which are 
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** — *> /— y, — f. 

Hence we h$ve, from art. 2 79, 

MN* as (y - *)* + (y' ~y)» + (s' _ *)» 

Also, if d, £ be the distances of the points AT, N from the origin if, 
then as tf 3 + y* + z*, d? % =s y * + y'* + y* • 

ATiV* = d % + d 1 * — 2(#y + yy! + **'). 

THE STRAIGHT«LINE» 

283. Prop. III.*^7i find the equations to a straight line in space. 
Let AIN be any straight line in spqpe. 

Draw Mm, Nn perpendicular to the 
plane of xy ; these will evidently be in 
one plane, perpendicular to the plane of 
xy. In like manner, draw A/m', Nr! 
perpendicular to the plane of xz, and 
Mm n , Nn" perpendicular to the plane 
of yz. The line MN is manifestly in 
the intersection of any two of these 
lanes Mn\ Mn " : and its position will y/C 
e known, if the situation of these two 
planes be known, or if the lines mV, mV' be given. 

If now, in the line MN, wo take any point, Af, whose co-ordinates 
are x 9 y, z, the co-ordinates of this point x, y will evidently be the 
same as those of the point m ; and since the same may be said of all 
corresponding points in the lines AIN, mn, the co-ordinates x, y of the 
line MN will be connected together by the same equation that belongs 
to tnn : and the same remarks are equally true for the lines mV, m'V'* 
Let # s= mz + p, y = nz + *, 

be the equations to the lines mV, m'V ' ; these, therefore, will be the 
equations which connect the co-ordinates a, y, z of the line AIN, and 
are consequently said to be the equations of that line. 

284. Cor. 1. — If we eliminate z between these two equations, we 

got y — ¥ ss — (x — *a). This is the equation to the line MN 

between the co-ordinates x and y ; and is therefore the same as the 
equation to the line mn . 

285. Cer . 2.— In the preceding equations p, is the distance of the 
origin from the intersection of mV w ith Ax ; or, p = AB . Similarly, 
v is the distance of the origin from 'he intersection of m'V' with Ay : 
that is, 9 ss AC. 

Also, m and n are the trigonometrical tangents of the angle which 
mV and m'V' make with A#. 

286. Cor. 3.*— The equations to a straight line, which passes through, 
the origin and is parallel to MN, are x = mz, y = nz ; m and n having 
ikp same values «s before. 
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PROBLEMS ON THE STRAIGHT LINE* 


287. Prob. I. — To find the equation to a straight line passing through 
two given points^ M, N. 


Let x=:mz + fA, t y — nz + t be the equations to MN Also, let 
a 9 b t c; a\ b\ d 9 be the co-ordinates to the points M, irrespectively, 
which are supposed to be given. Then, since the equation x = ini + §£ 
is true for every point in the straight line MN> we have 

x =s mz + p; a =: me + m d = md + 
and the values of tn and /*,are to be determined from the two last of 
these equations, and substituted fir the first. We shaU find, therefore, 
in the same manner as in art. 17, 

jr — a = m (z — c) ; a! — a = m (d — c). 

Substituting the value of m, deduced from the last equation in the pre- 
ceding one, we get 


and similarly, 


X 


y 


a! — a 



(z-c); 

(z-c); 


which are the equations to the straight line MN. 


288. Prob. II. — *To find the intersection of two given straight lines. 

When two straight lines are situated in the same plane, they will 
always meet each other when produced, unless they are parallel ; but 
this may not be the case with two straight lines situated any where in 
space. It will be necessary, therefore, to determine from the equations 
to the straight Hues whether they will meet or not. 

Let a = mz + /x, y = nz + » be the equations of the 1st line, 
and x = mlz -f- /*', . y = n'z + v 1 do. 2nd' do. ; 

in which the quantities nt, p, n 9 v, &c., are all given. Now it is evi- 
dent, if the two lines intersect each other in the point M 9 the co-ordi- 
nates of this point, or the values of x 9 y, z. will satisfy all the four 
equations. And as we have only three indeterminate quantities, x 9 y, 
z, the values of these co-ordinates, derived from any three of these 
equations and substituted in the fourth, ought to render it identical. 

If these lines do not meet, there are no corresponding values of x, y, 
and #, which will satisfy all the equations. 

From the 1st and 3rd equations, (tit — m') st + (/* — yl) as 0 ; 

from the 2nd and 4th, ( n *— »') z + (» — /) = 0 ; 

and the value of *, derived from the first of these equations, ought to 
satisfy the last equatioif. Hence, substituting this value, we get 

(m - m!) (» - »') = (»- »') (ft — ft'), 

which is the equation of condition, or the relation tliat must exist be* 
tween the constants, in order that the two lines may meet. ; 

We have now, from the preceding equations, 



THS am KM8* UN** 


7X 


n - 




— m 


7 > 


or z 




* — ir 




f»fi' — mV* 

m — m' 1 


a/ — »'* 

» - " + ’ “Tr?- 1 

which ore the co-ordinates of the intersection of the two given straigh 
lines. • 


289. PaoB. 111. — To find the angles which a given straight line 
passing through the origin makes with the co-ordinate axes. 

Since the line passes through the grigin of co-ordinates, its equation 
will be of the form (ar£. 286), 

x = tnz, y = nz . 

Let r be the distance of any point (a?, y, z) from the origin $ we 
have then, from art. 279, 

r* = x 2 + y 2 + z 2 = (wt* + n 2 + l)* a . 

Now, if «, ft 7 be the angles which this line makes with the axes 
of x 9 y 9 z , we ha\e (art. 280), 


x __ m 

COS a — ^ + »* + 1) * 

cos f + ft* + I) * 

290. Cor . 1 .— The angles which this lino makes with the planes of 
yz 9 xz 9 and xy% are the complements of the angles which it makes with 
the axes of «t% y, z 9 ; and therefore the preceding cxpiessions represent 
the sines of these angles respectively. 


291. Cor . 2.— We shall ha\e, also, the same expressions for the 
angle which any straight line, whose equations are x = mg + 
y =s ns 4 - r, makes with the axes of x, y, z. For, since the coefficients 
of s in these equations are the same as those in the proposition, the 
two lines are parallel to each other (art. 286). 


- ^ COS et . COS*/3 , 

292. Cot’. 3 —Since se in and = n, the equations to 

cos y cos y 

the straight line in the last article are 

cos « cos p 

x 525 — *+ hi y = 9 -f 9 

cosy * COS y 


293. Prob. IVw— 7b yforf the angle contained between any two given 
Itnc* passing through the origin ♦ 

,Let x = ma, y tsz nz\ x w mV, ^ sc »V, be the equations to the 
two given straight lines, wfiich pass through the origin of co-ordinates. 
Let a, b, c; a, b\ c', be the co ordinate* of any two points, 3/, iV, in 
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these two lines! respectively. Let AM = d, AN = d', end the angle 
HLfiV = p; then 

MN 9 as d 9 + d' 9 — 2dd' cosp (Trig. art. 109) ; 
also MN 1 = (a' - e) 9 + (V - b) % + (d - c) 9 (art. 282). 

And because a* + 6* + c 2 = d 2 ; a'* + V 2 + c r2 = d' 9 , we obtain! 
by putting these values of MN 2 equal to each other, 

dd ! cos p = aa f + IV + cc\ 

Also, since a = me, 4 = m?, ^d = V(a 2 +b 2 +c 2 ) = p>/(»»*+» 2 + 1)? 
__ ww' 4- »»' + 1 

'* 0080 “ VC(m* + »* +1) («'* + *'*+ 1)] ' 

2 94. Cor. 1. — Since a = dcosa, 4 = cfcosft c = Ac.; 
cos f = co? a cos*' + cos cos ft + cosy cos y f . 


THE PLANE. 


295. Prop. I . — To find the equation to a plane • 

Let DF represent any plane. Take any 
point, M, in this plane, and let AE be 
drawn from the origin. A, perpendicular to 
DF. Join ME. Let x 9 y, z be the co- 
ordinates of the point M y and a, b, c those 
of the point E ; also, let AE = d. Then, 
because AE is perpendicular to the plane 
DF, it is perpendicular to every line, EF \ 
drawn through E in the plane (Geom. prop 
AE 9 + EM 2 . 



93). Hence AM 2 = 


But AM 2 = x 2 + y 2 + z 2 ; AE 2 = d 2 = a 2 4- 6 9 + c 2 ; 
and EM 2 = (jf — a) 2 -f (y — V) 2 4- (z — c)\ Substituting these 
values above. 


z 2 + y 2 + « 9 = a 9 4- 4 2 4- c 2 + (# — a) 9 4- (y — 4) 9 4- (* — c) 9 . 
Transposing and reducing, we get 

or -f- by + c# = a 2 4- 4 3 4- c 2 = d 9 . 


296. Cor. 1 .—If a, ft y be the angles which AE makes with the 
axes of «r, y, z, then a = d cos 4 = d cos ft c = d cos y. 
Substituting these values in the last equation, we get 

# cos a + y cos 0 + z cos y ss d. <■ 

Here are four constant quantities, a, ft y, d ; but three of them only 
are necessary, since the three angles are connected together by the 
equation cos 9 a 4- cos 9 j9 + cos 9 y = 1. Hence it appears that there 
are only three independent quantities in the equation to a plane. 

297* Cor . 2.— If the plane passes through the origin, d = 0, and 
the equation to the plane is 

«*• COS a + y cos & + x cos y ass 0. 

As this equation, however, was deduced on the suppoeitioif that d was 
Unite, we will giye the following independent proo£ ; 





* 4m inJm, 


n 


* From tfib origin, A , *upp#§e AB to be drawn perpendicular to the 
given plane* Let a, b, c be the co-ordinates of any point, H, in this 
perpendicular; we have then 

HAP ^ AH 9 + AM 9 ; that is, 

(x—af + (y—b)* + (*—<?)* = 0 2 * + i* C % ) + (x* + y* + **). 

Hence + by + cz = 0 ; 

*•* x cos a + y cosjS + ecosy = 0* 

298* Cbr. 3.— The general equation # of the first degree between 
the co-ordinates x, y, z 9 is Ax + By + Cz = D ; or dividing by 

ABC 

D, and substituting A, B 9 C for — , — , — ; 

Ax + By + Cz = I* 

Here we have also three independent quantities ; and therefore this 
equation may always be made to coincide with the former* Hence it 
appears that an equation of the first degree always represents a plane 
surface* 

299. Scholium*-— The line BD, where the plane DF intersects the 
plane of xz 9 is called the trace of this plane. The equation to the 
trace BD is found by putting y = 0 in the equation to the plane ; 
we then get 

x cos ot, + z cos y = o 5 or, Ax + Cz — l, 
which is the equation to BD . 

In like manner the traces on the planes of xy, yz are found by put- 
ting z = 0, x = 0, in the equation to the plane. 


300. Prop. II . — To find the angle ? which any g'iven plane makes 
with the axes of x, y, z. 


Let Ax + By + Cz = 1 be the equation to the given plane, in 
which the coefficients A , B , C are supposed to be known. Let d be 
the length of the perpendicular from the origin on this plane, and «, ft 
y the angles which d makes with the axes of x , y , z . The equation to 
this plane, then, is (art. 296) 


cos a cos $ 



+ z 


cos y 


= l. 


And, since these equations are identical, we have 


A 


cos ot, 

~3~' 



C =T 


cos y 


A* + B 9 +C 9 = 


cos* a tos* £ + cos 2 y 


~ (P ’ 


Hence d * consequentIy 
C08 “ = v'(^* + i3»+ €•)' C0S ^ ® + C*)' 


cdsy 
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But «, ft y are evidently the complements of the angles whidi the 
plane DF makes with the axes of x, y, z\ and consequently the pre~ 
ceding expressions will represent the sines of these respective angles. 

301. Cor . — The same result will be obtained if the plane passes 
through the origin, and its equation is Ax + By + Cz = 0* 

302. Prop. III. — To find the equation to a plane which is parallel 
to a given plane, and passes through a given point . 

Let the equation to the given plane be Ax + By + Cz =1, 
and to the required plane A'x + B f y + Cz ss 1. 

Also, let x\ y\ zf be the co-ordinates of the given point. Since this 
is a point in the plane, we have 

A'x' + B'y'«+ CV = 1 ; 

and, subtracting this equation from the preceding one, we get 
A'{x-J)+B'(y-y')+ C’(z - s’) = 0. 

Let d be the length of the perpendicular from the origin upon the 
given plane, and ft y the angles which this line makes with the axes 
of x, y, z. Then, because the required plane is parallel to the, given 
plane, the same line will also be perpendicular to both the planes ; and 
if we suppose d! to be the length of the perpendicular from the origin 
upon the required plane, we shall have 


COS CL 

A r = 

COS ft 


cos B 

•w 

II 


B — 

- , B’ m &c. 

a 

A' 

d 

IV __ 

d 

C 1 _ d 

•• A 

= rf' 5 

n ~ 

1- 

c - d’ 1 

3 

It 

- A d 

- A H' 

IV = 

R d 

'S |*ts 
to 

II 

to 


Substituting these values abo\e, we have, for the required equation, 

A (x — x') + B (y — y') + C (z — z') = 0. 

303. Cor . — If it be required to draw the plane parallel to the given 
plane, and at a given distance from it, we iind immediately, by substi- 
tuting these values in the equation to the required plane, 

* d 1 

As + By + Cz = — . 

d 


304. Prop. IV .— To find the equation to a straight line which is 
perpendicular to a g hen plane , and passes through a given point. 

Let Ax + By + Cz = I be the equations to the given plane ; 
x = mz + (*., y = nz -f t the equations to the required line ; and 
x f , y f z\ the co-ordinatQS of the given point. 

Since the required line passes through this point, we have 

* x 1 = tnsf + /*, y f ss nz + »; 


therefore, by subtraction, x— of = m (z—z')> y—y 1 = n(z— z). 
But if a, ft y be the angles which this line make? with the axes of 



z 9 we have (art 292) m 


cos ft 


cos y 


cos/? * 
cosy* 


n ss 



* w t 


vsoimmm* 
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^ JJ 

JKfnpo » »nd the equetiooe to the required 

line are 


* — it as 


^ (* “ *o> 


y~y 


(* *•* 


PROJECTIONS. 


305. Prop. I. — 7b yiad Me q/* *A* projection of* a etraigh t 

line, AB, cipon a given plane , MN. ^ 

Let ^Z? be any straight line in space; 
draw Aa, Bb perpendicular to the plane 
MNi then will the points a, b be the pro- 
jection*^ A, JB. And because Aa, Bb are 
perpendicular to the plane MN, they are in 
one plane perpendicular to MN, and every 
point in the line AB is projected into a point 
in the line ab (Geom. prop. 103) ; henee the 
straight line ab is the projection of AB . 

Produce AB, ab until they meet the plane 
of MNm the point Cl then will 

ab = AD sa AB cos 0, 

6 being put for the angle ACa % or the inclination of AB to the 
plane MN. 



306. Prop. II.— To find the projection of an area of a triangle 
ABC, in any plane DEba. 

Suppose the plane of the triangle ABC 
bo be produced until it meet the plane 
DEba in the line DE . Let abc be the 
projection of ABC on the plane DEba . 

Draw aD, 6E , cF perpendicular to DE ; 
loin AD, BE> CF, and produce FC, Ft 
until they meet AB, ab in the points C,g . 

Because Aa is perpeudioular to the plane 
DEba, and aD is perpendicular to DE, 
herefore DA is also perpendicular to DE 
"Geom. pnfp. 94), and the angle ADa is 
he inclination of the two planes ADE , aDE ; call this angle 0. 
Sow the area of the triangle 



ABC a ACQ\ GCB * fCG x DF+^CG xFE = \CG x DE. 
Similarly, the area of the triangle abc = $ eg X DE. 
ience area ABC : area abc : : CG : eg : FC : Fc 


:: rad : cosj; 

* area abc a area ABC x cos 9* 

307. Cor . — Hence it appears that the area of any plane rectilineal 
voi» ir. o 
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figure is to its projection on any plane as the mdius to the cosine of the 
angle contained between these two planes* Hence, also, it follows that 
the same proportion is true for any plane figure whatever* 

308 . Paopp. III.— The square of the number which represents the 
area of any plane figure , is equal to the sum of the squares of the num* 
hers which measure the areas of its projections on the three co-ordinate 
planes . ' 

Let D be the area of the plane figure, and A 9 B> C the areas of the 
projections on the planes of yz*xz 9 xy. Also, let a, y be the an 8* es 
contained between the plane of D and these planes, respectively. We 
have then # 

A = D cos*, B = D cos j3, C = 2>cosy; 

AP 4- B 2 + C % as D 9 (cos 9 a + cos*0 + cos 9 y) = IP • 


♦ 

CHAP. II.— SURFACES OF THE SECOND ORDER. 


309. When an equation involves three unknown quantities, x 9 y 9 z 9 
it may be always supposed to represent a surface indefinite in extent, 
either plane or curved. For if we draw the three axes of x 9 y, z at 
right angles to each other, as in the last chapter, and assume any num- 
ber of points in the plane of xy 9 these will correspond to so many dis- 
tinct valuer of x and y 9 and the corresponding values of z will lie in one 
or more surfaces, which are said to be the locus of this equation. 

310. Surfaces, as well as lines, are divided into orders, according to 
th§ degree of the equation which expresses the relation between x, y 9 
and *. Thus, we have seen that the equation of the first degree. 

Ax + By + Cz =2>, 

represents a plane, or a surface of the first order. In like manner, the 
equation between three co-ordinates of the second degree, namely, 

Ax 2 4- By 2 % Cz 2 4- Dxy 4- Exz 4- Fyz 4- Gx 4- Hy 4- Kz + L = 0, 
represents a surface of the second order ; and this, like the corresponding 
equation (1), in art. 36, maybe shown to belong to different surfaces, 
according to the relation which these coefficients have to e%ch other. 

311. It would be impossible, in a work of this nature, to enter into a 
discussion of this equation. We will simply observe, that the rect- 
angles xv 9 xz 9 yz 9 are first made to disappear, by passing from one 

2 stem of rectangular co-ordinates to another, whilst the origin remains 
e same, in a manner analogous to that which has been pursued in 
art. 46. And again, the coefficients of x 9 y, z may be made to 
vanish precisely in the same manner as in art. 51. If none of the co- 
efficients of sP 9 y 9 , z % vanish at the same time with those of the rectangles 
xy 9 xz t yz 9 the equation* thus reduced, will assume the forgi of 

MsP + Ny % 4 - Pfi bb 1 . 



ffftnuAf m tbe m bom ohm* - : fc* 


But if any of these coefficients vanish, for examfpfe, that of . r 1 * the 
equation, when finally reduced, mil be Of the foriyi ** 

' Ny* + Pz % + Rx = 0. 


312. In the first of these equations, the three coefficiexfts, P, 
may either be all positive ; or two of them may be positive and one 
negative ; or one may be positive and two negative ; or all three may 
be negative. But, as in the last case, the roots are manifestly impos- 
sible, and the surface imaginary, there are only three distinet equations 
to be considered. , 


By substituting for M, N, P the constants > -i > -i* , with their 

a 4 o* c* 

proper signs, these three cases will be represented by the three equations, 


«* ** 
+ — + — 
^ 6* T c* 


1 ; 


¥ 


- -T = 1; 


r 

d* 


- 1 . 


(1) . The first of these equations represents a surface which is called 

«2$ ffi t m 

an ellipsoid . If we make z = 0, we have —r + ~ = 1. This is 

or b* 

a section of the surface made by the plane xy ; and it is evidently an 
ellipse. Similarly, the sections of this surface, made by the planes xz 
and yz, are ellipses. Hence it is evident that the surface is limited in 
every direction, and that all the sections parallel to the principal sec- 
tions are ellipses. 

(2) . The second equation represents a surface which is called a hy- 
perboloid of one sheet . The sections parallel to tho plane of xy arc 
ellipses, and those parallel to the planes of xz % yz are hyperbolas. The 
student may perhaps form tho best idea of this surface by taking ^the 
example when b = a, and the ellipse becomes a circle ; in which case 
the figure is generated by the revolution of a hyperbola round the con- 
jugate axis, and forms one continuous surface or sheet. 

(3) . The third equation represents a surface which is called a hyper- 
boloid of two sheets . The sections parallel to the planes of xy and xz 
are hyperbolas, and those parallel to the plane of yz are either imagi- 
nary or ellipses. If b = c, the ellipses become circles ; and the surface 
is formed by the revolution of a hyperbola about its transverse axis. 
Hence it is evident that there are two distinct surfaces or sheets. 

313. The second equation in art. 311 admits also of two different 
forms, according as N and P have the nme or different signs. In the 
first case, the surface is called an eUipt c paraboloid. All the sections 
parallel to the planes of xy and xz are parabolas, and all the sections 
parallel to the plane of yz are ellipses. If N as P 9 it is a paraboloid 
of revolution • 

If N and P have different signs, the sections parallel to the jphme of 
yz are hyperbolas, and all the sections parallel to the planes of xy and 
xz are parabolas, as in the first case. Hence the surface is called a 
hyperbolic paraboloid. 
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SUBFACES OF REVOLUTION. 


314. When a Surface is generated by the revolution of any plane 
curve about a line situated in that plane, the equation to the surface is 
readily found, if that to the generating line is known. 

Let Ax, Ay, Az, be the axes of a, y,z\ 
and* for the sake of distinctness, suppose Az 
to be the axis of revolution. Let M be any 
point in this surface ; through M let the plane 
MDE be drawn perpendicular to the axis Az, 
or parallel to the plane of xy; the section 
EMD will evidently be a circle. Let DE be 
the intersection of this plane with the plane of 
x z; draw MP perpendicular to DE. Put 
PM as y, AD = z, and 



z 



1 

j 





S. 

' i 





MP — x, 

DM — DE = v. 

From the equation to the curve, we have u* =zf(z), a function of z . 
Also, in the triangle DPM, w 9 = + y 3 ; therefore 

<** + **= A 2 ) 

is the general form for the equation to all surfaces of revolution. 


THE SPHERE. 

315. The surface of a sphere is generated by the re\olution of a 
semicircle about its diameter as an axis (Geom. chap, vi., def. 12.) 

If we suppose the centre of the sphere to be placed at the origin of 
co-ordinates, we shall evidently have « 9 + xr 9 = »■*, t being the radius 
of the sphere. Hence, since = i 2 + y 2 , the equation to the surface 
of the sphere is 

* x 1 + y 2 -f z 2 = 9 2 . 

316. Prop. — To find the equation to the surface of a sphere, when 
the centre of the sphere is situated any where in space . 

Suppose the axis of revolution of the sphere to be parallel to Az ; 
and let a, h, c be the co-ordinates of C, the centre of the sphere. Then, 
if DE = u , as before, we have 

« 9 + (z — c) % ss r 2 ; also (x — a) 9 + (y — i) 9 s= # 9 . 
Hence the general equation to the surface of the sphere is 
(x — a )* + (y — 4)* + (ar — c) 9 = ; 9 , 


SPHEROID. 



ie surface of a prolate spheroid is formed by the rei olufion of 
__ about its major axis, 
surface of an oblate spheroid is formed by the revolution o i tin 
about its minor axis. 

centre of tbe ellipse be at the origin of co^ordiqatef, and the 
coincides with Az ; then thp equation to tbe ellipse is t 

aV + W = « 9 4 9 . 



m x tommmx jam mmmmx* $t6 


Hence the equation to the surface of the prolate spheroid is 

+ *• *»*». 

Similarly the equation to the surface of the oblate spheroid is 

£*(** + y*) + «V «s 

318. We shall leave the following examples, which are sufficiently 
easy, to be investigated by the student. 

(1) . The surface of a right cone is formed by the revolution of the 

hypothenuse of a right-angled triangle about one of its sides as an axis 
(Georrt. chap. vi. def. 9). • 

If A be the vertex, Az the axis of the cone, and m the tangent of 
half the vertical angle of the cone, the equation to the surface is 

a? 2 + y* 0sz mV. 

(2) . The Surface of a right cylinder is formed by the revolution 
of one of the sides of a rectangle about the opposite side a9 an axis 
(Geom. chap. vi. def. 8). 

If r be one of the other sides of the rectangle, or the radius of the 
base of the cylinder, the equation to the surface is * 

** + y 2 = 9*. 

(3) The equation to the surface described by the revolution of a 
hyperbola about its transverse axis, when the origin is at the centre, is 

a\x 2 + y 2 ) - bV = - a*b\ 

And the equation to the surface about the conjugate axis is 
+ y 2 ) - aV = a*b\ 

(4) . The equation to the surface described by the revolution of a 
parabola about its axis, when the origin is at the vertex, is 

a* -j- y* = 2 pzm 


SURFACES FORMED BY A GENERATRIX AND DIRECTRIX. 

There is a large class of surfaces which may be supposed to be gene* 
rated by means of a line being constrained to move in certain given 
directions. In this treatise we can only notice two general cases, cylin- 
drical and conical surfaces. 

319. Def. 1. — A cylindrical surface is generated by a straight line 
which moves parallel to itself, and always passes through a given curve. 

The straight line which moves is called the Generatrix, and the given 
curve the Directrix. 

If th$ given curve be a circle, the srr&ce is the oblique cylinder de~ 
scribed in art. 223. * 

320. Def. 2. — A conical surface is generated by the movement of a 
straight line which passes constantly through a given point, and also 
through * give* curve. 

The given point is called the vertex or centre of the surface ; the 
straight Tine which moves is called the Generatrix ; and the given curve 
is called th epireofrix. 

If the given curve be a circle, the surface is the conical surface 
defined in art. 222. 
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321. Phop. II+—To determine the equation to a cylindrical surface, 
when the dh ectriw is m eircle m the plane qf afy. 

Let the equations to the generating line, in any position, be 

* = mz + ft; y 7 = nx + ¥ (1) ; 

where m and n are constant* but fi and » vary with different positions 
of the generatrix, and must therefore be made to disappear from the 
final equation of the surface. Also, let 

(<—«)* + («— &)* = ** 

be the equation to the directrix. 

Since the generatrix passes through the direc- 
trix in every position* we have, at the point 
of intersection of these two lines* # 

# «** = t, y = u, z — 0. 

Substituting these values in equations (1), we 
get 



t = u = 9 5 

that is* the values of p and * for every position of the generating line 
are the co-ordinates of the point m . Hence we have the three 
equations* 

x = mz + t ; y = nz + u; 
and (t — a) 2 + (u — b) 2 = r 2 ; 

in which the co-ordinates f, u, of the last equation, give any point m in 
the directrix; and the co-ordinates, <v, y t z, any point M in the line 
Mm. If, therefore, we eliminate t and u from these three equations, we 
shall have an equation in terms of «r, y, z, which will ghe us all the 
different points M in the cylindrical surface. 

Since t = x — mz, and u = y — nz, we obtain 

(a — mz — a ) 2 •+• (y — nz — b) 2 =r r 2 , 
for the equation to the cylindrical surface. 

Cor. 1. — If the directrix be an ellipse, whose equation is 
oV + b 2 t 2 = a 2 b\ 

the centre of the ellipse being at the origin of the co-ordinates* then 
the equation to the cylindrical surface is 

a\y — nz) 2 + b\x mz) 2 ) = a 2 b *. 

Car. 2.-— If the directrix be a straight line* whose equation is 
u as at + b, then the equation to the surface is c 

y — n z = o(*r — »w) + 

which being of the first degree* is the equation to a plane (art. 298). 


jjjjML Pnor. III . — To find the equation to a conical surface, token the 
i Mm* is a circle in the plane of xy. 



111. jt v .r.v 

j circle in the plane of xy. 

wf r 

the equations to the generating line* in any position* be as before* 

x ss -J- « = «* ± . /o.\ * 
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(# — #)* + (k — Pf * **. . 
the equation to the directrix. 

Since the generating line, in every position, 
passes through the point V, whose co-ordi- 
nate* are a, p, y, we nave, (art. 287), 


•<a>» 


} < 3 > 


*— < 
y 



Also, because the generatrix passes through 
the directrix in every position, we have, at the 
point of intersection of these two lines, 
x = t, jf = u 9 z as 0. 

Substituting these values in equations (3), 
we get 

my, «* — p as — ny ; 

£ — ££ f| — 

therefore m = — , n = — — - 

y 7 

Hence the equations to the generatrix, in every position, are 


t — , 


■(* - y)> y — & — 


■e 


X s - y)* 


y y 

And if, from these equations, and equation (2), the co-ordinates £, u be 
eliminated, the resulting equation will evidently be the equation to the 
conical surface. 

From the two last equations we have 
ot,z — yx 




_ &z — yy 

W — ————— - 


z — y z — * y 

Substituting these values in equation (2), the final equation to the 
surface is 

w — y / \ : - y / 


323. Cor. 1. — If the axis of the cone be parallel to the axis of z> or 
the figure be a right cone, then a = a, 6 = £ ; hence 

(^-«) a -r(y-/3) a =£(*-y)*. 

And if the axis of the curve coincide with or * = 0, p as 0, 

•*-* + y* = (* - r) 2 = *»»(* — y) 9 , 

putting — = »i a . 


324. Cor . 2.— -If the directrix be an ellipse, whose centre is at the 
origin, and the vertex of the cone in the axis of z , then the equation to 
the surface is 


** , y* _ (* - y)* 
«»■*■*» / 
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ANALYTICAL GEOMETRY OF THREE DIMENSIONS. 


CURVES OF DOUBLE CURVATURE. 

325. Dep. — When the curve is not situated in one plane, like the 
spiral thread of a screw on the surface of a cylinder, it is called a curve 
of double Curvature . 

326. Curves of this kind may be supposed to be formed either by 
continued motion, or by the intersection of two curve surfaces ; or, 
lastly, by tracing it from its equations, in the same manner as a number 
of points are found in a plane curve. 

The equations to a curvq, of double curvature are always two, which 
we may suppose to be of the form 

x as f{s ) ; y as two functions of z . 

When any value is assigned to z in these equations, the values of x 
and y can easily be found ; and therefore the corresponding point in 
the curve may be determined. 

327. If the curve be formed from the intersection of two surfaces 
whose equations are 

F(x, y, z) = 0 ; F 1 (x, y , z) = 0, 
we may first eliminate y and then x from the equations, and we shall 
obtain two equations of the form 

fi (*, z) = 0 ; <p x ( y , z) = 0, 
which will be the equations to the curve formed by the intersection of 
these surfaces. 

The following example will serve to illustrate these remarks. 

328. Ex. — To find the curve arising from the intersection of a 
sphere and a right cylinder . 

Let the origin of co-ordinates be at the 
centre of the sphere, and the axis of the cylin- 
der in the plane of xz, parallel to the axis of 
z . Then, if the radius of the sphere = r, 
the radius of the cylinder = c, and the dis- 
tance between the centre of the sphere and 
the axis of the cylinder ss a, wc have the 

« ion to the sphere, ; 

ion to the cylinder, («r— «) 2 -f-^ 2 =c®. 
ting y and x successively, we get 
z % = r 2 + a* — c 2 — 2 ax 



which are the two equations to the intersection of the surfaces. 

If the two projections of this curve be made in the planes of xz, yz , 
these will also be the equations to these projections* 




LINEAR PERSPECTIVE. 


DEFIHITIO^. 

* 

1. Linear perspective is the art of representing the visible outline of 
an object upon a given surface, that the representation and its original 
may produce the same effect on the eye when they are seen from a 
given point. 

The surface, on which the object is delineated, is usually supposed to 
be plane ; to be situated between the object and the eye ; and to be 
perpendicular to the horizon. It is called the perspective plane, the 
picture , or the plane of the picture . 

2. The point of view , or point of sight , is that point where the eye is 
supposed to be placed. 

3. The centre of the picture, or the principal point , is that point in 
which the plane of the picture is met by a straight line, drawn perpen- 
dicular to it from the point of fiew. 

This is usually, by artists, called the point of sight , because it is 
immediately opposite to the eye ; but, for the sake of distinctness, we 
will call it the centre of the picture. 

4. The distance between the eye and the centre of the picture is 
called the distance of the picture , or the principal distance . 

5. The ground plane is a plane parallel to the horizon, in which the 
visible objects are supposed to be situated. This is also called the 
geometrical plane . 

6. The ground line is the intersection of the picture and the ground 
plane. It is also called the base line and the fundamental line . 

7 . The horizontal plane is a plane passing through the point of view 
parallel to the horizon. It is therefore parallel to the ground plane, and 
perpendicular to the picture. 

8. The horizontal line is the intersection of the picture and the hori- 
zontal planta- 
in the figure to prop. 5, the plane XAB is the picture, E the point 

of view, C the centre of the picture, E Y the horizontal plane, FG the 
horizontal line, ABZ the ground plane end AB the ground line. 

9. The vanishing point of any straight line is the point where a line 
drawn from the eye parallel to this line meets the perspective plane. 

Cor.— Hence all lines parallel to one another have the same vanishing 
point ; and all lines perpendicnlar to the plane of the picture have the 
centre of the picture for their vanishing point. And all lines parallel 
to the picturd have no vanishing points. 

10. The vanishing line of any plane is the line in which the picture 



linear perspective. * 


0 ^ cat by a plane passing through the point of view, parallel to the on* 
gmal plane. 

Scholium . — In general, the things to be drawn are called objects or 
originals; and their pictures when drawn are called representations, 
figures , images , or projections. 

PROP. I.— THEOREM. 

The representation of any point of an object is the point in which a 
straight line drawn from the eye to the original point cuts the plane of 
the picture . 

Let E be the place of the eye, XY the 
plane of the picture, and M any point of 
♦'tfh^original object ; join EM, and let it 
cut the picture in m; m is the representa- 
tion of the point M. 

For it appears, from optics, that light 
proceeds in straight lines from any object 
to the eye, and therefore the point M is 
seen by the eye at E, in the direction EM. 

If, therefore, light should proceed from the 
point m of the same colour and intensity 
as the light from M, it will enter the eye in the same manner, and there- 
fore will produce the same effect. Hen$e m is the representation of M. 

PROP. II. — THEOREM. 

If a straight line , when produced , does not pass through the point of 
view, its representation is a straight line . (See the last figure.) 

Let MN be the straight line, E the place of the eye, or the point of 
view; join EM, EN, cutting the plane of the picture in m and n\ also 
join tnn ; then m and n are the representations of M and N (prop. 1 ). 
Likewise, if any other point, P, be taken im MN, and EP be joined, 
EP will be in the plane of EMN, and will cut the line mn in some point 
p. Thus every point in MN is represented by a corresponding point 
in mn, and therefore the line mn is the representation of MN. 

Cor . — If MN, when produced, passes through E, its representation 
is the point where MN cuts the plane of the picture. 

PROP. III. — THEOREM. 

The representation of a straight line parallel to the picture is parallel 
to that line • (See the last figure.) 

Let MN be a line parallel to the picture, E the place of the eye; 
join EM, EN, cutting the picture in m , n; then mn is the represen- 
tation of 3iN. Now, if the lines MN, mn, situate in the ssme plane, 
be not parallel, they must meet if produced, therefore MN will meet 
Abe plane of the picture if produced, which is impossible, since MN is 
parallel to this plane. Hence mn is parallel to MN. 

Cor.— If any number of parallel straight lines be all parallel to the 
picture, tbeir representations will be parallel to each other. For the 
representation of any one of them is parallel to its original, and ihere- 
parallel to all the rest, and also to their representations. 





r PtOP. IV.— l%fcO RIM. ‘ X 

7 %^ representation of any plane rectilineal figure parallel to the pic- 
ture is similar to the original * 

Let AINPQ be a plane figure, paral- 
lel to the picture XY ; E the place of 
the eye ; then, if EM, EN, See. be 
joined, these lines will form a pyramid 
whose base is MNPQ and vertex E ; 
and since the pyramid is cut by the 
plane of the picture XY parallel to the 
base, the section mnpq will be similar 
to the base (Geom. prop. 117) 5 bjjt 
**npq is evidently the representation of 
me rectilineal figure MNPQ . 

Cor. 1. — If two equal straight lines be situated in a plane parallel to 
the picture, their representations will be equal. Let MN \ PQ be two 
equal straight lines in the plane AIP, parallel to the picture; then, 
since mn , pq are parallel to AIN, PQ (Geom. prop. 97), 

MN : mn : : EN : En : : EP : Ep : : PQ : pq ; 

and since MN = PQ, therefore mn = pq. 

Cor . 2.— If several lines be parallel to the picture and at equal dis* 
tances from it, their representations will be to one another in the same 
proportion as the original lines. 

Cor . 3. — The representation of any curvilineal figure parallel to the 
picture will be similar to the original ; thus, the representation of a 
circle is a circle, the representation of an ellipse is a similar ellipse, and 
so on. 


PROP. V. — THEOREM. 

If'M.be any point in the ground plane ZAB, MK a line in it making 
any angle with the ground line AB ; and if EV he drawn parallel to 
MK, meeting the plane of the picture in V, and EM, VK be drawn ; 
then the representation of the point M will be in the line VK, so situated 
that EV : MK : : mV : mK. 

For since EV, AIK are parallel 
the figure EVKAI is in one plane 
cutting the picture in the straight line 
VK ; therefore the triangles Em V 
MmK are similar, and 

EV : AIK :: mV : mK. 

Cor . 1*— The line KM is repre- 
sented by Km, and if KM be inde- 
finitely extended beyond the picturej 
it will be represented by K V. It is 
on this account that V is called the 
vanishing point of the line KM. 

Cor v 2 . — The representation, mn, of any straight line, MN, in the 
ground plan#, will pass, when produced, both through its vanishing 
point, and its intersection with the plane of the picture*. 





fc 

Cor . 3.— If MH be perpendicular to the picture, V will then coin- 
cide with C f the centre of the picture, and EC : MH : : mC : mH, 

PROP, vi. — theorem. 

The length of any vertical line standing on the ground plane, is to that 
of it 8 picture as the height of the eye to the distance of the horizontal 
line from the picture of its foot* 

Let MNbo the vertical line standing 
on il/”, and let J^ebea vertical li^epassing 
through the point of view. Produce, if 
necessary, MN to P, making AfPs= Ee, E 
and draw EM, EN, EP , cutting the 
plane of the picture in the points m, n , 
p . Then, since MP is vertical, it is 
parallel to the plane of the picture, 
and therefore is parallel to mp , the in- 
tersection of the two planes XAB, 

EMP . Hence, by similar triangles, 

MN : mn : : EM : Em : : PM : pm ; 

but PM = Ee, the height of the eve, and pm is equal to the distance 
of m from EP, or is equal to the distance of m from the horizontal line. 

H 

PROP. VII — THEOREM. 

The vanishing points of all straight lines, in any original plane, are 
in the vanishing line of that plane.; 

For since all the original lines are in tlffe same plane, the lines which 
are parallel to them, passing through the point of view, will be all of them 
in a parallel plane (Geom. prop. 100), and therefore all the vanishing 
points will be in the intei section of this plane and the plane of the pic- 
ture ; that is, they are in the vanishing line. 

Scholium. — The preceding propositions are a sufficient foundation for 
the whole practice of perspective, whether in direct or inclined pictures, 
and serve to suggest all the various constructions, each of which has 
advantages suitable to particular cases. We will now proceed to exem- 
plify these theorems by a few problems, which will enable the student 
to apply them to any cases which may afterwards occur to him in 
practice. 

% 

PROBLEMS. 

All the constructions for putting any figure in perspective are per- 
formed on the plane of the picture, by making certain substitutions for 
the place of the eye, and the original picture. The general substitu- 
tion is as follows : — n 

{Let XZ represent the plane in which the picture is to be drawn ; 
AB the ground line, FO the horizontal line, <7 the centre of the pic- 
ffire. Then the plane of the picture A ZB, below AB, is first supposed 
to be the ground plane* and all the lines in this plane are to be laid 
in the picture ! A ZB, of thfcir proper magnitude, and in their true 
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situation with respect to the>grois*d ltne- * 

AB. Lot CE also be drawn perpendicular 
to FG 9 and equal to the distance of the 
picture ; then, if the planes AZB, XFG be 

conceived to turn round the axes AB, FG, fa q 

in opposite directions, until they become*** 
perpendicular to the plane of the picture 
ABFG; or, in other words, if we conceive 
.the figures AZB, XFG to be folded in 
the lines AB, FG, in opposite directions, 
until they become at right angles to ABFG, 
then will AZB coincide with the ground 
plane, and E with the place of the eye ; and 
all the objects drawn on the ground plane 
AZB will be in their natural situation. * 

PROBLEM I. 

Having given the centre and distance of the picture, to put in per - 
spective any given point, M, on the ground plane. See the last figure.) 

First method. — Let AB be the ground line, FG the horifontal line, 
and C the centre of the picture. Let M be the given point in the 
plane AZB 9 considered as the ground plane, and E the place of the 
eye ; that is, if H be the point where a perpendicular from the original 
point meets the line AB 9 let HM be drawn in the picture perpendi- 
cular to AB, and equal to the distance of the original point from AB ; 
also, from C d&w CE in the plane of the picture, perpendicular to FG, 
and equal to the distance of $he picture from the point of uew. Join 
CH, ESI, cutting each other in m ; m is the point required. For, by 
similar triangles, EC : MH : : mC : mH, and therefore (prop. 5, 
cor. 3) m is the picture of M. 

Second method . — In the last figure take CD along the horizontal 
Hue equal to CE, aud HK along the ground line in an opposite direc- 
tion equal lo HM\ join CH, DK\ the intersection of these lines will 
evidently be the point required. 

This is one of the most simple and useful constructions for putting a 
point in perspective. The point D is called the point of distance. 

Third method. — (See the fig. to prob. 3.) From M draw any two 
lines, MH, MK , to the ground line ; and from E draw two lines, EFF, 
EV, to the horizontal line, parallel to the other. Join VK, FVH , 
cutting eaclf other in tn ; then will m be the picture of M. 

problem u. 

7b put in perspective any given etraight line on the ground plane . 

First method.— Find the representations m, n , of its Extreme points, 
by auy of the methods in the last problem, and join them ; me will be 
the projection required. 

Second method.— hot AB be the ground line, and let the straight 
line MN be Urawn in the plane A MB, considered as the ground plane ; 
produce MAT until it meet the ground line in H* Draw CE perpendi- 
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dtlar to jFY?, the horizontal line, and 
equal to the distance of the picture from 
the eye, and from E draw E V parallel to 
MN; join HV, and draw EM, EN, cot- 
ting HV in m,n; mn will be the projec- 
tion required. 

For, by similar triangles, 

EV : MH :: mV : mtt\ 
therefore (prop. 5) mis the image of A/* 

In like manner n is the representation of 
N f and consequently mn is the represen- 
tation of MN. 

Cor • 1. — If MN be parallel' to the 
ground line AB , its representation, mn, mil also be parallel to AB • 

Cor . 2.-— If MN be perpendicular to AB, mn will be in a straight 
line passing through E . 



PROBLEM III. 

To put any rectilineal figure on the ground plane in perspective* 

Put all the bounding lines in 
perspective by the last problem, 
and the figure formed by these 
lines is the picture required. 

As an example, suppose that 
it were required to put the 
square MNPR in perspective. 

First method . — Let AB be 
the ground line, FG the horizon- 
tal line, C the centre of the 
picture; and let CE be drawn 
perpendicular to FG > and equal 
to the distance of the picture. 

From E draw EV, EfV parallel 
to AIN , ; MR ; also, let MN, PN, 

RP, RM be produced to meet 
the ground line in the points K, I, L, H, 
and draw WH, WL, VK, VL, cutting 
the former lines in the points m t n f p,r; 
then the figure mnpr is the representation 
of the square MNPR * The demonstra- 
tion is evident from problem ] . 

This construction, however, runs the 
figure to great distances on eaeh side of 
t be middle line, when any of the lines of 
the* original figure are nearly parallel to the 
ground line. This inconvenience will be 
avoided by the following construction. 

Second method*— Take CD along the 
horizontal line, equal to the distance of the 
icture. Draw the perpendiculars Mia, 
f, Pm, Rf, and the lines MH, NI, PK, 
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RL> parallel to ED. Draw Cp, C* C* f £), and DH, DI, DL, DK f 
cutting the former in m, n, p> r ; the figure mnpr will be the picture 
required. 

It is not necessary that CD be equal to CE, but only that the tines 
MH, NI, &c. y be parallel to DE. 


PRO BLUM IV. 


/ To put A reticulated square in perspective , having two of its sides 
parallel to the ground line. 1 

Produce the sides MN, RP, and the inter- 
mediate parallels, to meet the ground line in 
H, Ky &c .; also, produce the diagohal MP 
to meet this line in L. From C % the centre 
of the picture, draw the lines CH, CK, &c. ; 
and from Z>, the point of distance, draw the 
line DL, cutting the former lines in the 
points m, 1, 2, 3, p. Through these points 
draw the line mr , np, &c., parallel to HK ; 
then will tnnpr be the representation of the 
reticulated square MNPR. 

For since the angle MHL is a right angle, 
and the angle MLH = MPN = half a right 
ngle; therefore HL=HM, KL=KP, &c. 

Hence m is the representation of M, p the representation of P, and so 
on Also, siqce MR, NP , &c. are parallel to HK; mr, np , &c., 
which are also parallel to HK, are the representations of MR , NP, &c . 



problem v. 

To put any curve line or irregular figure on the ground plane in per - 
spective. 

First method . — Find the images of a sufficient number of points by 
the preceding problems ; join these points ; and this will be the picture 
required. 

Second method . — Make a true reticulated square, MNPR, surround- 
ing the given figure ; and put the square in perspective by the last pro- 
blem. Then observe through which of the points in the reticulated 
square, MNJPR, the given figure passes ; and through the like points 
in the representation, mnpr , draw a corresponding figure ; this will be 
the perspective representation of the figure required. 

Thus, suppose it were required -to put a circle in perspective. De- 
scribe a reticulated square, MNPt* /about this circle, and put the 
square in perspective by the last problem. Observe through which 
points of the reticulated square the circle passes, and through the cor- 
responding points in the figure mnpr draw the oval, as is shown in the 
diagram ; this will be the representation of the original circle. 
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1 PROBLEM VI. 

% „ 

To put a vertical line of a given length in perepeetive f standing on a 
given point of the picture* , . * 

Let AB be the ground line, FC the 
horizontal line, and C the centre of the 
picture. Also, let m be the representa- 
tion of any point, M, on the ground plane 
(prob. 1). Through H draw HL perpen- 
dicular to AB, aud make HK equal to 
the height of the given line MN. Join 
CK , and draw tnnl parallel to HL, and we 
have mn : ml :: HK : HL : : height 
of the given line : height of the e^e. But 

ml is toe distance of the point m from the horizontal line, therefore 
mn is the required picture of the vertical line (prop. 6). 

Scholium*— W hen there are many vertical lines to be drawn, it will be 
convenient to have a separate piece of paper, and to draw on it a hori- 
zontal line, such as FF, and throng! any point F to draw the vertical 
line FK, making FA equal to the height of the eye. Through any 
point, V, of the horizontal line, draw VA ; then, if AK be equal to any 
line in the original, mn will be equal to its representation in the picture 
when standing on the point ro. And all vertical lines standing on the 
ground plane, which terminate in the parallel amh, must be measured 
along the line mn on a scale of equal parts. 


PROBLEM VII. 

To put any sloping line in perspective* 

From the extremities of this line suppose perpendiculars to be drawn 
to the ground plane, meeting it in two points, which may be called the 
base points of the sloping line. Put these base points in perspective, 
and draw, by the last problem, the perpendiculars from the extremities. 
Join these by a straight line, and it will be the representation required. 


PROBLEM VIII. 

7b put any solid in perspective . 

From all the angles of the body let fall perpendiculars upon the 
ground plane, and put their base points in perspective, as in the last 
problem. From all these points raise perpendiculars of proper lengths, 
as if taken from the solid ; the upper extremities of these lines being 
joined, will give the solid in perspective. 

JEjt* 1.-— To put a cube in perspec - _ 
five, as seen from one of its angles . — ^ 

Since the base of a cube, standing on 
the ground plane, and seen from one 
of its angles, is a square seen from K 
one of its angles, draw first such a 
perspective square (prob. 3); then 
raise, from any point of the ground 
line AB f the perpendicular AK, equal j 
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to the side of the square, and draw to any point Fin the horisontaf 
line FG the straight lines VA, VK . From the angles n, p, q draw 
the lines *1, p2 &t. parallel to AB; and also the lines 13, 24, 
parallel to AK • Lastly, draw- the perpendiculars tnr = AK, ns = 13, 
&c. Then, if the points r, a, f, w be joined, the whole cube will be in 
perspective. 

Ex. 2. To put the frustum of ' 
a pyramid in perspective . — Let 
jhe base of the frustum be a pen- 
tagon. If from each angle of the 
upper end* a perpendicular be 
supposed to fall upon the base, 
these perpendiculars will mark 
the bounding points of a penta- 
gon, the sides of which will be 
parallel to the sides of the base 
of the frustum within which it is inscribed. Join these points, and the 
interior pentagon will be formed with its sides respectively parallel to the 
corresponding sides of the base of the frustum. From the ground line 
A B raise the perpendicular AK, and make it equal to the perpendicular 
height of the frustum. To any point, V, in the horizontal line, draw 
the straight lines A V, KV, and by a similar construction to that in the 
last example, find the different altitudes in perspective at the points 
1 , 2, 3, 4, 5, due to the height of the frustum : connect the upper 
points by straight lines, and draw mr, ns, ot , pu , qw ; the truncated 
pyramid will be completed. 

PROBLEM IX. 

A point being given in the picture , to find its original on the ground 
plane . (Sec the next figure.) 

Let m be the given point, and C the centre of the picture. Take 
CD on the horizontal line equal to the distance of the picture from the 
eye. Join Cm, Dm, and produce them to meet the ground line AB in 
H , K. From II draw HM perpendicular to AB and equal to HK, 
then M is the original of the point m. This is sufficiently evident from 
problem 1, of which this problem is the converse. 

Cor . — Hence, if any line in the picture be given, its original on the 
ground plane may easily be determined, by finding the originals of the 
extreme points. 

Scholium.— The centre of the picture is determined by finding the 
intersection of any two lines whose originals are perpendicular to the 
picture ; and the distance of the picture will be known from the pro- 
portion EC : MH : : mC : mfy w’ eh the real distance of any 
object from the ground line is given. 

PROBLEM X. 

A vertical line being given in the picture , to find the height of the 
or iginal on the ground plane . 

Let mp be the line given, and C the centre of the picture. Draw 
the lines CmH, CpL, meeting the ground line in H and L ; and 
VOL. II. H 
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through H draw HK perpendicular to 
AB> meeting CL in K\ then is HK the 
height of the original object on the 
ground plane. 

This will be sufficiently clear from the 
demonstration of problem 4. 4. 

Cor • 1. — The original of the horizon- 
tal line mq parallel to AB is equal 
to HL . 

Cor» 2.— Hence, if the picture of 
any solid body be given, its original 
may be found. For all the base lines will be found by problem 8, and 
all the perpendiculars by this problem; therefore all the surfaces that 
bound the solid will be known. f 

Scholium . — The preceding rules contain the fundamental principles of 
all that is really useful in the art of perspective. Indeed, it may be said 
that they are all comprised in the 5th and 6th theorems; and the 
student will find, by carefully considering these propositions, that they 
comprehend all the various constructions which have been given by 
different writers on the subject. 

Our limits, in a work of this nature, altogether preclude us from 
giving such a number of examples as might appear necessary to enable 
the student to apply the rules with confidence and facility. We must 
therefore refer him to the several practical treatises on the subject, and 
more particularly to Mr. Fielding's “ Synopsis of Lineal and Aerial 
Perspective.* * 



PROJECTION OF THE SPHERE. 


The projection of the sphere is a perspective representation of the 
surface of the sphere, upon a plane called the plane of projection i and 
it is variously denominated, according to the different positions of the 
eye and plane of projection. 

There are three principal kinds of projection, the stereographies the 
orthographic and the gnomonic.% In the stereograph ft projection, 
the eye is supposed to be placed on the surface of the sphere ; in the 
orthographic, it is so distant that all the lines drawn from tho sphere to 
the eye are supposed to be perpendicular to the plane of projection g and 
in the gnomonic projection, the eye is placed at the centre of the sphere* 
We mean only to notice the two first in this work ; the last is chiefly 
useful in dialling. 

* From bs, solid, and ypdtpv, I write, because this projection arises from the 
intersection of two solids, the sphere and the cone. 

f From right, and yyd<t>u> f because all the lines are drawn ^t right angles to 
the plane of projection. 

X From yvtpw a dial, because it is applied to dialling. * 




STENOGRAPHIC PROJECTION* 


DEFINITIONS. 

The stereographic projection of the sphere is such a representation of 
the circles on its surface, on the plane of one of its great circles, as would 
appear to an eye situated in the pole of that circle. 

The great circle on whose plane the sphere is projected, is called the 
* primitive circle . 

The place of the eye is called the projecting point . 

The line of measures of any circle of the sphere, is that diameter of 
tjie primitive, produced indefinitely, which passes through the centre of 
the projected circle. • 


PROP. I. — THEOREM. 

Any circle passing through the projecting point is projected into a 
straight line . (See the next figure.) 

For all lines drawn from the projecting point to any point in the cir- 
cumference will be in the plane of this circle, and consequently they 
will meet the primitive in the intersection of this circle and the plane of 
projection. 

Corn 1. — A great circle passing through the projecting point is pro- 
jected into a straight line passing through the centre of the primitive ; 
for every great circle passing through E must also pass through e, the 
opposite pole, and C is the projection of the point e. 

Cor. 2. — Every arc eM, reckoned from the opposite pole of the pri- 
mitive, is measured by Cm, which is the tangent of the angle CEM, or 
half the arc eM, This is often called the semitangent of the arc eM. 


PROP. II.— THEOREM. 

Every circle of the sphere which does not pass through the projecting 
point is projected mto a circle. 

1. If the circle 
MN be parallel to 
the primitive; then 
lines drawn to all 
points of its circum- 
ference from the _ 
projecting point E, f 
will form tne sur- 
face of a cone, which 
being cut parallel 
to the base by the 
plane of projection, 
the section mn, into 
which MN is pro- 
jected, will be a circle. (Conic Sections, art. 225.) 

2. But if the circle MRN be not parallel to the plane of projection, 
let the great pirde EAPB pass through the projecting point E, and 
also through P , the pole of MRN ; and let EAPB cut the primitive 
in the diameter AB , and the circle MRN in the line MN ; draw the 
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diameter PCQ . Because CP passes through the pole of the circle 
MRN , it is perpendicular to this circle, and mil therefore pass through 
Its centre (Trig. arts. 121, 122). Hence MN is a diameter of the 
circle MRN, and 'the plane PCE is perpendicular to this circle. 
Through JVdraw NL parallel to AB; also, join EM, EN f meeting 
AB in the points m and n. Then, because LNis parallel to AB, the 
arc AL = BN; also, the quadrantal arc EA = EB ; therefore the 
arc EL = EN ', and the angle ENL or Enm = EMN. And be- 
cause the oblique cone, which has the circle MRN for its base and E 
for its vertex, is cut through the axis by a plane, MEN, perpendicular 
to the base; and it is also cut by the primitive perpendicular to EMN $ 
making the angle Enm = EMN ; it follows that mrn is a subcontrary 
section (Con. Sec. art. 228). Hence mrn is in this case also a circle, of 
which mn is a diameter. 


Cor* 1.— Bisect the diameter mn in o 9 then will o be the centre of the 
circle of projection. Put Pe = /, PM = PN = D ; also, let Co = d, 
mo =s on = r: then, (Trig. art. 66), 


d = \(Cn+ Cm) = i tan 7 + D 
r — \(Cn—Cm) — \ tan 7 ~*” ^ 


, , I — D 

sin/ 

g tan 

cos / + cos D 7 


sin D 

cos / + coft D ' 


Cor . 2. — If p , q be the projections of P and Q , the poles of the 
circle MN; then 


Cp = tan CEp = tan \I 9 

Cq = isxiCEq = cot CEp = cot \I* 


prop. III. — theorem. 

• 

The distance of the rentre of a projected great circle ftom the centre 
of the primitive is equal to the tangent of its inclination to the primitive , 
and its radius tv equal to the secant of its inclination . 

Let E be the projecting point, 

BEA a great circle passing through 
the point of projection, and the pole of 
the circle to be projected. Let MN 
be the intersection of this plane with 
the plane of EAB ; then, by the last 
proposition, the circle MN will be 
projected into a circle of which the 
diameter is mn 9 Bisect mn in o , and 
join Eo. Now, since MN is a diame- 
ter, the angle MEN or mEn is a 
right angle, therefore a circle described 
from the centre o 9 with the radius om or on, will pass through E , and 
consequently the angle oEn = onE = CEm ; therefore 2oEn or 
CoE = 2 CEm or eCM, and CEo, the complement of CoE = ACM \ 
the complement of eCM . Hcnee 

d = Co sb ton CEo = tan ACM = tan/, 
r =; om ss oE =s sec ACM = sec /. * 
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PROP. IV.— THBOREW. 

The centre of a projected email circle , perpendicular 0 the primitive, 
is diet ant from the centre of the primitive the secant of the small circle's 
distance from its own pole ; and its radius is the tangent of that distance. 

Let E be the projecting point, 

EMN a great circle passing 
through E, and also through P, 
the pole of this small circle ; and 
let tne circle EMN cut the small 
circle in the diameter MN. Then, 
by prop. 2, the circle MN will be 
projected into a circle whose dia- 
meter is mn. Bisect mn in o, 
and join CN, oN. Because the 
angle EMN = Enm (prop. 2); 
a circle will pass through the four points M, m, N, n ; and since ntn 
bisects the chord MN at right angles, it will be a diameter of this circle, 
and o will be its centre : consequently the angle CoN = 2CnN. And 
because CE, MN are parallel, the angle CNM = ECN = 2 EMN; 
hence the angle CNM = CoN, and the angle CNo = CNM + oNM 
= CWV + oNM as a right angle ; consequently No is a tangent to the 
circle EMN at N. But the aic NP is the distance of the small circle 
MN from its neaiest pole; hence No or on is the tangent, and Co the 
secant of the distance of the small circle from its nearest pole. 

Car.— Hence d = Co — sccD; r = oN = tan D . 


PROP. V. — THEOREM. 

The angle made by two tangents , MR, MS, on the surface of the 
sphere , is equal to the angle , RmS, made by their projections in the 
plane of the pi imitive. 

Through the points E, 

A/, let a great circle be 
drawn, which will be per- 
pendicular to the plane of 
the primitive, because it 
passes through its polo 
(Trig. art. \&2). Let Ml 
be the intersection of the 
plane MRS with the plane 
of the circle EM. Because 
CM is perpendicular to MR, 

MS , therefore CM and the 
circle CME are perpend^ 
cularto the plane MRSi 
hence CM is also perpendicular to MT. And because the circle ME 
is perpendicular both to the plane MST \ and also to the plane of the 
primitive, it; js therefore perpendicular to their common intersection 
ST, and consequently the angles STM, STm are right angles. 

And because the angle CMT = a right angle = CmE + CEm, 




E 
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taking away the equal angles CME, CEM , there remains the angle 
mMT = CmE = MmT ; and consequently TM — Tm . Hence tne 
two sides of the triangles MTR, mTR, having the two sides of the one 
equal to the two sides of the other, each to each, and the included angles 
right angles, the angle TMR = TmR • In like manner it may be 
shown that the angle TMS = TmS. Hence, taking equals from 
equals, the angle on the sphere R MS == the projected angle RtnS* 

Cor . — An angle contained by any two circles of the sphere is equal to 
the angle formed by their projections. 


PROP. VI. — THEOREM. 

Any projected are of a great cbcle of the sphere is measured by that 
arc of the primitive which is cut off by right lines drawn from the pro- 
jected pole through the two extremities of the given arc . 

Let ADB be the primitive circle, 

E the place of the eye, Dsr the pro- 
jection of the great circle MDN, 
and p the projection of its pole, P , 

Through P, E, describe the great 
circle PEE ; and through P, E, and 
the points R, S , describe the two 
small circles PRE, PSE , cutting the 
primitive in IJ and K. Join pH, 
and produce it to meet ER, produced 
in r ; also, produce pK to meet ES , 
produced in s; then, because pH, 
pK are in the plane of the primitive, *, 6 will evidently be the projec- 
tions of the points R , S, and it is required to prove that the arc rs is 
measured by the aic of the primitive HK. 

For since P 9 E are the poles of the great circles MDN , ADB , the 
chord PR = chord EH, and therefore the arc PR = arc EH; hence, 
taking away the common aic HR, the remaining arcs PH, ER are 
equal. In like manner it may be proved that the arcs PK, ES are 
equal And because the arcs PH, PK, and the included angle HPK, 
are equal to the arcs ER, ES, and the included angle RES, respec- 
tively, the figures PHK, ERS are symmetrical, and the arc HK'ss. RS .* 
But RS - is the original of rs, and therefore HK is the measure of the 
projected arc rs* 



PROP. VII.— THEOREM. 

Any angle formed by the projections of two great circles of (he sphere 
is measured by that arc of the primitive which is cut off by straight lines 


* For if we conceive the chords PJI, ER to be drawn and produced to meet m 

T, the angle PET will evidently — EPT, and P 3k= ET. In like manner, it the 
chords PK, ES be drawn and pioduced to meet in V, PV ** EV. Hence the two 
plane triangles PTV, ETV, having the sides PT, PV equal to ET, EV, respectively, 
and TV common, the angle TPV= TEV . Again, th$ two plane triangles PHK, 
ERS have the chords PH, PK equal to ER, ES, respectively, and the included angle 
HPK has just been proved = RES ; therefore the chord HK = chorfl RS, and conse- 
quently the arc HK = arc RS. 
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CONSTRUCTION OF MAPS BY DEVBLOPBMBNT, 

The practical application of the preceding methods of projection to 
the construction of maps is usually confined to the representation of an 
entire hemisphere ; but for laying down a particular country, or portion 
of a hemisphere, the method of developement is generally adopted. 
Since the surface of a cone is described by the motion of a straight line 
passing continually through a fixed point and the circumference of a 
given circle, it is evident that if a right cone be rolled round upon a plane, 
while the vertex continues at the same ^oint, every point of the surface 
of the cone will come in contact with a corresponding point in the plane 
surface; so that a sector of a circle will be described, with wh^h the 
surface of the cone, if expanded, would exactly coincide. 

PROP.— THEOREM. 

To devetope a portion of a sphere , considered as the surface of a cone . 

Let ENQ be a section of the 
sphere made by a plane of the 
meridian. Let CN be the axis, 
and EQ a diameter of the equa- 
ton Also, let AabB be a portion 
of tbe sphere to be developed. 

Bisect AB in M, and at M draw 
the tangent MK, meeting CN, 
produced in T. Then, if the 
plane figure TMEQ be sup- 
posed to revolve about the 
axis TC, NEC will generate a 
hemisphere, and TH will gene- 
rate a conical surface, which will 
touch the hemisphere. Now it is evident that if AB be an arc of not 
many degrees, the spherical surface A Bab, generated by AB , will 
nearly coincide with the conical surface described by HK . 

To develope this surface, take TM (fig. 2)=7W(fig. 1) ; and take the 
lines MA , MB also equal to the arcs MA , MB. 

From the centre T with the radii TA, TM, TB, de- 
scribe the arcs A a. Mm, Bb . Lay off the degrees 
in Mm (fig. 2) equal in length to the corresponding 
degrees on the sphere. Then if the line Tbma be 
drawn, thS plane surface AuBb (fig. 2) will bear a 
near resemblance to the corresponding portion of the 
sphere (fig. 1); and the resemblaooo will be more 
exact, in proportion as the zone con prehended be- 
tween Aa and Bb is diminished in breadth. 

Cor . — It is evident that the degree of the parallel 
Mm is to a degree on the equator EcQ, as PM to 
CE , or as cos EM to rad. Hence, if / be the lati- 
tude of M, or the middle latitude of AB, 

degree of longitude on Mm = degree of latitude on AB X cos /. 

It is also manifest that TM s= CM x cot /, or if TM be measured in 
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degrees or minutes of the meridian, since the radius of a circle s= 
57°-29578 = 3437'*74677, 

TM ss 57°‘3 cot/ = 3438' cot/. 

Scholium . — In drawing a map of any country of small extent, such as 
England, Ireland, &c„ it is usual to make*all the meridians and paral- 
lels of latitude straight lines; and to make the extreme parallels, and 
the meridian passing through the centre of the map, proportional to 
their real magnitude. This will be a tolerably correct representation of 
the whole country. 

Another method, similar to this, but more exact, is to mkke the 
meridian passing through the centre of the map, and all the parallels of 
latitude, straight lines, as in the last method. Then all the degrees on 
each of the parallels are made proportional to their magnitude, and 
the lines passing through the corresponding points of division on the 
parallels will represent the meridians. These will be curved lines, 
and not straight, as in the last method. This is usually called Flam- 
steed's projection, as it was first used by that astronomer in constructing 
his “ Celestial Atlas and it is extremely useful in geographical maps, 
for countries lying on both sides of the equator. 

A considerable improvement of this method, for countries of some 
extent, such as Europe, Russia, &c., is to represent all the parallels of 
latitude by concentric circles, according to the principles of the conical 
developement ; and then to lay off the degrees on each parallel, propor- 
tional to their real magnitude. The lines drawn through the correspond- 
ing divisions of these parallels will represent the meridians. This de- 
lineation, perhaps, will give the different parts of a map of some extent, 
in a? nearly their due proportions as the nature of the case will admit. 


MENSURATION. 


The term mensuration is usually applied to a system of rules and 
methods by which numerical measures of geometrical quantities are 
obtained. In the following treatise we shall principally confine our- 
selves to such practical rules as may be immediately denied from the 
previous parts of this work ; although we may add one or ( two others, 
which can be introduced most conveniently in this place. 


CHAP. I — MENSURATION OF GEOMETRICAL 
FIGURES. 

RECTILINEAL PLANE FIGURES. 

The measure of the space or surface contained within the boundaries 
of any plane figure is called its area or superficial content. This is 
estimated in acres, square jards, square feet, or some olher fixed or 
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determinate measure. Thus, if the, adjoining 
figure represent the top of a rectangular table 
whose length is 0 feet and breadth 3 feet, 
then the upper surface will contain 6 x 3 or 
18 square feet (prop. 56 ) ; a square foot 
being the unit or integer bry^which the area 
is estimated. 

Prob. I.— 7b find the area of a square, a rectangle, or any paraU 
lelogram. 

(I.) IVhen the base and perpendicular*height are given* 

Multiply the base by the perpendicular height, and the product will 
be the area. 

This rule is demonstrated in Geometry, prop. 56. 

(2.) fVhen two adjacent sides , and their contained angle, are given. 

Multiply continually together the two sides 
and the natural sine of the contained angle, 
and the last product will be the area. 

For, by Trigonometry (art. 16), 

radius or 1 : sin A s : AD : DE , 

*DE = AD x sin A ; 
hence the area of the parallelogram is equal to 

AB x DE = AB x AD x sin A. 



Note . — If the calculation be made by logarithms, 10 must be 
rejected in the index of the sum of the logariuims, because the loga- 
rithm of the radius, in the table of log. sines, is equal to 10. 

Ex. 1. — To find the area of a parallelogram, the length being 12*25, 
and breadth or height 8*5. 

The area = 1£*25 X 8*5 = 104 125. 

2. Suppose the sides AB and AD are 36 feet aud 25*5 feet, and 
the angle A is 58°; required the area. 

The natural sine of 58° to rad I is *846048, therefore 

the area = 36 X 25*5* x *848048 = 778*5 square feet. 


log sin 58° 
log 36 
log 25*5 


By Logarithms. 
9-928420 
1*556303 
1-406540 


The number corre- 
sponding to this loga- 
rithm is 778*5, the 
area required. 


log area 


2*891263 


3. To find the area of a square wh**e side is 35*25 chains. 

An^. 124 acres 1 rood 1 perch. 

4. To find the area of a rectangular board whose length is I2£ feet, 

and breadth 9 inches. Ans. 9f feet. 

5. To find the content of a piece of land, in form of a rhombus, its 
length being 6*20 chains, and perpendicular breadth 5-45. 

Ans. 3 acres 1 rood 20 perches. 

6. To find the number of square yards of painting in a parallelogram 
whose length is 37 feet, and height 5 feet 3 inches. 

Ans. 21^j square yards. 
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Prob. II . — To find the area of a triangle » 

(1.) When the base and perpendicular are given* 

Multiply the base bv the perpendicular height, and take half the 
product tor the area. Or, multiply one of these dimensions by half the 
other. 

J£r.— To find the area of a triangle whose base is 625, and perpen- 
dicular height 520 links. 

The area = 625 x 260 = 162500 square links = 1 acre 2r. 20p. 
(2.) When two sides and their contained angle are given. 

Multiply together the two sides and the natural sine of the contained 
angle, and half the last product will be the area of the triangle. 

This rule follows immediately frflm the second rule of the preceding 
problem ; for the triangle ABD is half the parallelogram ABCD * 

Ea\ — -What is the area of a triangle whose two sides are 30 end 40, 
and their contained angle 28° 57' ? 

The natnral sine of 28° 57' is *484046, and 

J X 40 X 30 X -484046 as 290 4276, the area required. 


By Logarithms . 
log sin 28° 57' - 9-684887 

J X 40 X 30 ss 600 - log - 2-778151 
log area - - 2*463038 


The number corre- 
sponding to this loga- 
rithm is 290*4, the 
area required. 


(3.) When the three sides ave given. 

Add all the three sides together, and take half that sum. Next, 
* subtract each side severally from the said half sum, thus obtaining three 
remainders. Lastly, multiply the said half sum and the three remain- 
ders together, and extract the square root of the last product, for the 
area of the triangle. 

That is, if a, b, c be the three sides of the triangle, and 
p s i(s + H c), then the 

area = Vlp(p - «) (p — 5) (p - c)]. 

This rule is proved in the application of Algebra to Geometry, p. 418. 
Ex. — To find the area of the triangle wifose three sides are 20, 30, 
and 40. 

20 43 45 45 

30 20 30 40 

40 — — — 

25 15 5 

2)90 — — — 

half sum 45 

Then 45 X 25 X 15 x 5 = 84375 ; 

and the square root of this number 
is 290*47, the area required. 


By Logarithm, 
log 45. . . . 1*653213 

log 25.... 1*397940 

log 15....' 1*176091 
log 5. . . . *698970 

2)4*926214 
290-47.... 2*463107 
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Examples. 

1. How many square yards contains the triangle whose base is 40, 

and perpendicular 30 feet ? Ans. 66$> square yards* 

2. To find the number of square yards in a triangle whose base is 

49 feet, and height 25£ feet. Ans. 66*7301. 

3. To find the area of a triangle whose base is 18 feet 4 inches* and 
height 11 feet 10 inches. Ans. 108 feet 5 twelfths 8 inches. 

4. How many square yards contains the triangle of which one angle 
is 45°, and its containing sides 25 and 21 £ feet ? Ans. 20*86947. 

5. How many square yards of plastering are in a triangle whose sides 

are 30, 40, 50 feet? # 

6. How many acres does the triangle contain whose sides are 2569, 

4900, 5025 links ? - Ans. 61 acres l rood 39 perches. 

Prob. III. — To find the area of a trapezoid . ■ 

Add together the two parallel sides ; then multiply their sum by the 
perpendicular breadth, or distance between them ; and take half the 
product for the area. 

This rule is demonstrated in Geometry, prop. 54. 

Ex. 1. — In a trapezoid, the parallel sides are 750 and 1225 links, and 
the perpendicular distance between them 1540 links : to find the area. 

£x(750+ 1225) X 1540=152075 square links=15 acres 33 perches. 

Ex. 2. — How many square feet are contained in the plank whose 
length is 12 feet 6 inches, the breadth at the greater end 15 inches, 
and at the less end 11 inches ? Ans. 13£J feet. 

Prob. IV.— To find the area of any trapezium. 

Divide the trapezium into two triangles by a diagonal; then find the 
reas of these triangles, and add them together. 

Or thus : — Let fall two perpendiculars on the diagonal from the other 
two opposite angles ; then add these two perpendiculars together, and 
multiply (he sum by the diagonal, taking half the product for the area 
of the trapezium. 

Ex. 1. — To find the area of the trapezium whose diagonal is 42, and 
the two perpendiculars on it 16 and 18. 

Here £ x (16 + 18) X 42 = 714, the area. 

2. How many square yards of paving are in the trapezium whose 

diagonal is 65 feet, and the two perpendiculars let fall on it 28 and 33£ 
feet? Ans 222^ yards. 

3. In the quadrilateral field ABCD , the perpendiculars DE, BF 
could not be measured, on account of obstructions ; and therefore the 
following lines were measured : — The side B C~ 265 yards; AD=z 220; 
the diagonal 37 8 ; the segment AE = 100; and CjF== 70 yards. 
Required the area, in acres. Ans. 17 acres 2 roods 21 perenes. 
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Prob. V.— To find the area of a regular polygon . 

/tofc I. — Multiply the perimeter of the polygon by the perpendicu- 
lar, let fall from its centre on one of its sides, and half the product will 
be the area of the polygon. * * 

To find the perpendicular . — Divide 180° by the number of sides, and 
then use this proportion— 

radios ; cotangent of this angle : : j-side of polygon : perpendicular. 

Rule 2.— If a be the length of one of the sides of the polygon, and 
n the number of sides, then r 

c A u 180° 
area of the polygon = — cot — . 

\ 4 n 

These rules are only in effect resolving the polygon into as many equal 
triangles as it has sides, by drawing lines from the centre to all the 
angles, then finding the areas, and adding them all together. 

Ex* 1. — To find the area of a regular pentagon, each side being 25 
feet, and the perpendicular from the centre, on each side, 1 7*2047737. 

Hero 25 X 5 = 125 is the perimeter. Therefore 
the area = \ x 17-204/737 x 125 = 1075-208. 

v 2. To find the area of the hexagon whose side is 20. 

Ans. 1039*23048. 

v 3. To find the area of an octagon whose side is 20. 

Ans 1931-37084. 

> 4. To find the area of a decagon whose side is 20. 

Ans. 3077*08352. 

' 5. To find the area of a dodecagon whose side is 20. 


Prob. VI. — To find the area of an irregular polygon. 

Rule 1. — Draw diagonals dividing the proposed polygon into trape- 
ziums and triangles. Then find the areas of these separately, and add 
them together, for the content of the whole polygon. 

Rule 2. — Draw any convenient line as a base; and from all the 
angular points of the polygon let fall perpendiculars upon the base ; the 
figure will then be divided into trapezoids and triangles, the sum of 
which will be the content of the polygon. 

Ex. 1.— What is the content of the 
octangular figure ABCDEFGH \ the 
diagonal AE being taken as a base, and 
the perpendiculars Bb> Cc t &c., drawn 
from the angular points to AE : when 
the lengths of the perpendiculars, &c„ 
are as follows ? 

JM=294; Ce?= 142*5 ; Dd= 224; 

Ff =121; 195*5; #4=14 2. 

44=44.5; 124-25; bg=8Q; 

g-c= 41; crf= 130-5 ; df=50; /#=52-5. 



Ans. 162463-9. 
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Ex. 2. — Let ABCDEFGH be the vertical section of a ram- 
part, and Eh* 6V*, Dd , ... the perpendiculars on the base AH* What 
h the area of the section when the heights and breadths are as follows? 

Heights, B6,Cc,Dd, &C....12; 12*5; 13 5; 13*5; 18; 16 feet. 
Breadths, Ah, he, cd \ & C....16; 18; 2; 3; 2; 12; 10 feet. 

A ns. 698*5 feet. 


MENSURATION OP TIJB CIRCLE. 

PitOB. VII. — To find the circumference of a circle from the diameter • 

Multiply the diameter by 3*1415926, and the product wiH be the 
circumference. # 

In general it will be sufficient to use four places of decimals, 3*1416. 
Sometimes also the number is used, as an approximation. This 
number is expressed by the Greek letter w. 

This rule is deduced from the corollary to prop. 89. Thus, since the 
circumferences of circles are to one another as their diameters, and w is 
the circumference of a circle whose diameter is 1 ; if c be the circum- 
ference of a circle whose diameter is d , or radius r, we have 

1 : 7T : : d : c, therefore c = nrd = 2wr. 

As the number w, and other numbers dependent on it, are continually 
occurring, we shall give their values here, for the sake of easy reference. 


nr 

= 

3-14159265 = 

3-1416 

nearly. 

k* 

= 

•78539816 = 

•7854 

» 

is* 

= 

•5235988 = 

•5236 

99 

v 

Iso 

= 

•0174533 = 



1 

9T 

s 

•3183099 = 

•3183 

99 

• 

1 

4* 

= 

•0795775 = 

•07958 

99 


Ex. 1 .—If the diameter of a well be 3 ft. 9 in., what is its circumfe- 
rence ? Ans. 1 1 ft. 9 in. 

2. The diameter of a circular plantation is 100 yards; what did it 

cost fencing sound, at 6s. 9 d. a rood? Ans. 19/. 5s. 6&d. 

3. The diameter of the sun is 883320 miles ; what is its circumfe- 
rence ? Ans. 2,774,724 miles. 

4. If the equatorial diameter be 7924* 1 miles, what is the length of a 

degree of the equator? Ans. 69*156 miles. 

Prob. VIII. — To find the diameter from the circumference . 

Multiply the circumference by *3183099, or (unless great accuracy 
be required) by *3183, and the product will be the diameter. 
c 1 

For d =s* — ; and — = \il83. . . ; therefore A =s *3 183c. 


VOL. !!• 
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Ex. 1. — What is the diameter of & stone column whose circumfe- 
rence measures 9 ft. 6 in. ? Ans. 3 feet. 

2. If the circumference of the earth be 25,000 miles, what is its dia- 
meter, supposing it to be a sphere ? Ans. 7957 miles. 


Prob. IX. — To find the length of any are of a circle . 

Multiply the decimal *01745 by the degrees in the given arc, and 
that product by the radius of the circle, for the length of the arc ; that is, 
if r be the radius of the circle? and n the number of degrees in the arc, 

length of the arc = = *01745w. 

The reason of this rule is sufficiently evident. For the sembcircum- 
ference, or 180 degrees, being 3'i4159265, when the radius is 1, we 
have 

180° : 1° 314159265 : *0174533, 

the arc of 1 degree. Hence the decimal *01 745, multiplied by any 
number of degrees, n, will give the length of the arc of those degrees, 
when the radius is 1. And because similar arcs of circles are propor- 
tional to their radii, therefore 

1 : v : t /01745« : ‘01745ar, length of the arc requiied. 

Ex. 1. —To find the length of an arc of 30 degrees, the radius being 

9 feet. * Ans. 4*7115. 

2. To find the length of an arc of 12° 10', or 12£°, the radius being 

10 feet. Ans. 2*1231. 

Prob. X. —To find the area of a circle. 

Mule 1.— Multiply half the circumference by half the diameter, and 
the product will be the area. 

Rule 2. — Square the diameter, and multiply that square by the 
decimal *7854, for the area. 

Rule 3. — Square the circumference and multiply that square/ by the 
decimal *07958. „ , J l V v** y 

By the first rule, area = %cd (Geom. prop. 89). 

And since c = vd, area = fytd* ss; wr*. 

Ahd also, area = — = *07958<?*. 

4w 

Ex. 1 .— To find the area of a circle whose dtaopter i# 10, and its 
circumference 31*416. 


Ry Rule 1. 

By Rtfie 2. 

By Rule 3. 

31*416 

•7854 

31*410 

10 

100 

31*416 

4)314 16 

78*54 

986*865 

78-54 


•07958 


78*54 


So that the area is 78*54 by all the three rules. 
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2. To find the area of a circle whose diameter is 7, and circumfe- 
rence 22. - Am. 38$. 

3* How many square yards are in a circle whose diameter is 3$ feet? 

Ans. 1*069. 

4. To find the area of a circle whose circumference is 12 feet. 

Ans. 11*4595* 

Prob. XI. — 7b find the area of a circular ring % or of the space included 
between the circumferences oftlbp concentric circles. 

Take the difference between the areas of the two circles, as found by 
the last problem, for the area of the ring. Or, multiply the sum of the 
diameters by their difference, and thff product by *7854. 

Ex. i. — The diameters of two concentric circles being 10 and 6, 
required the area of the ring contained between their circumferences. 

Ans. 50*2656. 

2. What is the area of the ring, the two diameters being 10 and 20? 

Ans. 235*62. 

Prob. XII . — To find the area of the sector of a circle . 

(1.) When the radius and the length of the arc are given . 

Multiply the radius by half the arc of the sector, for the area. 

(£.) When the radius and the number of degrees in the arc are 
given . 

Rule 1. — Compute the area of the whole circle ; then say, as 360° is 
to the degrees in the arc of the sector, so is the area of the whole circle 
to the area of the sector. 

Rule 2. — Multiply continually together the square of the radius, the 
number of degrees in the sector, and the decimal *0087266, the last 
product will be the area : that is, if r be the radius of the circle, and n 
the number of degrees in the sector, 

area of the sector ss •0087266»A 
For, by problem 9, the length of the arc = *0174533nr ; 

.*. area of the sector = $r x *0174533w = *0087266»r*. 

Ex. 1. — To find the area of a circular sector whose arc contains 18 
degrees, the diameter being 3 feet. 

Area of the circle, *785 1 xS* 7*0686. 

Then 360° : 18° :: 7*0686..^ ^343, the area of the sector. 

By the Second Rule . 

Area of the sector = *0087266 X 18 X 1*5* = *35336. , 

2. To find the area of a sector whose radius is 10, and arc 20. 

Ans. 100. 

3. Required the area of a sector whose radius is 25, and the con- 
tained angle 149° 29'. 
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Pjrob. XIII . — To find the area of the segment of a circle . 

Find the area of the sector having the same arc with the segment, by 
the last problem. 

Find also the area of the triangle formed by the choid of the segment 
and the two .radii of the sector. 

Then the difference of the areas, when the segment is less than a 
semicircle, or their sum when it is greater, will be the area of the 
segment. 

(1.) When the radius AC and the chord AB are given* 

Find the angle ACE from the proportion 

AC : AD : S rad of the tables : sin ACE * 

Then the radius AC and the angle ACE 
being known, find the area of the sector by the 
last problem from this proportion, 

As 360° : 2 angle ACE , or as 

180° : angle ACE : area of the circle : area of the sector. 

Also, area of the triangle ACB = \AC x CB x sin Z ACB. 

And the area of the segment ABE = sector ACRE — triangle AB C* 
(2.) JVhen the chord AB and the height DE are given* 

Find Z)Ffrom the proportion 

DE : AD :: AD : DF\ * 

then the radius CA or CE = \{DE + DF), and CD = CE — ED. 
Proceed then to find the angle ACE> and the areas of the sector and 
the triangle, as in the first case. 

Ex. — Giien AB~ 12, AC~ 10, to find the? area of the segment. 

From the first pioportion above, the angle ACE will be found 
equal to 36° 52'* 2 = 3 'j°* 87. Also, the aiea of the whole circle = 
400 x *7854 = 314*16. Hence the area of the sector, from the 
second proportion = 64 3504. Also, tfie area of the triangle ACB 
will be found = 48 ; 

area of the segment AEB = 16*3504. 

Second method . — From a table of circular segments . 

Rule . — Divide the height of the segment by the diameter, and find 
the area corresponding to the quotient in the following table. Multiply 
this number by the square of the diameter, and the product will be the 
area of the segment. 

When the segment is greater than a semicircle, fiud the area of the 
remaining segment in Che Table, and subtract it from *785398 ; the re- 
mainder will be the tabular area. 

Ex* — Taking the same example as before, CD will be found = 8, 
and DE = CE — CD = 2. Hence CD EF = 2 -*-20 = 0*1. 

. The number corresponding to 0*1 in the table is *040875. Hence 
the area = *040875 X 20* = 16‘35.‘ 

Ex* 1 — What is the area of the segment whose height is 18. and dia- 
mfter of the circle 50 ? Ans. 636*375. 
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2. Required the area of the segment whose chord is Id, the diameter 
being 20. An*. 44*728. 


At eat of the eegments of a circle. • 


i 

Area* 

4 

& 

Aiea. 

1 

Area. 

| 

Area* 

1 

a 

•01 

•001329 

•11 

mm 

•21 

•119897 

•81 

•207376 

•41 

•303187 

•02 


•12 

•053385 

•22 

•1281 ra 

•32 

•216666 

‘42 

•813041 

•03 


•13 

•059999 

•23 

•136465 

•33 

226033 

•43 

•322928 

•04 

HHH 

•14 


•24 

•144944 

34 

•235473 

•44 

•332843 

•05 

Eli p (i’3 1 

•15 


•25 

•153546 

IS5 

•244980 

•45 

•342782 

•06 

3 

•16 

EjJlOy 

•26 

•162263 1 

•36 

•254550 

46 

•352742 

•07 

PMB 

•17 

088535 

•27 


•37 

•264178 

•47 

•862717 

•08 

Ei afjf nil 

•18 

IHTgslWgl 

■28 


38 

•273861 

•48 

Baffin 

•09 

EmmIjII 

•19 


•29 

•189047, 

•39 

•283592 

•49 

•382699 




•111823 

H 

•19816811 

l 

11 

•293369 

§3 

•392699 

A. ■ ■ . 


CURVILINEAL PLANE FIGURES. 

Fkob. XIV. — To find the area of an ellipse or oval. 

Multiply the longest diameter, or axis, by the shortest; then multiply 
the product by the decimal *7854, for the area. . /f a. *• , » 

This rule is pro\ed in Conic Sections, art. 128. 

Ex. 1. — Required the area of an ellipse whose two axes are 70 and 
50. Ans. 2748*9. 

2. To find the area of the oral whose two axes are 24 and 18. 

, Ans. 339 2928. 

Prob. XV. — To find the area of a parabola. 

Multiply the base of the perpendicular height ; then take two-thirds 
of the product for the area. 

This rule is proved in Conic Sectlous, art. 220. 

Ex. 1.— To find the area of a parabola ; the height being 2, and the 
base 12. The area _ | x *» X 12 = 16. 

2. Required the area of the parpbola whose^ height is 10, and its 
base 16. A qs. 106 J* 

x 

Prob. XVI — To find the atea of any cut tilincal figure. 

Rule i. — Divide the base into any number of equal parts, and mea- 
sure the breadths of the figure at the two ends, and at .the points of 
division. Then add together half the sum of the two extreme breadths 
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mensuration. 


and all the intermediate ones ; the sum, multiplied by the common 
distance of these breadths, will be the area, nearly ; that is, if a , o% 
c, / be the breadths, and $ the common distance between these 

breadths, 

area as ( \a + 6 + <? + ... . + k + $1) X $• 

Rule 2.— Divide the base into an even number of equal parts, and 
measure the breadths, as in the first rule. Then add together the two 
extremes, four times the sum of all the even breadths, and twice the 
sum of all the odd breadths, excepting the first and last ; a third of this 
sum, multiplied by the common distance of these breadths, will be the 
area, very nearly ; that is, 

area = (a -f 46 + 2c 4* 4d . . . . + 2i + 44 + /) x JJ. 

Both these rules are approximations, but the second rule gives the 
area much more correctly than the first, and the calculation is nearly as 
easy.* 

Ex. 1. — To find the area of the quadrant of a circle, GLg. 

Bisect GL in A % and divide AG into 
six equal parts, by the perpendiculars 
Aa , Bb , &c. Also, suppose GL = Gg 
= 12, GA = 6, AB = BC, &c. = 1. 

We have then 

Aa = V( Ga 2 — GA 2 ) 

= a/( 144 - 36) as 10*3920. 

In like manner, the other ordinates will 
be found as below. And because GL is 
bisected in A , therefore aL = aG , and 
the angle aGL *= 60 degrees. Hence 
the angle aGg = 30°, and the area of 
the quadrant = 3 times the sector aGg. 

We have then, 



* The first rule is founded upon the supposition, that the portions of the cune 
ab, be , &c. are so small, that they may be taken for straight lines without any 
material error. On this hypothecs, the figures Ab, Be , &c. are trapezoids. Let 
Aa = a, Bb =*. b, &c., and AB = BC as &c. = 5j we have then 

area AagG = + + + $(/+ g) x 3 


= (i« + b + c + d + ei f+ iff) x S. # • 

In the second rule, we suppose that the arc abc is 8 portion of a parabola whose 
diameter is bB, and the double ordinate ac. If, then, the parallelogram aMNC be 
completed, the area abc will be equal to 1 of the parallelogram aN (Con. Sect, 
art. 221). We have, therefore, 


area AabcC =■ trapezoid AacC+ } parallelogram aN 
= l trapezoid Ac x f trapezoid AN 
= i(Aa+ Cc) > iAC+ i(AM+ BN) x \AC 
== £ {a + lb + x 5. 

In like manner, area CcdeE = J(c + 4d + e) x & ; and so on. 

Hence, adding these together, we have 

area AagG = (o + 4d + 2c + id + 2e + g) x 4®. 

♦ w 
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By the First Rule . 

• • 19 

A a , . . . 10*39230 

2)22-39230 

11*19615 

J?* 10*90871 

Co..,. 11-31371 
ZW.... 11*61895 
jF*..,. 11*83216 
11*95826 


.fly Me Second Rule . 

10-90871 %.... 12 

Z>d... 11-61895 10*39230 


Ff ... 11-95826 

34*48592 

4 

J37 94368 

Cc... 11*31371 
jFo*.. 11*83216 

23*14587 

2 

*46-29174 


137*94368 

46*29174 

3) 206*62772 

^ag-0. , 68*87591 
AaG... 31*17690 

sector eiGjg 37*69901 
3 

GLg .. , 113*09703 


area AagG .... 68*82794 
triangle ^00. . . 31*17690 

sector a(rg- .. . . 37-65104 
3 

quadrant GLg , . 112*95312 


Since the areas of circles are as the 
squares of their radii, if we divide each 
of these results by 144, we shall have the 
area of the quadrant when the radius ils 
By the 1 st rule this will be found =*7844, 
which fails in the third place of decimals ; 
and by the second rule it will be found 
= .78539, which is true to the last place 
ot decimals. 


Ex. 2. — The breadths of an irregular figure, at five equidistant places, 
are 8*2, 7-4, 9*2, 10-2, 8*6 ; required the area, by both methods. 

3. Find the area of the parabola, from seven ordinates, measured 
along the axis of the curve, at the distances from the vertex, 0, 1, 2, 3, 
4, 5, 6 ; the ordinates being given from the equation y 4 = 20*, where 
y is the ordinate, and <v its distance from the vertex. 


4. Find the area of a hyperbola in like circumstances ; the ordinates 
being given from the equation y 2 = 20* + •z 3 - 

5. Find the area of a portion of an ellipse in like circumstances, the 

1 6* 4«r 4 


ordinates being giyen from the equation y 2 — — — — $ and com- 

pare this area with that of a quadrant of a circle whobe radius is 6. 


MENSURATION OF SUPERFICIES. 


Puob. XVII.-— To find the superjU'ies of any solid bounded by plane 
surfaces . 

Find the areas of several bounding planes by the precedingrules, and 
their sum will be the superficies required. 

Ex. 1. — To find the surface of a cube, the length of each side being 
20 feet. * Ans. 2400 feet. 


2. To find the whole surface of a tiiangular prism, whose length is 
20 feet, and each side of its end or base 18 inches. 

> , • Ans. 91*948 feet. 

3. What must be paid for lining a rectangular cistern with lead, at 
3d. a pound weight, the thickness of the lead being such as to weigh 
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71b. for each square foot of surface ; the inside dimensions of the cistern 
being as follows, viz., the length 3 feet 2 inches, the breadth 2 feet 
8 inches, and depth 2 feet 6 inches ? Ans. 3A 5s, 

4. Find the convex surface of a hexagonal pyramid, each side of the 
base being 2 feet 6 inches, and its perpendicular height 10 feet 

w Ans. 76'737 square feet. 

5. How many square feet are in the surface of the frustum of a square 
pyramid, each side of the base or greater end being 3 feet 4 inches, and 
each side of the less end 2 fee t t 2 inches ; also eacn of the edges of the 
frustum being 10 feet? 

6. Find the whole surface of the frustum of an octagonal pyramid, 

whose perpendicular height is G feet ; and each side of the two ends 4 
and 5 feet respectively. 4 

Pros, XVIII.— 7b find the convex surface of a right cylinder . 

Multiply the circumference of the base by the length of the cj Under, 
and the product will be the convex superficies. 

This is demonstrated in Geometry, prop. 124, 

Ex. 1. — To find the convex surface of a cylinder whose length is 
20 feet, and the diameter of its base is 2 feet. Ans. 125*664. 

2. What is the whole superficies of a cylinder, its length being 
10 feet and diameter 3 ? Ans. 108*38 feet. 


Prob. XIX. — To find the convex surface of a right cone . 

Multiply the circumference of the base by the slant height, and half 
the product will be the convex surface. 

This is proved in Geometry, prop. 126. 

Ex. 1. —Required the convex surface of a cone, the slant height 
being 50 feet, and the diameter of its base 8J- feet. 

2. What is the whole superficies of a cone, the radius of the base 
being 30 feet, and the perpendicular height 40 feet ? 

Prob. XX. — To find the convex surface of the frustum of a right cone. 

Add together the circumferences of the two ends, and multiply their 
sums by the slant height ; then half the product will be the convex 
superficies. 1 

Ex. 1. — To find the convex surface of the frustum of a cone, the 
slant height of the frustum being 12ffeet, and the circumfeiences of 
the two ends 6 and 8*4 feet. Ans. 90 feet. 

2* What is the whole surface of the frustum of a right cone, the 
diameters of the tvto ends being 8 and 12 feet, and its perpendicular 
height 6 feet ? 

Prob. XXL — To find the surface of a sphere . 

Mule 1 . — Multiply the circumference of the sphere by its diameter, 
and the product will be the whole surface of it. 
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Rule 2. — Square the diameter, and multiply the square by 3*1416, 
for the surface. 

Rule 3.—* Square the circumference, and multiply the square by the 
decimal '3183, for the surface. 

For the surface of a sphere is equal to the reetangle contained by the 
diameter end the circumference of the sphere, or is equal to four great 
circles of the sphere (Geometry, prop. 130, cor. 3) ; and therefore 

surface as cd ss vd* = — as *3183099 c*. 

m 

Ex. 1. — Required the surface of a sphere whose diameter fa 7, and 
circumference 22. Ans. 154. 

2. Required the superficies of a globe whose diameter is 24 inches. 

# Ans. 1809*56. 

3. Required the area of the whole surface of the earth, its circumfe- 
rence being 25,000 miles. Ans. 198,943,687 square miles. 

Pros. XXII. — To find the convex surface of a spherical segment 
or a spherical zone . 

Multiply the circumference of the sphere by the height of the seg- 
ment or sone, and the product will be the convex superficies. 

The truth of this will appear from Geometry, prop. 130. 

Ex. 1. — The axis of a sphere being 42 inches, what is the* convex 
superficies of the segment whose height is 9 inches ? 

Ans. 1 1 87*5248 inches. 

2. Required the convex surface of a spherical zone, whose breadth or 
height is 2 feet, and cut from a sphere of 12£ feet diameter. 

Ans. 78*54 feet. 


MENSURATION OF SOLIDS. 

The magnitude of a solid* its bulk, or its extension, fa called its 
solidity , or its solid content. The unit of solids is a cube, each of whose 
edges is the measuring unit of lines, and consequently each of its faces 
is the measuring unit of surfaces. 

Prob. XXIII. — To find the solid content of a prism or cylinder . 

Multiply the area of the base by the perpendicular height, and the 
product will be the solid content. 

This rule follows immediately from Geometry, prop. 125. 

Ex. 1. — To find the solid content of a cnfce whose side is 24 inches. 

Ans. 13824 cubic inches. 

2. How man} cubic feet are in a block of marble, its length being 
3 feet 2 inches, breadth 2 feet 8 inches, and thickness 2 feet 6 inches? 

Ans. 21£. 

3. How many imperial gallons of water will the cistern contain, 

whose dimensions are the same as in the last example, when 277*3 cubic 
inches are contained in one gallon ? Ans. 131*58. 
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4* Required the eon tent of a triangular prism whose length is 10 
feet, and the three sides of its triangular base are 3, 4, 5 feet. 

* Ans. 60 cubic feet. 

5. Required the content of a round pillar or cylinder, whose length 
is 20 feet, and circumference 5 feet 6 inches. Ans. 48*1459 feet. 

Pros. XXIV . — To find the content of a pyramid or cone . 

Multiply the area of the base by the perpendicular height, and £ of 
thd product will be the content. 

This rule is demonstrated m Geometry, prop, 128. 

Ex* 1. — Required the solidity of a square pyramid, each side of its 
base being 30, and its perpendicular height 25. Ans. 7500. 

2. To find the content of a triangular pyramid, whose perpendicular 

height is 30* and each side of the base 3. Ans. 38*971 143. 

3. To find the content of a triangular pyramid, its height being 14 
feet 6 inches, and the three sides of its base 5, 6, 7 feet. 

Ans. 71*0352. 

4. What is tho content of a pentagonal pyramid, its height being 12 

feet, and each side of its base 2 feet ? Ans, 27 5276. 

5. What is the content of the hexagonal pjramid, whose height is 
6*4 feet, and each side of its base 6 inches ? Ans. 1*38564 feet. 

6. Required the content of a cone, its height being 10^ feet, and the 

circumference of its base 9 feet. Ans. 22*56093. 

Prob. XXV . — To find the solidity of the frustum oj a cone or 
pyramid . 

(1.) When the ends of the frustum are any similar figures. 

Add together the areas of the two ends, and the mean proportional 
between them ; then multiply the sum by the perpendicular height, and 
one-third of the product will be the content. 

(2.) When the diameters of the two ends of the frustum of a cone are 
given. 

Add together the squares of the diameters of the two ends and the 
product of the diameters ; then multiply this sum, the perpendicular 
height, and *7854 continually together ; and one-third x of the last pio- 
duct will be the content. 

(3.) When the circumferences of the two ends of the yrustum of a 
cone are given . 

Add together the squares of the circumference of the two ends and 
the product of the circumferences ; then multiply this sum > the per- 
pendicular height, and *07958 continually together; and one-third of 
the last product will be the content. 

These rules are immediately derived from the 7th problem, p. 422 f 
vol. i. 

Ex* 1. — To find the number of solid feet in a piece of timber whose 
bases are squares, each side of tho greater end being 15 inches, and 
each side of the less end 6 inches ; also, the length or the perpendicular 
altitude 24 feet. Ans. 19J. 
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2. Required the content of a pentagonal frustum, whose height is 

5 feet, each side of the base 18 inches, and each aide of the top or lest 
end 6 inches. Ana. 9.31925 feet. 

3. To find the content of a conic frustum, the altitude being )8» the 
greatest diameter 8, and the least diameter 4 . A ns. ^527*7888# 

4. What is the content of the frustum of a cone, the altitude being 

26 ; also, the circumference at the greater end being 20, and at the 
less end 10? Ans. 464*216. 

5. If a cask, which is composed of two equal eonio frustums joined 

together at the bases, have its bung diaftneter 28 inches, the head 
diameter 20 inches, and length 40 inches, how many imperial gallons 
will it hold ? Ana. 65 *8668. 

Prob. XXVI, — To find the solidity of a sphere or globe* 

Rule 1.-— Take the cube of the diameter, and multiply it by the 
decimal *5236, for the content. 

Rule 2. — Cube the circumference, and multiply by "01688, for the 
content. 

These rules are deduced from Geometty, prop. 132. For since a 
sphere is equivalent to two-thirds of the circumscribing cylinder, we 
have, 

4w 

} content of sphere = § x wr 3 x 2r = — r* 

s= yd* = -.523 6d». 

Also the content = ~!r(— ) — 4~i — "01688 c*. 

6 \ 7T / 

Ex* 1 . — To find the content of a sphere whose axis is 12. 

Ans. 904*780,8. 

2. To find the solid content^of the globe of the earth, supposing its 
circumference to be 25000 miles. Ans. *263750,000000 cubic miles. 


Prob. XXVII. — To find the solid content of a spherical segment* 

(1.) When the height of the segment and the radius qf fie sphere 
are given * , 

From 3 times the diameter of the sphere take double the height of 
the segmeut ; then multiply the remainder by the square of the height, 
and the product by the decimal *5236, for ♦he content. 

This rule is proved in the applicate i 6f Algebra to Geometry, 
page 423, \oi. i. 

(2«) fVhen the height of the segment and the radius of ite base are 
given . 

To three times the square of the radius of the segment's base add 
the square of its height ; then multiply the sum by the height, and the 
product by *5^36, for the content. 
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Ex. 1.— To find the content of a spherical segment, of 2 feet in 
height, cut from a sphere of 8 feet diameter. Ans. 41*888. 

2. What is the solidity of the segment of a sphere, its height being 
9, and the diameter of its base 20 ? Ans. 1795*4244. 


Pro*. XXVIII . — To find the content of any solid . 


Take any principal line in the solid for an axis, and diridfc it into an 
even number of equal parts* # 

Find the areas of the transverse sections perpendicular to this axis at 
the two extremities, and at the intermediate points of division, by the 
rules given in the mensuration of plane figures. 

Then add together the areas ofr the two ends, four times the sum of 
the areas at the even points of division, and twice* the sum of the areas 
at tike odd points of division, excluding the two ends. One-third of 
this sum, multiplied by the common distance of these sections, will be 
the content required, very nearly. 

Thia rule is founded upon the same principles as the second rule in 
problem 16. (See the note, page 118.) 

Ex. 1. — If, in the figure to problem 1G, the quadrant Lg be sup* 
posed to describe a hemisphere by its revolution about LG; it is 
required to find the- content of the portion of the sphere included 
between the circles described by the ordinates Aa, Gg . 

Let the dimensions be the same as in problem 1 6. Then the areas 
of the different sections described by Aa, Bb , &c., will be v.Aa 2 , 
*.Bb\ &c. Hence, according to the rule, 


« .BP m 143* 
w.-DflP as J35* 
as 119* 

397* 

4 

1568* 


*.Cc* = 140* 
= 128* 

268* 

2 

536* 


v. Aa 2 =s 108* 

w. Gg* =s 144* 

1588* 

536* 

3)2376* 

792* 


Hence the content = 792* X AB = 2488*14 ; which is the same 
result, in this case, as if the content had been found by the rule in 
problem 27. 

Ex. 2.— Required the number of cubic yards which were cut out of a 
canal, the areas of five transverse sections perpendicular to the axiabeing 

687*6 ; 822*2 ; 735*8 ; . 809*5 ; 509*5 

square feet respectively, and the common distance between two trans- 
verse sections being 60 feet. Ans. 6811*466 yards. 

3. Required the number of cubic yards in an embankment, the 
tranverse sections perpendicular to the axis being trapezoids whose 
dimensions were as follows : — 
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horizontal lines at top. . . 22; 21*0$ 21*(?; 9I*6; 21*0, 21*6$ 22NN|t* 
do. bottom... 4 6? 46*0; 47*6; 50 2; 52*4; 552; <$! 
perpendicular height,. .. 6; 6*3; 6*6; 7*2; 7*8; 8*4; ‘iff 
Also, the common distance between two transverse sections was 50 feet. 

Ans, 80840 cubic feet. 

4. Required the content of a round bulging haystack, when the dif- 
ferent girts or circumferences, taken from the .bottom, were as follows;— 

127*2; 145*4; 156*5; 168*7; 148*3; 121*8; 68*6 feet, 

respectively. The common vertical distance between! the sections 
was 8 feet | and the height of the eonical part, above the highest 
section, 7*4 feet. Ans. 79782*335 cubic feet. * 

5. Required the number of imperial 9 gallons which a cask will hoUH| 
the lengtli being 40 inches, the girts at the two ends 66 inches^ at 
middle 91*2, and at 10 inches distance from each end, 81*4 and 827 
inches respectively ; also, the thickness of the cask being i an inch. 

„ Ans 69*623 imp. gallons. 

In * \ 

CHAP.II. — ARTIFICERS' WORKS; GAUGING; 

BALLS AND SHELLS. 

Artificers compute the contents of their works by several different 
measures. As, 

Glazing and masonry by the foot ; painting, plastering, paving, See , 
by the yard of 9 square feet ; flooring, partitioning, roofing, tiling, 
Ac., by the square of 1 00 square feet : 

And brickwork, either by the yard of 9 square foit, or by the perch, 
or square rod or pole, containing 272 j square feet, or 30| square 
yards, being the square of the rod or pole of 16J feet, or 5 Jr yards 
in length. 

As it is inconvenient to divide by the number 272J, the fraction is 
often omitted in practice, and the content in feet divided by 272 only. 

I. — THU CAItPENTEll’s OR SLIDING RULE. 

The carpenter's or sliding rule is an instrument used in measuring 
timber and a^Uteers' works, both for taking their dimensions and com- 
puting their contents' 

The instrument consists of two equal pieces, each a foot in length, 
which ora connected together by a ftkfi©* joint. 

Ontfeside or Ace of the rule is divided hUo inches, and eighths of an 
inch. On the^ same face ere also several plane scales, divided into 
twelfth parts by diagonal lines, which are used in planning dimensions 
that are taken in feet and inches. The edge of toe rule is commonly 
divided decimally, or into tenths ; namely, each foot into ten equal 

1 tarts, and each of these into ten parts again : so that, by means of this 
ftst scale* dimensions are taken in feet, tenths and hundredths, and 
mnltipliecf ai common decimal numbers, which is the easiest way. 

On the one part of the other face are four lines marked A % B } C } D ; 
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the two middle ones, B and C, being on a slider, which runs in a groove 
made in the stock. The same numbers serve for both these two middle 
lines, the one being above the numbers and the other below. 

These four lines ate logarithmic ones, and the three A> JB 9 C } which 
are all equal to one another, are double liues, as they proceed twice 
over from 1 to 10. The other or lowest line, D, is a single one, pro- 
ceeding from 4 to 40. It is also called the girt line, from its use in 
computing the contents of trees and timber; and on it is marked 
Imp. G, at 1879 (square root of 277*3 -t- "7854), the gauge-point for 
the imperial gallon, to make this instrument serve the purpose of a 
gauging rule. 

On tno other part of this face there is a table of the value of a load, 
or 50 cubic feet of timber, at all prices from 6 pence to 2 shillings a foot. 

When the one at the begining of any line is accounted 1 . then the 1 
in the midle will be 10, and the 10 at the end 100 ; but wnen the 1 at 
the beginning is counted 10, then the one in the middle is 100, and the 
10 at tne end 1000 ; and so on. And the smaller divisions are altered 
proportionally. 


ii. — bricklayers’ work. 

Brickwork is estimated at the rate of a brick and half thick. So that 
if a wall be more or less than this standard thickness, it must be reduced 
to it as follows : — 

Multiply the superficial content of the wall by the number of half 
bricks in the thickness, and divide the product by 3. 

The dimensions of a building may be taken by measuring half round 
on the outside, and half round it on the inside ; the sum of these two 
gives the compass of the wall, to be multiplied by the height, for the 
content of the materials. 

Chimneys, on amount of the trouble of them, are commonly mea- 
sured as if they were solid, deducting only the vacuity from the hearth 
to the mantel. All windows, doors, &c. are to be deducted out of the 
contents of the walls in which they are placed. 

The dimensions of a common bare brick are 8J inches long, 4 inches 
broad, and 2£ thick ; but including the half-inch joint of mortar, when 
laid in brickwork, every dimension is to be counted half an inch more, 
making its length 9 inches, its breadth 4 J, and thickuess 3 inches. So 
that every 4 four courses of proper brickwoik measure just 1 foot, or 
12 inches, in height. 

Note . — A standard rod of brickwork requires 4500 bricks, including 
waste; and a square yard of brickwork, one brick thick, requires 100 
bricks. 

Ex. 1.— How many rods of standard brickwork are there in a wall 
whose length of compass is 57 feet 3 inches, and height 24 feet 
6 inches ; the wall being 2£ bricks or 5 half bricks thick ? 

Ans. 8 rods 17£ yards. 

2* ^Required the content of a wall 62 feet 6 inches long, 14 feet 
8 inches high, and 2J bricks thick. Ans. 160753 yards. 

3. A triangular gable is raised 1 7± feet high, on an end fall whose 
length is 24 feet 9 inches, the thickness being two bricks 1 required the 
reduced content* Ans. 32*0833 yards. 
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4* The end w*H of a house is 2d feet 10 inches long, and 95 feet 
8 inches high* to the eaves ; 20 feet high is 2| bricks thick; other 20 feet 
high is 2 bricks thick, and the remaining 15 feet 8 inches is l£ brick 
thick; above which is a triangular gable of one bffck thick! which rises 
42 courses of bricks, of which every four courses make a foot* What is 
the whole content, in standard measure ? A us. 253*626 yardf. 

t 

m.— masons’ worn. 

To masonry belong all sorts of stone work ; and the measure made 
use of is a foot, either superficial or solid. * 

Walls, columns, blocks of stone or marble, &c., are measured by the 
cubic foot; aud pavements, slabs, chimney-pieces, dec., by the superficial 
or square foot. $ 

Cubic or solid measure is used for the materials, and square measure 
for the workmanship. 

In the solid measure, the true length, breadth, and thickness are 
taken, and multiplied continually together. In the superficial, there 
must be taken the length and breadth of every part of the projection, 
which is seen without the general upright face of the building. 

Ex. 1.— Required the solid content of a wall 53 feet 6 inches long, 
12 feet 3 inches high, and 2 feet thick. Ans. 1310f feet. 

2. What is the solid content of a wall, the length beiiig 24 feet 
3 inches, height 10 feet 9 inches, and thickness 2 feet ? 

Ans. 521*3^6 feet. 

3. Required the value of a marble slab, at 8*. per foot ; the length 
being 5 feet 7 inches, and the breadth 1 foot 10 inches. 

Ans. 4/. Is. 10 

4. In a chimney-piece, suppose the length of the mantel and slab 

each 4 feet 6 inches ; breadth of both together, 3 feet 2 inches ; length 
of each jamb, 4 feet 4 inches ; breadth of both together, 1 foot 9 inches. 
Required the superficial content. Ans. 21 feet 10 inches. 

IV. — CARPENTERS* AND JOINERS* WORK. 

To this branch belongs all the wood work of a house, such as flooring, 
partitioning, roofing, &c. 

Large and plain articles are usually measured by the square foot or 
jard, &C ; but enriched mouldings, and some other articles, are often 
estimated by* running or lineal measure ; and some things are rated by 
the piece. 

In measuring of joists, take the dimensions of one joist, and multiply 
its contents by the number of them v considering that each end is let 
into the wall about f of the thickness, t it ought to be. 

Partitions are measured from wall to wall for one dimension, and 
from floor to floor, as far as they extend, for the other. 

The measure of centering for cellars is found by making a string pafs 
over the surface of the arch for the breadth, and taking tho length of 
the cellar for the length $ but in groin centering, it is usual to allow 
double measure, on account of the extraordinary, trouble. 

In roofing f the dimensions, as to length, breadth, and depth, are taken 
as in flooring joists, and the contents computed the same way. 
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In floor-boarding, take the length of the room for one dimension, 
and the breadth for the other, and multiply them together for’ the 
content. 

For staircases, take the breadth of all the steps, by making a line 
ply close over them, from the top to the bottom, and multiply the 
length of this line by the length of a step, for the whole area. By the 
length of a step is meant the length of the front and the returns at the 
two ends ; and by the breadth is to be understood the girts of its two 
outer surfaces, or the tread and riser. 

For the balustrade , take t(|e whole length of the upper part of the 
hand-rail, and girt over its end till it meet the top of the newel-post, 
for the one dimension ; and twice the length of the baluster on the 
landing, with the girt of the hand-rail, for the other dimension. 

For wainscoting , take the compass of the room for the one dimen- 
sion, and the height from the floor to the ceiling, making the string ply 
close into all the mouldings, for the other. 

For doors, take the height and the breadth, and multiply them to- 
gether, for the area. If the door be panelled on both sides, take double 
its measure for the workmanship ; but if one side only be panelled, take 
the area and its half for the workmanship. — For the surrounding archi- 
trave, girt it about the uttermost part for its length ; and measure over 
it, as far as can be seen when the door is open, for the breadth. 

IFindow-shutters , bases, &c., are measured in like manner. 

In measuring of joiners’ work, the string is made to ply close into all 
mouldings, and to every part of the work over which it passes. 

Ex. 1; — Required the content of a floor 48 feet 6 inches long, and 
24 feet 3 inches broad. Ans. 11 sq. 76} feet. 

2. How many squares are there in 173 feet 10 inches in length, and 
10 feet 7 inches height, of partitioning? Ans. 18‘3973 squares. 

3. What cost th$ roofing of a house at 10a. 6d . a square, the length 
within the walls being 52 feet 8 inches, and the breadth 30 feet 
6 inches, reckoning the roof $ of the flat ? Ans. 12/. 12a. 1 1 }d. 

4. To how much, at 6a. per square yard, amounts (he wainscoting of 
a room, the height, taking in the cornico and mouldings, being 12 feet 

6 inches, and the whole compass S3 feet 8 inches ; also the three win- 
dow-shutters are each 7 feet 8 inches by 3 feet 6 inches, and the door 

7 feet by 3 feet 6 inches ; the doors and shutters, being worked on both 
sides, are reckoned work and half work ? Ans. 36/. 12a. 2 jrf. 

v. — slaters’ and tilers’ work. i 

In these articles, the content of a roof is found by multiplying the 
length of the ridge by the girt over from eaves to eaves ; making allow- 
ance in this girt for the double row of slates at the bottom, or for how 
much, one row of slates or tiles are laid over another. 

' When the roof is of a true pitch, that is, forming a right angle at top, 
then the breadth of the building, with its half added, is the girt over 
both sides, nearly. 

In angles formed in a roof, running from the ridge to the eaves, when 
the angle bends inwards, it is called a valley ; but when outwards, it is 
called a hip. • 

Reductions are made for chimney-shafts or window holes. 
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Ex* 1. — Required the content of a slated roof, the len gt h, being 
45 feet 9 inches, and the whole girt 54 feet 3 inches* * 

Ans. 174*104 yards, 

2. To bow mush amounts the tiling of a house, at 25t, 6d. per square, 
the length being 43 feet 10 inches, and the breadth on the flee Vf feet 
5 inches; also the earn projecting 15 inches horizontally on eaeh ride, 
and the roof being of a true pitch ? Ans/ 25/. 4t. 4Jd. 

vi,»— plasterers’ work. 

Plasterers 1 work is^of two kinds; namely, ceiling, which is plastering 
on laths ; and rendering, which is plastering upon walls. These kinds 
are measured separately. 

The contents are estimated either »by the foot or the yard, or the 
square of 100 feet. Enriched mouldings, &c. are rated by running or 
lineal measure. 

Deductions are made for chimneys, doors, windows, Ac. 

Ex. 1*— How many yards contains the ceiling which is 43 feet 
3 inches long, and 25 feet 6 inches broad? Ans. 122J. 

2. To how much amounts the ceiling of a room, at lOd. per yard, 
the length being 21 feet 8 inches, and tne breadth 14 feet 10 inches? 

Ans. 1/. 9i. 8£rf. 

3. The length of a room is 18 feet 6 inches, the breadth 12 feet 
3 inches, and height 10 feet 5 inches ; to how much amounts the ceiling 
and rendering, the former at Qd. and the latter at 3d. per yard ; allow- 
ing for the door of 7 feet by 3 feet 8, and a fire-place or 5 feet square ? 

Ans. ]/. 13s. 3 id. 

VII — painters’ work. 

Painters 9 work is computed in square yards. Every part is measured 
where the colour lies ; and the measuring line is forced into all the 
mouldings and corners. 

Windows are done at so much a piece. And it is usual to allow 
double measure for carved mouldings, &c. 

Ex. 1.— How many yards of painting contains the room which is 
65 feet 6 inches in compass, and 12 feet 4 inches high? 

Ans. 89*759 yards. 

2. The length of a room being 20 feet, its breadth 14 feet 6 inches, 
and height 10 feet 4 inches; how many yards of painting are in it, 
deducting a fire-place of 4 feet by 4 feet 4 inches, and two windows, 
each 6 feet by 3 reet 2 inches ? Ans. 73*074 yards. 

vrn.— - glazier,/ work. 

Glaziers take their dimensions either in feet, inches, and parts, or 
feet, tenths, and hundredths. And they compute their work in square 
feet. 

In taking the length and breadth of a window, the cross bars between 
the squares are included. Also, windows of rouud or oval forms are 
considered as rectangles, and measured to their greatest length and 
breadth, on account of the waste in cutting the glass. 

VOL. IX. 


K 



130 


Mxmmtmv. 


Ex. 1.— How many square feet contain* the window which is 4*25 
feet long, and 275 feet broad ? - An*. 1 1 •6875. 

2. What will the glazing a triangular sky-light come to, at lOtf. per 

foots the bas%»being 12 feet 6 inches, and the perpendicular height 
6 feet 9 inches ? A ns. Ih 15* 1 $</• 

3. There is a house with three tiers of windows, three windows in 

each tier, their common breadth 3 feet 1 1 inches : now, the height of 
the first tier is 7 feet 10 inches; of the second, 6 feet 8 inches; of the 
third, 5 feet 4 inches. Required the expense of glazing, at 14rf. per 
foot. . Ans. 13/. 11s. 10id. 


IX.— PAVERS* WORK. 

Pavers' work is done by the square yard; and the (rue area is taken 
for the content. 

Ex. 1. — What cost the paving a footpath, at 3s. Ad. a yard; the 
length being 35 feet 4 inches, and breadth 8 feet 3 inches ? 

, Ans. 51. 7s. lljrf. 

2. What cost the paving a court, at 3s. 2d. per yard ; the length 
being 27 feet 10 inches, and the breadth 14 feet 9 inches ? 

Ans. 71. 4* 5 \d. 

3. What will be the expense of paving a rectangular court yard, 

whose length is 63 feet, and breadth 45 feet ; in which there is laid a 
footpath of 5 feet 3 inches broad, running the whole length, with broad 
stones, at 3s. a yard ; the rest being paved with pebbles at 2s. 6d. 
a yard ? Ans. 40/. 5s. 10 \d. 


X. — PLUMB CHS* WORK. 

Plumbers’ work is rated at so much a pound, or else by the hundred 
weight of 112 pounds. 

Sheet lead, used in roofing, guttering, &c., is from 6 to 101b. to the 
squaie foot. And a pipe of an inch bore is commonly 13 or 141b. to 
the yard in length. 

Ex. 1 . — How much weighs the lead which is 39 feet 6 inches long, 
and 3 feet 3 inches broad, at 8 Jib. to the square foot ? 

Ans. 1091&lb. 

2. What cost the covering and guttering a roof with lead, at 18* the 
cwt. ; the length of the roof being 43 feet, and breadth or girt over it 
32 feet; the gutteiing 57 feet long, and 2 feet wide; the former 
weighing 9*83 lib., and the latter 7 3731b. the square foot? 

Ans. 115/. 9s.l\d. 

XI,— TIMBER MEASURING. 

P*0*. I . — To find the area, or superficial content , of a board or plank. 

Multiply the length by the mean breadth. 

-By the Sliding Rule . — Set 12 on B to the breadth in inches on A ; 
i&en against the length in feet on B is the content on A $ in feet end 
fractional parts. ‘ 
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iVefc.— When the board i* tapering, add the breadths of the £ wo ends 
together, and take half the sum for the mean breadth. Or else take the 
mean breadth in the middle, 

Ex. K— What hr the value of a plank, at l|rf. per feat, whole length 
is 12 feet 3 inches, and mean breadth 1 1 inches ? Ans. * Is. 5 d. 

2 . Repaired the content of a board whose length is 1 1 feet 2 inches, 
and breadth 1 foot 10 inches. Ans. 20 ft. 5 twelfths 8 inches. 

What is the value of a plank which is 1 2 feet 9 inches long, and 
1 foot 3 inches broad, at 2jfi. a foot? ^ Ans. 3 s. 3 §rf. 

4. Required the value of 5 oaken planks at 3 d. per foot, each of 
them being 17^ feet long, and their several breadths as follows, namely, 
two of 13$ inches in the middle, one of 14$ inches in the middle, and 
the twor remaining ones each 18 inchSs at the broader end, and 114 at 
the narrower. Ans. It. 5s. 9$a. 

Pjiob. II.**- To find the solid content of squared or four-sided timber . 

Multiply the mean breadth by the mean thickness, and the product 
again by the length, for the content, nearly. 

By the Sliding Rule . — As the length in feet on C is to 12 on <7 
when the qnarter girt is in Inches, or to 10 on Z), when it Is in tenths 
of feet; so is the quarter girt on D to the content on C. 

Note . — If the tree taper regularly from one end to the other, either 
take the mean breadth and thickness in the middle, or take the dimen- 
sions at the two ends, and half their sum will be the mean dimensions, 
which, multiplied as above, will give the content nearly. 

If the piece do not taper regularly, but be unequally thick iu some 
parts and small in others ; take several different dimensions, add them 
all together, and divide the sum by the number of them, for the mean 
dimensions. 

Ex. 1 .— -The length of a piece of timber is 18 feet G inches, the 
breadths at the greater and less ends 1 foot 6 inches and I foot 3 inches, 
and the thickness at the greattr and less ends i fool 3 inches and 1 foot. 
Required the solid content. t Ans. 28 feet 7-& twelfths. 

2 . What is the content of the piece of timber whose length is 
24$ feet, and the mean breadth and thickness each 1*04 feet? 

Ans. 26$ feet# 

3 . Required the content of a piece of timber whose length is 20*39 
feet, and its ends unequal squares, the sides of the greater being 19$ 
inches, and the side of the less 9$ i 'ches. Ans. 29*7562 feet 

4 . Required the § content of the piece of timber whose length is 
27*36 feet $ at the greater end the bicadth is 1*78, and thickness 1*23 ; 
and at the tests end the breadth is 1*04, and thickness 0*91 feet. 

Ans. 41*278 feet 

PitOBk III.— To find the solidity of round or unsquared timber . 

Multiply the square of the quarter girt, or of $ of the mean circum- 
ference^ by the length, for the content. 
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By the Sliding Rule.— As the length upon C is to 12 or 10 upon D % 
so is the qnarter girt, in 12ths or lOths, on D to the content on C. 

Note .— When the tree is tapering, take the mean dimensions, as in 
former problems, either by girting it in the middle, for the mean girt, 
or at the two ends, and taking half the sum of the two ; or by girting it 
in several places, then adding all the girts together, and .dividing the 
sups by the number of them, for the mean .girt. But when the tree is 
very irregular, divide it into several lengths, and find the contents of 
each part separately. 

This rule, which is commonly used, gives the answer about % less 
thttn the true quantity in the tree, or nearly what the quantity would 
be, after the tree is hewed square in the usual way ; so that it seems 
intended to make an allowance for the squaring of the tree. 

Ex. 1.— A piece of round timber being 9 feet 6 inches long, and its 
mean quarter girt 42 inches, what is the content ? Ans. 1 16*375 ft. 

2. The length of a tree is 24 feet, its girt at the thicker end 14 feet, 
and at the smaller end 2 feet ; required the content. Ans. 96 feet. 

3. What is the content of a tree whose mean girt is 3*15 ieet, and 

length 14 feet 6 inches ? Ans. 8*9922 feet. 

4. Required the content of a tree whose length is 17% feet, which 

girts in five different places as follows, namely, in the first place, 9*43 
feet; in the second, 7*92; in the third, 6*15 ; in the fourth, 4*74; and 
in the fifth, 3*16. Ans. 42*519525. 


GAUGING. 

Gauging is the art of finding the contents of all kinds of vessels used 
by maltsters, brewers, distillers, &c. ; which come under the cognizance 
of the Excise. 

Prob. I . — To gauge a round guile tun according to the method used 
by the Excise. 

Guile tuns are vessels in which wort is fermented, in order to convert 
it into ale or beer. 

Measure two diameters at right angles to each other, in the middle of 
every ten inches from the bottom upwards ; that is, measure two diame- 
ters at five inches from the bottom, at fifteen inches, twenty-five inches, 
and so on : and take half the sum of each two for a mean 4jameter (</). 
Then the content of each ten inches of the vessel will be equal to 

•7854d 3 x depth . 

2773 " ^ * = x depth, nearly; 

and these added together will give the whole contentin imperial gallons. 

Ex. 1. — Suppose the perpendicular depth of a guile tun to be 
30 inches, and the three mean diameters to be 42*2, 45*3, and 48*6 
inches respectively ; required its content in imperial gallons. 

' Ans. 1 75*46 gallons. 

2. If the depth of the liquor in the preceding guile tun be,18*4 inch 
how mqixjf gallons does it contain ? Ans. 99*26 gallons. 
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Pros, II. — To gauge a back or cooler « 

Backs or coolers are vessels which receive the wort, when let oat of 
the copper in order to be cooled. They are generally of a rectangular 
form , and seldom exeeed nine or ten inches in depth. 

Rule* — Multiply together the mean length, the mean breadth, and 
the mean depth; the last product, divided by 277*3, will give the quan- 
tity of wort in imperial gallons. 

Note . — It has been found, by experiments, that ten gallons of hot 
wort will only measure nine gallons when the wort is cold. Whan, 
therefore, the wort has been gauged in a hot state, the quantity will be 
reduced to a cold state by multiplying the number of gallons by *9. 

Ex* 1. — The length of a cooler Is 125*6 inches, the breadth 73*4 
inches, and the mean depth of the wort, taken in ten different places 
4*5 ; how many imperial gallons are contained in the cooler ? 

Ans. 1 4 9*58 gallons. 

2. If the mean depth of warm wort in the preceding cooler be 
6*4 inches ; for how many gallons must the duty be charged when cold? 

Ans. 191*4624 imperial gallons. 

Prob. III. — To gauge a cistern , couch> or floor of malt . 

Multiply the mean length by the mean breadth, and divide the pro- 
duct by 2218*2 ; the quotient will be the content for one inch in depth. 
This, multiplied by the mean depth, will give the content in bushels. 

Ex. 1. — The mean length of a cistern is 96, the mean breadth 64, 
and the mean depth 32 inches : required the content in imperial 
bushels. Ans. 88*608 bushels. 

2. The mean length of a floor of malt is 115, the mean breadth 112, 
and the mean depth 4*6 inches : what is its content in bushels? 

Ans. 26*7076 bushels. 

Prob. IV* — To gauge a cash. 

Casks have been usually divided into four forms or varieties. 
(1). The middle frustum of a spheroid. (2). The middle frustum of a 
parabolic spindle. (3). The two equal frustums of a paraboloid. 
(4). The two equal frustums of a cone. But as few casks contain so 
much as the first variety, or so little as the third or fourth ; and none of 
them agree altogether with the general forms of casks ; we shall not 
notice them further, but give another rule, suited to casks of all forms, 
which has been simplified from a rule of Dr. Hutton’s, and adapted to 
imperial measure. 

This rule is founded upon the supposition that the staves of all casks, 
for about a third of their length at each end, are nearly straight ; and 
that, in the middle part they are curved, so as to form the bulge or 
middle of the cask. And as all curves, for a short distance near the 
vertex, differ insensibly from a parabola, Dr. Hutton supposed the 
middle part of a cask to be formed by the revolution of a parabola 
round its axis, and the ends to be two equal frustums of a cone : and 
this agrees well, he observes, with the real contents of casks, as he 
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proved from several casks, ighich he actually. filled with a true gallon 
measure after their contents wrere computed by this method. * 

(I). To compute tie content of a each from three dimensitms*~vi$> 
tie length, ana the hung and the head diameter t. 

Rule * — Add together the square of the bung diameter, half this 
square, the square of the head diameter, and the product of 1 the dia- 
meters ; multiply the sum by the length, and the product by *000812; 
the last prpduct will give the content in imperial gallons, veiy nearly .* 


* Let BB = BE = EF = J/; the bung dia- 
meter ass a, the head diameter = b ; and the 
diameters at M and N « c. By the apposition 
BM t Bit may he considered as the frustums of a 
cone; and MAN as the arc of a parabola, by 
whose revolution round the axis, BF, the middle 
poition of the cask, BN, is generated. 

Now it is easily shown, from the Integral Cal- 
culus, that the content of the parabolic spindle, 

BN, is equal to 

^0 ^ a 1 + 4 ac H * 
and it is proved, vol. i., page 422, that the content of the fius*um of the con eBM 

=- (6> + tc + c‘) = -j—- (54* + 54e + 5c 1 ). 

Produce LM and CA to meet in T. Then, since LAf and MA have the same 
directions at M, JlfTwill be a tangent to the parabola MA, and therefore PA**iP7\ 
Now it is evident, from similai triangles, that 

CT—BM : BM—BL 2(a — c) 1 e—b 1 . 2. 

Hence c = -J- (4 a + b ). Substituting this value in the two last equations, we get, 
for the sum of the parabolic spindle and the two conic frustums, 

Content of the caak = ~~ -g (488a» + 324a4 + 313i->) 

= (89-04 «* + 25-92.4 + 25-044’). 



And putting 36 0 V2 77 . 3 = ’ 00003ltir3 ** M > 

Content in gallons = Ml (39a 2 + 26a5 + 25c 5 ) nearly. 

This is Dr. Hutton’s rule, adapted to imperial measure. 

To simplify this expression, put • 

M (39 a 5 + 2 Gab + 25 b>) = M' (39a 5 + 2 Cab + 265*). 

And if M 1 = Af— ac, then 

JL b * 

M 39a 5 +?fi«* + 2dd 5# 

And as this is a small fraction, we may take for 5, in all eases, Ha average taftte, fa, 
without any sensible error. Hence 

* - -^g-s Md M' »= M-p * -0000312302 . 

content = M'l( 39«* + 26.4 + 2 «J«) = 2Mf'/(|* + «S+ *»}, 

where 2W as -0008120034 =» *000812, very nearlj* 





iss 

AV. I .'—The length of a cask is 30, the bung diameter 24,mnd the 
head diameter 16 inches; what is the content in imperial gallons ? * 


24* 

.... 576 

1620 

Half do. 

24 x 18 

.... 288 
... 432 

30 

48600 

18* 

... 324 



•000812 


•39*4632 Imperial gallons. 


2. The length of a cask is 48, the bung diameter 36, and the head 
diameter 27 inches ; what is its content in imperial gallons ? 

Ans. 133*1883 gallons* 

3. The bung diameter of a cask is 45, the head diameter 34*2, and 
the length 56*4 inches ; what is its content in imperial gallons ? 

Ans. 263*155 gallons. 

(2) . To compute the content from four dimensions— viz., the lengthh 
the bung and head diameter's, and the diameter taken at equal distances > 
from the bung and head . 

Rule . — Add together the square of the bung diameter, the square of 
the head diameter, and the square of double the middle diameter; 
multiply the sum by the length of the cask ; and the product, multiplied 
by *000472, will give the couteut in imperial gallons. 

This rule is founded upon the 2nd rule in prob. 16, and is extremely 
correct for casks of all kinds. (( So that more perfect than this, both 
with respect to truth and expedition, nothing can be expected, or indeed 
wished for, in gauging/' 

To find the diameter at equal distances from the bung and head ; 
place a straight graduated rule at the bung, parallel to the axis of the 
cask, and measure each way from the bung on the mle, a fourth part of 
the length of the cask. At these points measure the distances between 
the rule and the cask; the sum of these distances, taken from the bung 
diameter, will give the middle diameter. 

Ex. 1. — The length of a cask is 40 inches, the bung diameter 32 
the head diameter 24, and the middle diameter 28*8 inches ; to find the 
content in imperial gallons. 

2. The length of a cask is 50 inches; the head diameter is 34*3, the 
middle diameter 37*7, and the bung diameter 40*5; to find the content 
in imperial gallons. 

(3) . To find the content of a cash the diagonal or gauging rod . 

This rod has two lines of numbers graduated upon it. On one of 
them is a scale of inches for measuring the diagonal, a lino from the 
bung to the intersection of the head with the stave opposite to it ; and 
on the other is the content of a cask in imperial gallons, corresponding 
to the casks diagonal in inches and tenths. < 

The diagonal rod is much used in gauging, on account of the facility 
with which the contents of casks may be found by it* Its construction 
is founded upon the theorem, that similar solids are to one another as 
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the cubes Of their like sides. The same result may he obtained by 
calculation from the following rule, which is domed entirely from 
experience. 

Rule, — Measure the diagonal of the cask in inches and tenths, and 
multiply the cube of this diagonal by *002266 ; the product will be the 
content in imperial gallons. 

Ex. 1.— The diagonal of a cask is 20 inches ; what is its content in 
imperial gallons ? Ans. 18*128 gallon*. 

The length of a cask is 30, the bung diameter 24, and the head dia- 
meter 18 inches; required the c diagonal and content* 

Ans. Diagonal = 25*8 inches ; content = 38*936 gallons. 

Prob. V. — To findthe ullage of a cask . 

The quantity of liquor contained in a cask when it is not full, is called 
the wet ullage ; and the content of the part not filled is termed the dry 
ullage . 

(1) . To ullage a standing cask. 

Rule. — Add together the square of the diameter at the surface, the 
square of the diameter of the nearest end, and the square of double the 
diameter taken in the middle between the other two ; multip’y the sum 
by the length between the surface and nearest end, and this again by 
*000472; the last product will be the content of the less part of the 
cask in imperial gallons, whether empty or filled. 

This rule is the same as that given in prob. 128, page 124. 

Ex. — Required the ullage of a standing ca*k, whose diameters at the 
end, middle, and surface, are 24, 27> and 29 inches ; when the number 
of wet inches is ten. 

(2) . To ullage a lying cask . 

Rule . — Divide the wet inches by the bung diameter; and find the 
area corresponding to this decimal in the table of circular segments 
(page 117) : multiply this segment by the whole content of the cask, and 
add a fourth part to it ; the sum will be the ullage nearly. 

This rule is founded on the supposition that the ullage is proportional 
to the segment of the bung circle, cut off by the surface of the liquor. 
Hence 

ullage : coni ent of cask :: segmental area x d % : •7854d 9 ; 

and because this proportion gives rather too much for the ullage, we 
have, for an approximation, 

segmental area 

ullajge = content X ■ - = content x segmental area X 1J. 

Ex . — Required the ullage of a lying cask, whose length is 40 inches, 
bung diameter 32, and head diameter 24 inches ; supposing 8 to be 
the number of wet inches. 

* 

► * WEIGHT OF BALLS, SHELLS, AND POWDER. 

The weight and dimensions of balls and shells may easily he found 
from those of a gnen size, by considering that the weights emist bp 
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WEIGHT OP B ALL** *11X8, AND POWDER. 

proportion*! to their magnitudes, and that the magnitude* of spheres 
are proportional to the cubes of their diameters* 

Prob. L .—To find the weight of an if on ball, from tie diameter 

An iron ball of 4 inches diameter weighs 91b., and therefore as 64 
(the cube of 4) is to 9> its weight, so is the cube of the diameter of 
any other ball to its weight. 

Or take $ of the cube of the diameter, and £ of that again) and add 
the tdo together, for the weight. 

Ex. 1 .— The diameter of an iron shot being 67 inches, required its 
weight. Ans. 42*294lb. 

2. What is the weight of an iron bf 11 whose diameter is 5*54 inches ? 

Ans. 241b. nearly. 

Pros. II. — To find the weight of a leaden hall . 

A leaden ball of 1 inch diameter weighs -fc of a lb. ; therefore ^ of 
the cube of the diameter will be the weight in pounds, nearly. 

Ex. 1 .—Required the weight of a leaden ball of 6*6 inches diameter. 

Ans. 6i’606lb. 

2. What is the weight of a leaden ball of 5*30 inches diameter? 

Ans. 321b. nearly. 

Prob. III. — To find the diameter of an iron ball. 

Multiply the weight by 7\, and the cube root of the product will be 
the diameter. 

Ex. 1.— Required the diameter of a 421b. iron ball. 

Ans. 6*685 inches. 

2. What is the diameter of a 241b. iron ball ? Ans. 5*54 inches. 

Prob. IV. — To find the diameter of a leaden hall • 

Multiply the weight by 14 v and divide the product by 3 $ the cube 
root of the quotient will be the diameter. 

Ex. 1. — Required the diameter of a 641b. leaden ball. 

Ans. 6*684 inches. 

2. What is the diameter of an 81b. leaden ball ? 

Ans. 3*342 inches. 

% 

Prob, V. — To find the weight of an iron shell. 

Take -fo of the difference of the cubes of the external and internal 
diameter for the weight of the shell. 

That is, from the cube of the external diameter take the cube of the 
internal diameter, multiply the remainder by 9, and divide the product 
by 64. 

Ex. 1. — The outside diameter of an iron shell being 12*8, and the 
inside diameter 9*1 inches ; required its weight. Ans. 188*9411b. 

2. What i* the weight of an iron shell whose external and internal 
diameters are 9*8 and 7 inches ? Ans. 84* 121b. 
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Pros. VI. To find how much powder wilt fill a rectangular bow* 

Find the content of the box in inches, by multiplying the length, 
breadth, and depth all together. Then deride by 30 for the poetsofe of 
powder. 

This and the following rales are only approximative rules, founded 
upon the supposition that, at a medium, 30 cubic inches weigh a pound. 
Of 18 different kinds of gunpowder used in the royal laboratory, Wool- 
wich, the specific gravities varied from ‘929 to 727. The specific 
gravity of French gunpowder usually lies between *944 and *897. 

Ex. 1. — Required what quantity of powder will fill a box, the length 
being 15 inches, the breadth 12, and the depth 10 inches. 

2. How much powder will fill a cubical box whose side is 12 inches ? 

Pros. VII . — To find how much powder will fill a cylinder . 

Multiply the square of the diameter by the length, and this again by 
7854. The last product divided by 30 will give the pounds of gun- 
powder. 

Ex. 1 .» — How much powder will the cylinder hold whose diameter is 
10 inches, and length 20 inches? 

2. How much powder can be contained in the cylinder whose dia- 
meter is 4 inches, and length 1 2 inches ? 

Prob. VIII . — To find how much powder will fill a shell* 

Multiply the cube of the internal diameter, in inches, by *5236, and 
divide this product by 30, for the lbs. of powder. 

Ex. 1. — How much powder will fill the shell whose internal diameter 
is 9*1 iuches? 

2. How much powder will fill a shell whose internal diameter is 
7 inches ? 


Prob. To find the size of a cubital box, to contain a given 
weight of powder . 

Multiply the weight in pounds by 30, and the cube root of the 
product will be the side of the bo\, in inches. 

Ex. 1. — Required the side of a cubical box, to hold 501bs* of gun- 
powder. 

2. Required the side of a cubical box, to hold 4Q0lbs. of gunpowder. 


Prob. X . — To find what length of a cylinder will be filled by a given 
weight of gunpowder. * * 

Multiply the weight in pounds by 30, and divide the product by the 
area of tne base, in inches ; the quotient will be the length in fetches. 

Ex. 1. — What length of a 36-pounder gun, of 6) indies diameter, 
will be filled with 121bs. of gunpowder? 

2. What length of a cylinder, of 8 inches diameter# may be filled 
with 201bs. of gunpowder ? * 
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PILING OP BALLS AND SHELLS. 

Prob. tr^Taftnd the number of bath in a triangular pile. 

MflWply continually together the number of balls In one side of the 
bottom row, and that number increased by one, also the same nujnbtff 
Increased by two ; then |> of the last product will be the answer: that is, 
* the number = |n(a + !)(» + 2)j 

wjierp n is the number in each side of the bottom row. 

Jfir. Required the number of ball) in a triangular pile, each side 
of the base containing 30 balls. Aos. 4960. 

2. How many balls are in the triangular pile, each side of the base 
containing 20 ? # Ans. 1640. 

Pros. II.-— 7b find the number of balh in a square pile . 

Multiply continually together the number in one side of the bottom 
course^ that number increased by one, and double the same number 
increased 'by one ; then £ of the last product will be the answer : that is, 
the number = \n(n + 1) (2» + 1). 

Ea r, Iv— -How many balls are in a square pile of 30 rows ? 

2. How many balls are in a square pile of 20 rows ? 

Prob. Ill — To find the number of balls in a rectangular pile . 

From three times the number in the length of the base row, subtract 
one less than the breadth of the same, multiply the remainder by the 
same breadth* and the product by one more than the same, and divide 
by 6 for the answer : that is, 

the number ss £n(« + 1) [3/ — (n — 1)] ; 
where / is the length, and n the breadth of the lowest course. 

Note. — In triangular and square piles, the number of horizontal rows 
or courses is always equal to the number of balls in one side of the 
bottom row. And in rectangular piles, the number of rows is equal to 
the number of balls in the breadth of the bottom row. Also, the num- 
ber in the top row or edge is 6ne more than the difference between the 
length and breadth of the bottom row. 

2?<r. 1. — Required the number of balls in a rectangular pile, the 
length and breadth of the base row being 46 and 15. Ans. 4960. 

2. How many shot are in a rectangular complete pile, the length of 
the bottom course being 59, and its breadth 20? Ans. 11060. 

Prob. IV. — 7b find the numbe ) of balh in an incomplete pile . 

From the number in the whole site, considered as complete, subtract 
the number in the upper pile which is wanting at the top, and the 
remainder will be the number in the frustum or incomplete pile. 

J?vr*4’'*-To find the number of shot in the incomplete triangular 
pile, one aide of the bottom course being 40, and the top course 20. 

Ans. 10150. 

2. How many shot are in the incomplete rectangular pile of 12 
courses, the }ength end breadth of the base being 40 and 20 ? 

, Ans. 6 146. 



14 &- 

MISCELLANEOUS QUESTIONS IN MENSURATION. 


1. The length of a rectangular field is 13 chains 64 links, and its 
breadth 11 chains 9 links; required the content, in acres. 

Ana. 15 acres 10 perches. 

2. The sides of a triangular field are 174, 161, and 146 yards; 

required the content, in acres. Ans. 2-2527 acres. 

3. If the side of a rhombus is 29} feet, and one of its angles 62° ; 

what is its content in square yards ? Ans. 65*38 yards. 

4. The top and bottom of a ditch are horizontal, and its breadth at 
the top is 72 feet, and at the bottom 38} ; also, the sloping sides 
are 26} and 20 feet. Required the area of the transverse sections. 

o An s. 885} feet. 

5. A ceiling contains 114 yards 6 feet of plastering, and the room is 

28 feet broad ; what is the length of it ? Ans. 36} feet. 

6. A wooden cistern cost 3*. 2d. painting within, at 6d. per yard ; 

the length of it was 102 inches and the depth 21 inches, what was the 
width ? Ans. 2 7} inches. 

7. If my court-yard bo 47 feet 9 inches square, and I have laid a 
footpath with Purbeck stone, of 4 feet wide, along one side of it ; what 
will paving the rest with flint stones come to, at 6d. per square yard ? 

Ans. 5/. 16s. 0 }d. 

8. The paving of a triangular court, at 18c/. per foot, came to 100/. ; 

the longest of the three sides was 88 feet; required the sum of the 
o^her two equal sides. Ans. 106 85 feet. 

9. The perambulator, or surveying wheel, is so contrived as to turn 
just twice in the length of 1 pole, or 16} feet ; required the diameter. 

Ans. 2-626 feet. 

f 10. What is the side of that equilateral triangle whose area cost as 
much paving, at 8 d. a foot, as the palisading the three sides did at a 
guinea a yard ? Ans. 72*746 feet. 

11. Ir the trapezium ABCD are given, AB as 13, J?<7 = 31*2, 
CD zz 24, and DA = 18, also B , a right angle ; required the area. 

Ana. 410-122. 

12. A roof which is 24 feet 8 inches by 14 feet 6 inches is to be 

covered with lead, at 8 d. per square foot ; what will it come to at 18s. 
perewt. ? Ans. 22/. 19a, 

1^3. Given two sides of an obtuse-angled triangle, which are 20 and 
40 poles; required the third side, that the triangle may eontaiu just an 
acre of land. Ans. 58*876, or 23*099. 

14. The end wall of a house is 24 feet 6 inches in breadth, tthd 40 

feet to the eaves ; one-thiul of which is 2 bricks thick, one-third mote 
is 1} brick thick, and the rd st 1 brick thick. The triangular gable 
rices 38 courses of bricks, 4 of which make a foot m depth, asgl this is 
half a brick thick ; what will this pieed of work come CO, at 5f.~19e. per 
statute rod? #» Ans. 20/. lie 7}d. 

15. How many bricks will it take to build a wall 10 feet high end 

500 feet long, of a brick and a half thick ; reckoning the tyrick 9 inches 
long, courses to the foot in height ? Ans. 8OOO0. 
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16, If from a righ^angkd triangle, whose bate is 12, and perpen- 
dicular 16 feet, a line be drawn parallel to the perpendicular, cutting 
off a triangle whose area is 24 feet square : required the sides 6f tibia 
triangle. Ans* 6* 8, and 10. 

17* If a rotmd pillar 7 inches over, have four feet of stone in it; of 
what diameter is the column, of equal length, that contains Id time* as 
much ? Ans. 22*136 indies. 

18. A circular fish-pond is to be made in a garden, that shall take 

up just bail an acre; what must be the length o? the cord that strikes 
the circle ? • Ans, 27$ yards,. 

19. When a roof is of a true pitch, or making a right angle (he 
ridge, the rafters are nearly f at the breadth of the building; now 
supposing the eavear boards to project^ 1 0 inches on a side horizontally, 
what will the new ripping a house cost, that measures 32 feet 9 inches 
long, by 22 feet 9 inches broad on the fiat, at 15* per square ? 

Ans. 8/. 19* lid. 

20. If the side of an equilateral triangle be 10, what are the radii 
of the inscribed and circumscribed circles ? 

Ans. 2*8868 and 5*7736. 

21. If the radius of a circle be 10, what are the sides of a regular 
inscribed pentagon, hexagon, octagon, and decagon ? 

Ans. 11-756; 10; 7*654; 6*18. 

22. Hoy many degrees are contained in that arc of a circle whose 

length is equal to the radius ? Ans. 67°-295779. 

23. If the centre of a circle whose diameter is 20, is in the circum- 
ference of another circle whose diameter is 40; what are the areas <rf/ 
the three included spaces ? 

Ans. 173-852; 1 40-308; and 1116-332. 

24. What quantity of canvass is necessary for a conical tent whose 
perpendicular height is 8 feet, and the diameter at the bottom 13 feet ? 

Ans. 21 0$ square feet. 

25. Suppose a sack, when laid fiat, to be 2 feet broad and 5 feet 

long; how many imperial gallons will it contain, if it has a circular 
bottom, and 9 inches is left for ‘tying the top ? Ans. 33*7247- 

26* Supposing that the meridian of the earth be considered as a 
circle, and that its mean radius is 20,888761 feet ; required the length 
of a French metre in English inches, and a kilometre in furlongs : the 
arc of the meridian, from the pole to the equator, being divided into ten 
million metres* 

27* fUgMired the value of a French are is English inches, and of a 
French fiw in imperial pints : an cure being equal to 100 square metres, 
and a litre equal to a cubic decimate* t'r a aube whose side is a tenth 
ofam&re, • - 

28u The are a of an equilateral triangle, whose base fells on the 
diametev^and its vertex in the middle of the arc of a semicircle, is equal 
to 100 ; what is the diameter of the semicircle ? An* 26 32148. 

29 The base of the great pyUunid of Egypt is a square, each side of 
which is 763*4 feet; and the length of each of the edges is 714*47 feet. 
Rewired the area of Jhe ground on which it stands, the convex surface 
of the pyramid, and the number of cubic yprds of stone contained in it. 
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30. A carpenter is to put an oaken cmb to a round well, at BcL pdr 

foot square : the breadth of the curb is to*be 7\ inches and the diameter 
within 3£ feet ; what will be the expense? Ana. 6#* 2 J<f. 

31. A gentleman has a garden 100 feet long and 80 feet fanned, and 
a gravel walk is to be made of an equal width half round it; what must 
the breadth of the walk be* to take up just half the ground ? 

Ana. 25*968 feet. 

32. The top of a maypole being broken of by a blast of wind, 

struck the ground at 10 feet distance from the foot of the pole; what 
was the height of the whoL" maypole, supposing the length of the 
broken piece to be 26 feet ? An*. 50 feet. 

33. Seven men bought a grinding-stone of 60 inches diameter, each 
paying \ part of the expense ; vfhat part of the diameter did the first 
and last grind down ? Ans. The 1st, 4*4508; 7th, 22*6778 inches. 

34. If 20 feet of iron railing weigh half a ton, when the bars are an 

inch and a quarter square ; what will 50 feet come to at 3 Jtf. per lb., the 
bars being f of an inch square ? Ans. 20/. Or. 2 d. 

35. The value of diamonds is proportional to the square of their 

weight. What, then, is the value of the famous diamond called 
Koh-i-noor, or the mountain of light ; its weight, according to Sir A. 
Burney being 3£ rupees ; also the weight of a sicca rupee being 7 dwt. 
12 gr., and the value of a wrought diamond of one carat (3^ grains) 
being 8/.? Ans. 330465/. 16j. 

36. What will the painting of a conical spire come to, at 8d. per < 

yard ; supposing the height to be 118 feet, and the circumference of the 
Base 64 feet ? Ans. 14/. 0s. 8 £</. 

37. Suppose the ball on the top of St. Paul’s church is 6 feet in 
diameter, what did the gilding of it cost, at per square inch 7 

Ans. 237/. I Os. Id. 

38. What will the frustum of a marble cone come to, at 12s. pers>olid 
foot ; the diameter of the greater end being 4 feet, that of the less end 
l£, and the length of the slant side 8 feet ? Ans. 30/. Is. JOJrf. 

39. To divide a cone into three equal paits by sections parallel to 
the base, and to find the altitudes of the three parts, the height of the 
whole cone being 20 inches. 

Ans. The upper part 13*867; the middle part, 3*604; 
the lower part, 2*528. 

40. A gentleman has a bowling-green, 300 feet loxuf and 200 feet 
broad, which he would rafee 1 foot higher, by means Of the earth to be 
dug out of a ditch that goes round it ; to what depth must the ditch be 
dug, supposing its breadth to be everywhere 8 feet ? 

Ans. 7*2674 feet. 

41. How high above the earth must a person be raised, that h4 may 
see one-tenth of its surface ? 

Ans. To the height of one-fourth of the earth** radius. 

42. A cubic foot of brass is to be drawn into wire of ^ of an inch in 

diameter ; what will the length of the wire be, allowing no loss in the 
metal ? Ans. 97784*797 yards, or 55 miles 984*797 yards. 
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43. Let AdF be the profile or transverse section of the parapet 
of a fort, HlN that of the ditch, and NpQ that of the glacis: Also, 
suppose AB ss 5, BC — 4, CD — 1, DJS = 9, EF =s 6, 

FHz=Z, HK = MN = 4, NP=z\\, PQ=z 15: 
and also Bb=Cc—Z, De=7$, Fe=f>, Li=8, Pp—H : 

to find the hreadth of the ditch at top and bottom, when the earth 
thrown out, is sufficient to make the parapet and glacis, supposing that, 
after being excavated, its bnlk is increased in the proportion of 10 to 9. 



44. Supposing the diameter of an iron 9lb. ball to be 4 inches, it is 
required to find the diameters of the several balls weighing 1, 2, 3, 4, 
6, 12, 18, 24, 32, 36, and 421b., and the calibre of their guns, allowing 
-fe of the calibre, or Tff of the ball’s diameter, for windag*. Answer. 


Weight 
of Ball. 

Diameter 
of Ball. 

Calibre of 
Gun. 

Weight 
of Ball. 

Diameter 
of Ball. 

Calibre of 
Gan. 

i 

1-9230 

1-9622 

12 

4-4026 

4-4924 

2 

2-4228 

2-4723 

18 

5-0397 

5-1425 

3 

2-7734 

2-8301 

24 

5-5469 

5-6601 

4 

3-0526 

3-1149 

32 

6-1051 

6-2297 

6 

3-4943 

3-5656 

36 

{-3496 

6-4792 

9 

4-0000 

4-0816 

42 

6-6844 

6-8208 


45. Supposing the windage of all mortars to be ^ of the calibre, and 
the diameter of the hollow part of the shell to be of the calibre of 
the mortar; it is required to determine the diameter and weight of the 
shell, and the quantity or weight of powder requisite to fill it, for each 
of the several aorta of mortars, namely, the 13, 10, 8, 6*8, and 4 6 inch 
mortars. Answer. 


Calibre of 
Mortar. 

Diameter 
of Shelh 

Weight of 
Shell empty. 

Weight of 
Powder. 

Weight of 
Shell filled. 

4-6 

4-523 

*0*0 • 

0-583 

8-903 

5-6 

5-703 

16-677 

1-168 

17-845 

8 

7-867 

43-764 


46-829 

10 

9*833 

85-476 

5-986 

91-462 

13 

12-783 

*187-791 

13-151 ‘ 

> 200-942 
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DEFINITIONS. 

1. M bciianics is the science which treats of the laws of rest and 
motion of bodies, whether solid or fluid. 

This science is usually divided into four parts 

I. Statics , which considers the laws of equilibrium of solid bodies. 

II. Dynamics, which treats of the laws of motion of solid bodies. 

III. Hydrostatics, which relates to the laws of equilibrium of fluid 

bodies; and 

IV. Hydrodynamics,* which treats of the laws of motion of fluid 

bodies. 

2. Motion is the passage from place to place ; rest is a permanency 
in the same place. 

i 3. By matter we understand any substance that affects our s enses . ( 
Bodies are certain portions of matter limited in every direction. The 4 
mass of a body is the quantity of matter of which it is composed. A 
material or elementary particle is a body indefinitely email in every 
direction. The space occupied by any body is called its volume, or solid 
content 

Density is the proportjpnal quantity of matter contained in a body of 
a given magnitude; and it is said to be uniform when equal quantities 
of matter are always contained in equal magnitudes. 

4. By force we understand any cause which tends to impress or 
destroy motion. As we have no means of estimating force except by its 
effects, it is differently measured in statics and dynamics. 

In statics, force is measured by the pressure which it causes a body, 
when at rest, to exert against another with which ft is in contact. Thus, 
when a heavy body is supported by the hand, it exerts a pressure down* 
wards on the hand, and is sustained by the pressure or the hand up- 
wards. The former pressure is called the action, and the latter the 
reaction ; and they are evidently equal to each other. The pressures 
exerted by strings pulled by any forces are called tensions. 

HWynamics, force is measured by the velocity uniformly generated in 
a given time. Thus, if the heavy body be not supported by the hand, 
it will fall towards the earth ; and the velocity which it acquires lb a 
given time is taken as the measure of the force of attraction. 

5. Gravity is the tendency which all bodies h&vfe to the centre of the 
earth. We are convinced of the existence of this tendency by observing 

* Mechanics, from * machine; statics, from vraruci^, the science of 

freights! dynamics, from Umm, force; hydrostatics, from , water, &e. 
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that whenever a body is sustained, its pressure is exerted in a direction 
perpendicular to the horfson; and that when every impediment is 
removed, it always descends in that direction. 

6. The weight of a body is its tendency to the earth, compared with 
the like tendency of some other body which is considered a Standard. 
Thus, if 4 body which can bend a Steel spring into a certain position bo 
called one pound, any other body which, bj^us gravity, wUt produce the 
same effect, is also called a pound ; and these* tW4d#Hber two pounds; 
and so on. * 


PART I. — STATICS. 


CHAP. I.'— COMPOSITION AND RESOLUTION OP FORCES. 


7. When two forces act at any point, or 
upon the same particle of matter, they 
will produce the same effect as a single 
force acting in some intermediate dime* 
tion. Thus, if we suppose two forces to 
act at the point A in the directions of 
AP, A O, it is evident that a third force 
may be found of such magnitude, and in 
such a direction, AS, as to balance the two 
forces in the directions AP , AQ. But 
the force AS will counteract an equal and opposite force in the dfiec* 
tion AR, and consequently the force in the direction AR will produce 
the same effect as the two forces in the directions of A P, AQ. 

The following dynamical considerations may also assist the student in 
forming a clear idea of this proposition :—If we suppose the force in the 
direction AP to act alone upon a particle of matter at A, it will evi- 
dently move in the directiou AP ; and if we suppose the force in the 
direction AQ to act alone upon this particle of matter, it will move in 
the direction*^ and when both of these forces act together, it will 
neither move in the direction ^tP nor AQ* but will move in some in* 
termediate direction such as AR* JK ow we may conceive this motion in 
the direction AR to have beem^gtKfo^ by a tingle force; which 
single fqgce, therefore, produces effect as the two forces in the 

directions and AQ acting together* 

8. The force in the direction AM is called the resultant of the two 
forces in the directions AP and AQ ; and the forces in the directions 
AP and AQ, are called the component parts of the force AR. 

9 . Axiom. I. — When Uco forces act in tie same direction , the resultant 
is equal to th m e sum of deforces, and oofs in the same direction ; and if 
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two forces act in opposite directions , the resultant is equal to the differ* 
ence of the farces, and acts in tie direction of the greater . 

Thus, if a weight of 3 pounds and another of 5 pounds be suspended 
from the same point* the pressure on this point will be equivalent to a 
weight of 8 pounds* Ana if a point be acted upon by a force of 8 pounds 
in one direction* and 5 pounds in the opposite* it will be drawn with a 
force of 3 pounds in the first direction. For the force of 8 may be 
considered as composed of 5 and 3* of which the 5 will be destroyed by 
the opposite force* and the 3 will remain effective. 

• 

10. Axiom. II .*— The effect of any force is the tame at every point of 
the line in which it acts. 

This is a matter of universal experience. Thus the weight of a body 
is the same, whatever be the length of the string by which it is suspended ; 
and the tension of the string, or the force by which it is pulled, is mani- 
festly everywhere the same, if the weight of the string is neglected. 

11. Axiom III . — If two equal force* act upon the same point, the 
force which is equivalent to the two will disect the angle febned by the 
direction of these forces . 

(1) . The resultant will be in the same plane with the directions of 
these forces. For whatever reason may be given that the resultant be 
without the plane PAQ , on one side of it, the same reason may be 
assigned that it shall be similarly situated on the other side of the 
plane. Ilencc it is evident that the resultant can be on neither side of 
PAQ, but in the plane itself. 

(2) . In the same manner it may be shown that the resultant will 
bisect the angle PAQ. For if AR bisect the angle PAQ , and Am be 
the resultant of two equal forces AP , AQ ; therd will be another line. 
An, similarly situated on the other side of AR ; and any reason which 
can be given to pnne that Am is the resultant, will in like manner prove 
that An is the resultant ; from whence it follows that there are two 
resultants; which is manifestly impossible. Hence the resultant can 
be Oiily in the direction AR. 

12. Prop. I. — If he resultant of two forces , p, q, acting at a point, 
be in the direction of the diagonal of the parallelogram, of which the sides 
tv present the magnitude and direction of the component farces ; and if 
this be true with respect to two other force* , p, r, then wi/l this propo- 
se ti( n al*o be true for the forces p and q + r, the two forces in each case 
being inclined to each other at the same angle . 

Let A be the point on which 
the forces p and q+ r act; AB, 

AC% their direction : take AB, 

AE , EC, in the proportion of 
p, q, r; and complete thp pa- 
rallelograms A BBC, ABFE. 

The force ACJs equal to the 
two forces AB, EC , acting in 
the same direction (art. 9); 
therefore the two forces AB, 
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AC are equivalent to the three forces AB, AE, EC, acting at the 
point A . But the force EC, acting at A, has the same effect a* if it 
acted at E in the direction EC (art. 10). Also, the two forces AB, 
AE are, by hypothesis, equivalent to a single force, vthich we will call 
B, acting in the direction of the diagonal AFK ; and this fogce has the 
same effect as if it acted a* in the direction FJt I$eriee the two 
forces AB% AC actiqg airfare equivalent to T acting at tf In the 
direction EC, and R acting at -Fin the direction FjC* 

Again, if we take two forces, FQt FH (equal w* AE), acting 
at F in the directions EF f 3F f produced, these will manifestly have a 
resultant R equal to the resultant of AB,AE% because they are equal to 
these forces, and are hfdined to each other at the same angfe, and there* 
fore the force R acting at F in the direction FK% is equivalent to the 
two forces fh q acting at F in the direction* FG, FBh or is equivalent 
to the force p acting at E in the direction EF, and q acting at D in the 
direction Da* Hence it appears that the two forces AB* AC acting 
at A, are equivalent to the forces p, r acting at E in the directions EF f 
EC, and the force q acting at 2>’in the direction Dff \ 

But the two forces EF, EC have, by hypothesis, a resultant in the 
direction EDL, which will have the same effect, it it act at 0 in the di- 
rection DL ; therefore the three forces EC, EF, FJff, a f equivalent to 
two forces* both of which pass through D, and therefore the resultant 
of these three forces will also pass through D% Thus the two forces 
AB, AC, acting at A, are equivalent to a single force which passes 
through D; but {he resultant of AB, AC, also passes through A f and 
therefore AD must be the direction of this resultant* 

13. Prop. II. — If two forces acting upon the some point he to each 
other as any two integral numbers m and n, the force which is equivalent 
to the two will be in the direction of the diagonal of the parallelogram 
described on the two sides which represent the magnitude and direction 
of these forces . 

When the forces arc equal, it appears, from the third axiom, that th*' 
resultant bisects the angle formed by the directions of these two forces, 
and therefore, iu this case, it ;s evidently in the direction of the diagonal 
of the parallelogram described on these two lines. Hence, if /?=y=r 
in the last article, the proposition is true for p and q, and also for p 
and r, and therefore it was proved by that article to be true for p and 
q + r, or for p and 2p* Again, since the proposition is true for p and 
2 p, and also for p and p, It is true for'p and 2 p + p, or 3 p. In like 
manner, it is true for p and 3 p + p, or 4p ; and also for p and 4p 4* p, 
or 5p; and generally for p and mp, m being any whole number* 

Again, since the proposition Jp true, for mp and p> it is also true for 
mp and p + p, or 2f». Also, sjmd it true for mp and 2 p, and also for 
mp andp, it is true for *rfam3p; and generally it is true 

for mp and np, m and n being any lateral numbers. 

14. Con— ‘if the numbers m and n are not commensurable , still it is 
evident, from the scholium (vol. i. p. 168), that the resultant of two 
forces P and Q will be in the direction of the diagonal pf the parallelo- 
gram constructed on the lines representing these forcdls* 


* Let AB, JC repiesentthe two forces P, Q\ then, if the resultant do not act aloug 
the diagonal AD, let it act in the duectitn AO. Divide AB into a numbei of equal 
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15. Prop. III —. If any Uoo force* act at the same 
which is equivalent to the two is expressed in magnitude by g 

of the parullelogi'am % of which the sides represent the magn 
direction of the component forces* 

Let AB% AC represent the component forces j ^ 

complete the parallelogram A BCD* From the - y 

last article it appears that the two forced A B$ 

AC are equivalent 'to a single force which acts in* /Kjs ^ - 

the direction AD. Let AE represent this S 
force, and produce it to e% so that Ae^ AE* k* ■ / 

Now, since the two forces A/i> AC are equiva- c 

lent to AE* and the force AE. is kept at rest r 

by an equal force Ac* acting in the opposite , - A 

direction, the two forces AB, ACt will be kept at rest by the fore <Ae, 
and the three forces AB, AC, Ae, will keep each other rti equilibnum. 
Complete the parallelogram ACFe and produce BA, CF io meet in ft. 
The figure ADCh is manifestly a parallelogram, therefore Ab =* vu 
= AB Hence Ac two forces AC, At, which are kept at mt by the 
force AB, are equivalent to the equal force Ab acting in the opp s 
direction. But, by the last proposition, the resultant of Hie two forces 
AC, Ae is in the, direction, AF, of the parallelogram ACFe, rhero- 
fore the forces AC, Ae are equivalent to the force ^ 
force acting in the direction AF, which is manifestly impossible, unless 
the lines AF and Ab coincide, or unless CF= Cb, or AE = AD. 
Hence the resultant is represented in magnitude by AD, the diagonal 

of the parallelogram ABDC. ». 

16. Cw 1.— Let AB = P, AC = Q, and the resultant AD - B , 
also, let Hie angle BAC — *, then, (Trig. art. 109), 

AIF = AC* + CD* — 2 AC x CD cos A CD 
= JC* + AB 8 + 2 AC x AB cos BAC. 

IP P* + <2* + 2P(?cosa. ^ 

Also, to determine the angles BAD, j 

CAD, we have y 

H : Q : : sin « : »in BAD , „ L. 

R : P : : sin « : sin CAD. ^ j 

1 7, Cor. 2 — If from any point, _ 

D , in the direction of the resultant, SA ZF 3 A if p 

DM, DN be drawn perpendicular 

to the directions of the forces AB, » 

AC, then ______ — 

Parts, each less than 02>, and apply these, «q»»l A KC 

parts to the line BD ; one of the pointe of division ^ i i * 

will foil between 0 and D. Let I be the point i / > / / 

draw IK parallel to AB. Now, sine* the ttfo / X, // 
force* AB, AK ere commensurable, the reeultN* „ / 'X // 

wilt be in the direction Al : call th|s foto*£. But n/ . . QX / 

the two forces AB, AC are equivalent to 4f. AK, ‘ 

and KC; that is, amorce S acting in the direction f 

assises srs «* «* 

CAI, and cannot therefore he in the direction AO. lienee it is hmh Me that the 
resultant of the two forces AB, AC an be in any other direction than the diagonal AO 
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P : Q :: sin CAD : sin BAD 
:: DN : DM; 

that is, the forces P, Q are inversely proportional to the perpendiculars 
on their directions from any poidt In the direction of the resultant. 

18. Cor • 3, — If three force?* P, Q, 8> acting on a point keep it at 
rest, each of these forces is proportional to the sine of the angle made 
by the other two. Let the forces P and Q be equivalent to t£e force Jt 9 
then, since P and Q balapco the force $, the force f R will also balance 
S, and therefore 11 is equal and oppd&ite to & But, by the last 
corollary, i 

R : P : : sin * : sin QAR or sin QA8 9 
sin « : sin PAR or s{n PAS; 

•\ 8 : P : Q ; : sin * ; sin QAS ; sin PAS* 

19* C&r* 4.—4f the three sides of any triangle beuparaliel to three 
forces which act on a point and kteep it at rest, these forces will be pro- 
portional to the sides of the triangle. For this triangle will manifestly 
be similar to the triangle ARD, and the sides of this triangle are pro* 
pbrtional to the three forces P, Q, S , which keep a particle at rest. 

20, Scholium . — The proposition which we have just demonstrated is 
generally known by the name of the parallelogram of forces and is the 
foundation of the whole doctrine of equilibrium. Many proofo of this 
important theorem have been given by some of the most eminent phi* 
losophero, sue has D. Bernoulli, Dalembert, &c., and in later times by 
Laplace and Poisson ; but they are generally of too abstruse a nature to 
be introduced in a work like the present. Among other? of ft more 
elementary nature, none appear to be so direct, or founded on such self- 
evident principles as that which we have introduced above, and which 
was first given by Duchayla in the correspondence de 1’ecole poly- 
technique. 

There is one proof of this theorem, however, frequently given by Eng- 
lish writers on mechanics, which not improbably led to its discovery, and 
which we think it right to notice in this place. Although the demon* 
stration is founded on the principles of dynamics, which are foreign to 
the subject of equilibrium ; and although the axioms on which it rests 
may themselves stand in need of demonstration, yet from its extreme 
simplicity we consider it well adapted to those who are only commenc- 
ing the study of mechanics. 

Let ABp AC (see the last figure) represent two forces acting on a 
point A y then these forces will be proportional to the velocities commu- 
nicated to tfse particle A in thfite tiiregftods, and consequently to the 
spaces which it wtmtB uniformljfelfosfiwe in a given time. Complete 
the parallelogram ADy then the motion in the direction AC can neither 
accelerate nortetsrd the apprp*|h of the body to the line BD $ which is 
parallel to AC; hence the body%il) attire at BD in the same time that it 
would have dune had no motion beets communicated to it in the direction 
AC. In like manner, the motion in the direction dfj? can neither 
make the body approach to aer recede from CD ; therefore, in conse- 
quence of the motion in the direction AC } it will arrive in the same 
time that it w*ould have done had no motion been communicated in the 
direction AB. Hence it follows that, in consequence of the two 
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motions, the bod) will be found both in BD and CD at the end of this 
Time, and will therefore be found in D t the point of their intfcrgeOtiou. 
And since AB t AC, AD, represent the spaces uniformly described by 
the particle A in the same time, they are proportional to the forces 
acting in those directions ; that is, the forces AB, AC , actings at the 
same time, produce a force which is represented in magnitude and 
direction by AD. 

RESULTANT OFcTWO PARALLEL FORCES. 

21. Prop. IV.— To find the resultant of two parallel force* AP, BQ, 
acting m the same direction upon a rigid straight line AB. 

Let AP, BQ repre- 
sent the two forces. P, Q ; 
and suppose that two 
equal and opposite forces 
8, T, represented by AM, 

BN, be applied to the 
points A f B f in the di- 
rection of AB, produced. 

Then it is evident, since 
the two additional forces 

S , T counteract eacli 
other, that the resultant 
of the two forces P, Q is 
the same as that of the four forces P, Q, S , T!T If we now complete the 
parallelograms APaM, BQbN, the resultant of the two forces A M, 
AP is Aa, and the reMiltant of the two force* BQ, BN is Bb; and 
consequently the two forces P , Q are equivalent to the two forces Aa, 
Bb. Produce Aa, fib until they meet in K, and through K draw DE 
parallel to AB, and KC parallel to AP or BQ . Now the force Aa 
will have the same effect on the system as au equal force at K acting in 
the direction KA (art. 10); and this force may evidently be resolved into 
two others : one in the direction KD , parallel and equal to AM, and 
the other in the direction KC, parallel and equal to AP. Ia like 
manner the force Bb may be supposed to be transferred to K, and to 
be resolved into two forces, one in the direction KE, parallel and 
equal to BN; and the other in the direction KC, parallel and equal to 
BQ. Hence the four original forces P, Q, 8, T are equivalent to the 
same four forces all acting at the point K; of which the tfro forces S f 

T, being equal and opposite, will counteract each other, and therefore 
will have no effect on the system ; and the two others, P, Q, acting in 
the same direction KC, will produce a resultant equal to their sum 
P + Q* Also, 

P : 8 \\ AP : AM Pa :: KC ;*At\ 

T : Q :: BNotQb :* BQ :: BC \ KC{ 
or aqmUt Pi Q :: BC : AC, 

‘22. Coj — 1? R \>u t\»e mnHaitt of i\»a t*o force* P and Q, than 
R — t‘ + Q i and «nce P : 7' + Q :: BC : AB, bar® 

P : Q : H :: BC : AC : AB, 
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that is, each of the three force?, P, Q, H, is ptqpstth>Ml (0 the port of 
the lips AB, intercepted between the direction of the other twoforces. 

23. Poop. V .—TojM'tfa vmltemt if #» g*mtMjbrmV,Qr 

acting m eppositf direction* upon 4 rigid * 

Suppose P to be the greater of the' two 
forces P, Q‘ Let P be resolved into two pa- 
rallel forces aeting in the sane direction, the 
one, q, equal and opposite to Q, and the other iB 

a force, R, acting at an unknown poftit C. [ 

Then, since P is the resultant of q and R , we C 
have, by the last proposition, 

P = q + R ; and R : q : : AB : AC. 

Also, since P is equivalent to q and R, the two forces P, Q an equiva- 
lent to the three forces Q, q, R. But the forces q, Q counteract each 
other, consequently the two forces P, Q are equivalent to R. 

24. Cor . — Because R : Q : : AB : AC, we have 



AC = %AB = p - q AB. 

When, /*==#, the resultant R = 0, and the distance AC becomes 
infinitely great. In this case uo single force could produce the effect 
of the two forces P, Q. Their tendency is to turn the system round in 
the plane in which they are, without pfcducing any motion except a 
rotatory one. 

The following problems will serve to illustrate the preceding pro* 
positions. 


PROBLEMS. ^ 

26. Problfm I.— A, B are two fixed points* and W is a weight sus- 
pended at the knot C in the string ACB ; it is required to find the 
forces exerted by the strings CA, CB. 

The point C is in this case kept at rest 
by three forces ; the weight fV acting by 
tfie string CfV y and the tensions or forces 
of the strings CA, CB acting in the direc- 
tions of the strings. Prom hoy point, d } in 
the line f¥ G, produced, d^w db, da paral- 
lel to CA* CB* In order to support the 
weight tf', the resultant pf the, taps of, 
the strings CA, CB must be in i|| a 

lion Cd, and must be equal to t&o weight The forces will there- 
fore be as Cd, C6, and their resultant as Cd (art. 15). Hence, if P, 
<2 represent the forces of the strings CA, CB, we have 

P : Q : Ww Ca : Cb ; Cd si ndCB : wxdCA : sin ACB, 

whence P and $ are known. 

Cor.-*- The forces of the strings measure their tensions, and these are 
measured by # the pressure exerted on the immovable points A , B . 
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26. Problem II .~A given weight W %$ supported by two props AC* 
BC, situated upon a horizontal plane AB ; to find the pressure upon 
each. 

It is evident that the pressures must.be in the 
direction of the props, for a force which is per- 
pendicular to eitner prop will only tend to de- 
stroy the equilibrium, unless it be counteracted' 

In the vertical line CD, take Cd to represent 
the weight fV, and draw db, da parallel to CA, 

CB ; then we shall have the weight fV, and the 
re-actions of the two props CA 9 CB, proportional 
to Cd, aC, bC. Ilenco 

P : Q :JV'.\ Ca : Cb : Cd sin D CD : «m DCA sin ACB 
: s cos B : cos A : sin C. 

#» 

27. Cor. 1. — This result might have been obtained by resolving the 
pressure! ihto two forces, one horizontal and the other vertical These 
forces, from what we have proved, will be P cos A, Q cos B, in a hori- 
zontal direction, and PsinA , QslnB, in a i ertical direction ; and 
rince the horizontal parts counteract each other, and the vertical parts 
are evidently equivalent to JP, we have 

PcobA = QcobB; Psiuyf-f Q sin 2? ~fV 9 
from whence the same result may be obtained as before. 

28. Cor. 2. — The pressures upon the plane at A and B 9 are evidently 

equal to the pressures exerted on the upper extremities of the props ; 
and if these be resolved as before, we shall hate the vertical parts equal 
to P sin A 9 Q sin B 9 which aie counteracted b} the le-action of the 
plane. Also, the horizontal parts, equal to P cos A 9 Q cos B, thrust 
the props outwards, and will make them slide in opposite directions, 
unless they are counteracted eithei by immovable obstacles or the fric- 
tion of the plane. . 



29. Problem III . — A string ABCD, of tv Inch the extremities A, D, 
ate fixed, «* kept in a gnen t position by the ti eights P, Q, suspended at 
the knots B, C*. 


gon make, 


Let the sides of the , w _ 
with the vertical lines at the points A 
B 9 C 9 the angles ft S'; y, y f . Let 
T be the force or tension of the string 
AB 9 which will manifestly be the 
same both at A wod B, acting in op- 



3 




posite directions ; let T f be the ten* *» 
sion o f BC, which wilt be die same ^ 
both at 9 and C, and T" the tension of C&- The point 9 /« kept at 
rest by* three forces, the weight P, the tension T in the direction BA, 
and the 'tension T in the direction SC, and therefore (art. fjf) 

, P : T :: m ABC : sin ABP :: sin (fi : sinft 
9en OkP as y^ #to i£i£2 s T’t- siD 0 CO8/S ' + cos^sinft 




siaS * 8mj sin 0 sin j3' 

P T sin ft (cot P + cot £). 
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Also, the point C is kept at rest by three forces, the ireight Q, end the 
tensions r, T", in the, directions CB, CD, therefore, as before, ‘ 

Q as 7* jin y (cot y + cot)/); 

and since y is the supplement of ff, sin y ss sin J3 ^ therefore 
P : Q : : cot ^ + cot S' : cot y + 

And if there were more angles, we should find each etibe weights to be 
proportional to the sum of the cotangents of the ingle* Winch the sup- 
porting strings make with a vertical Hoe. 

A cord kept at rest in this mannewfa called a funicular polygon. 

t » li 


Problems for Practice . 

1* Two forces, represented by 1218s. and I51bg. 9 are inclined to each 
other at an angle of 60° ; required the magnitude of the resultant and 
its Inclination to the greater. 

Ans. Magnitude, 23*43 ; inclination to the greater force, 26° 20'. 

2. Three forces, which are to each other as 3, 4, 5, act upon a point • 
aud keep it at rest; required the angles at which these forces are in- 
clined to each other, Ans. 126° 52' ; 143° 8'; and 

*3. A boat, fastened to a fixed point, jP, by a rope, is acted on at 
the same time by the wind and the cunent. Suppose that the wind was 
SB., the direction of the current S., and the direction of the boat from 
the fixed point S. 20° W., and also that the pressure on P was ISOlbs : 
it is required to find the forces of the wind and the current. 

Ans. Force of the wind, 72£lbs.; current I921bs* 

1 In pulling a weight along the ground by a rope inclined to the 
horizon at an angle of 45°, I exerted a power of 40lbs. ; required the 
force with which l dragged the body horizontally. 

Ans. 28£lbs. nearly. 

5. The resultant of two forces is 501bs., aud the angles which it makes 
with their direction^ is 20° and 30°; find the component forces. 

Ads. 32*6 and 22*31bs. 

6. If two forces be indineTl to each other at an angle of 135°; find 
the ratio between them when the resultant is equal to the less. 

Ans v </2 : 1. 

7. Two forces, which are to each other as 2 to */3, act upon a point, 

.ind produce a force equivalent to half the greater; find “ the angle at 
which they ase iftclinedtc^each other* Ans. 1 50°. 

8# If three forces keep a bodyat rest, and three lines be drawn at 
right atfgles tp the directions of ttyjjtafe forces ; the sides of the triangle 
formed by these pferpendiculatjfj* wUp represent the three forces 
respectively. f ' r 

9 A weight of 601bs., suspended frtely from a fixed point A, is 
drawn by the hand in a horizontal direction through an angle of 30° ; 
required the pressure at A % and the force exerted by the hand. 

Ans. 69‘28end 34 -64 lbs. 

10. Suppose the ends of a thread 12 feet long to be fastened at two 
fixed points/ A> B f in the same horizontal line, at a distance of 8 feet 
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from each other; what must be the proportion between two weights 
placed at 4 and 5 feet from the two ends of the string, so that, when 
suspended, they shall be in the same horizontal line? 

1 1. Two parallel forces acting upon a rigid line in opposite directions 
at a distance of "12 inches, are to each other as 3 to 5 ; required the 
magnitude atid {fashion of a third force which will keep the other two 
in equilibrium. *A«s. A force of 2 acting at 18 in. from the greater. 

12. Tbre* fqreea, acting upon a parallelogram, A BCD, are repre*' 

seated in magnitude and direction by the lines AB, DC \ BD . Find 
the magnitude and direction oP a Qtfd force which will keep the paral- 
lelogram at rest Ans. The diagonal AC. 

jVbfe.~The student may pass o\er the next chapter, on a first per- 
usal of this part of the Course. " 


CHAP. II.-GENERAL FORMULAE ON THE 
EQUILIBRIUM OF FORCES. 


FORCES ACTING AT A POINT. 

30. PROP. I . — If any number of forces, P, F, P", &c., in ike same 
plane, act upon a point \ it is required to find a single force which will 
be equivalent to them all . 

Let the lines AP , AP, AP", &c. 
represent any number of foiccs acting 
at the point A. Describe a parallelo- 
gram APRF on two of the lines AP, 

AP' \ and the diagonal AR will be the 
resultant of these two forces. Again, 
with the two sides AR, AP", describe 
a new parallelogram ARR'P ", and the 
diagonal AK will be the resultant of 
the two forces AR, AP ft ; *>r will be 
equivalent to the three forces A P, AP*, 

AP w . Continuing fn this manner, the 
last diagonal will be the resultant of all f 
the forces AP, AP\ AP", Ac. Hence 
the following ccmiftifailoil fo evident: 

Describe a polygon, APRtt* » t . whose aides, AP, PR, RR \ . . . 
shall be, reapectivelY, equal and parallel to the lines which represent 
the forces AP, AP*, AP f. . . . ; then wi# ** 

AR be the resultant *&d P't 
AR* the resultant Of P, F, F f ; 
and the remaining side of the polygon 

AR" the resultant of all the forces P, F F, F". 

The following method, however, is better adapted to analytical cal- 
culation. 





Let A be the point at which alt the force* 
act. Through A draw any two UftN A*, Ay, * 
in the plane of the force*, at rim, angle* to 
each other. Let AP represent the force P in 
magnitude and direction, draw PB, PC per- # 
pendicalar to Ax, Ay, then the figure ABPC 4 r 
is a panUeiegrapn and the fore* AP is equi« 
talent to the two fore** A3, AC, acting in 
the directions Ax, Ay. In the same manner 
we may molt* all the other forces, ¥*', B", &c., into two other* in the 
directions Ax, Ay. Now, if we call tne angle* PAx, PAx, Sec., % el. 
Sic., we shall hare AB — P cos a, AC — BP — P tin • ; and in like 
manner the component parts of P, P', Sic., acting ih the direction Ax, 
are P' cos a!, P" cos &c. ; and the component pert* in (he direction 
Ay, are P sin*', P" sin <*", &c. Hence, if we pnt X tot the sum of 
all the forces in the direction Ax, and Y for the snm of ail tite force* in 
the direction Ay, we hate 




:?■} 


<» 


( 2 ) 


X as P COS te + P COS »' + P" C0»«" + fcc. 

Y sa P sin a + P sin *' + P' sin a" + ' 

Let R be the resultant of all these forces, and a the angle which it makes 
with Ax, then 

also, R = V(X* + F*) ; tan a = ^ 

X — R cos a ; V = R sin a , 

31. Cor. I.-— If any of the component forces AB, AB? Sec., AC, 
AC', Sic., be measured in the opposite 'direction from A, they must 
be considered negative. (Vol. i. p. 417). 

32. Cor. 2.— -When there is an equilibrium, the resultant of all the 

forces = 0, and tliercfoie R — V X* + Y % — 0. Hence it is mani- 
fest that X — 0, and V as 0, or, 

P cos * -I- P cps a! + P' cos *" + Stc. =s 0, 

P sin * + P fSttl + P" sin *" + Sc. =■ 0. 

33. Dev. 1 .— The product «f a fence and the perpendicular diatancs 
of a given point from kt direction, is called the moment of the jorce 
with rttpeot t^that point. 

Def. 2.— If through this point an axis be drawn at right angles to 
the plane, passing through the Point and the direction of too force, the 
product is ea|led the moment ofthe force with respect to the exit. 

34. Prop. If.— -The moment of Ay rtssUmt of 
any number if forest anting- a t OhMaint,- with re- 
spect to a point S »» the same plaagyit oggnl to the 
sum of the moments of the component f>t art. 

Let S be any point in the plane in Which the 
forces P, P, Sic. act; let A& as t, and the angle 
SAx as 0. If, then, we multiply the raises of X 
and Y, taken from aquation* (1) and (2), by t sin 8, 
and s cos A, respectively, we have 

Rt ccpoafofi m 'Ps eda * sin fl -f P's cot *’ sin 4 + Sic. 

Rseinamei as Ps *in« c®*0'+ Pt sin« cos# + Ac. 
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Subtracting the first of these equations from the second* and substi- 
tuting sin (a — 8) for sin a cos i — cos a sin 9 ; &c. we get 

Rs sin (a -() as Pi sin (* — 6) + Fs sin (of — 0) + &c. 

But s sin (* — 0) as $ sin SAP as the perpendicular Sp ; 
a sin («' — S)= 8p\ and so on. Putting these perpendiculars as />, y, 
y ; , drc. | and the perpendicular upon the resultant *= r> we obtain 

* Rr «s Pp + J°y + J®V' + 

C Y or. — These moments in^y be either positive or negative; they 
are positive when they tend to make the system turn round the point o 
in the same direction as the resultant ; and they are negative when they 
tend to make it turn round in the opposite direction. 

35. Paop. III . — To find the resultant of any number of forces acting 
in any direction at a point • 

Let AM represent any force acting at the point A . From A draw 
the three rectangular co-ordinates Ax, Ay, As, and complete the 
rectangular parallelopiped AM. Join MB, Ab . Because AB, Mb 
are equal and parallel (Geom. prop, 10 7), Bb is a parallelogram*; 
hence the force AM, acting on the point A, may be resolved into two 
forces represented by AB , Ab , acting 
at A . Also, since CD is a parallelo- 
gram, the force Ab may bo rosolved 
into the two forces AC , AD , acting at 
A. Hence the force AM is equivalent 
to the three forces AB , AC, AD , act- 
ing at A in the directions of the three 
axes. 

Let the force AM be represented 
by P, and let /3, y be tne angles 
which AM makes with Ax, Ay, Az. 

Then, because AB is perpendicular to 
the plane cd, it is perpendicular to MB, and therefore 

AB = AM cos MA$ n= P cos «. t 

In like mauner AC = P cos ft and AD * P cosy. 

Let F, P", &c . be any other forces acting at A, and making with 
Ax angles &c. ; with Ay angles P, p', &c. ; and with Az 

angles y, y fl , &c. Then, if we put % 

-Y as A cos a + A'cosa' + A" cos*" + &c, 

Y =a P cos p + F cos ft + A" cos ft' + &c. 

Z = P cos y + F cos y 1 + A" cos y" + &c. 

X, Y, Z will be equal to the sum of* the resolved forces. acting in the 

directions of the three axes Ax, Ay, Az, respectively. 

Let R be the resultant of the three forces X, Y, Z, and a , b 9 c the 
angles which it makes with Ax, Ay, At, then will A cos a, R cos b, 
R cos c be the component forces in the direction of the three axes, and 
therefore 

A cos a = X\ R cos b as Y; A cose s= Z. 

Adding the squares of these equations together, 




OKN&tUL VOfUIUliA. 


'W 


/P(cos*<i + co**A + cos*«?) ss X* + Y* + Z*. 

But, (Curve Line?, art. 280)* cos*« + cos*6 + cos*c ss 1, 

M m V(X*+ F*+ 

X Y Z 

and also, eos« se cos 6 as — ; cose * 

R it it 

36. Cor. 1. — If ony of the component forces AB% AC f AX> y Sec. be 
measured in the opposite direction from A> they must be fconaidered 
negative (sol. i. p. 417). 

37s Cor. 2.— When there is an equilibrium, the resultant of all the 
forces * 0, and therefore R = V(X % +"F»+^)=0i Hence it 
is evident that X = 0, Y =s 0, Z»0. 


PARALLEL FORCES. 


38. PftOF. IV. — To yfacf Me resultant of any number of parallel forces 
acting on a rigid body . * 

Let any number of parallel forces, P, F f P", $c , act upon a rigid 
body at the points tn> fra", Sec. Let anv three axes, A.r, Ay t A% y 
be drawn at right angles to each other ; antf 
let at, y, ss be the three co-ordinates of the 
point m; s' those of the point tn' 9 and 
so on. From the points mi, m' 9 tn" 9 Sec. 
draw mp y m'p', Sec. perpendicular to the 
plane xAy 9 we have then z = mp 9 z 9 = nt'p\ 
z" = Tn!'pf r , See. If now we join mm r 9 and 
divide this line in n, so that 

P : P 1 : : m'n : mn , 

the resultant of the two forces P 9 P f will 
pass through n, and will be parallel to 
‘ n 


them, and equal to P 4- P* 
draw nq parallel to tnp , ant| ab parallel to 
pp\ we have then 



P : P' :: tn'n : mn tno :: s' — nq : nq — z 9 

Hcncc P x (nq — z) = F x (s' — »f), and therefore 
(P+ P) p nq Pz + F*J. 

Again, let us take the two parallel forces P + P 1 and P\ acting at the 
points 9i and m"; then, jf nm rt sfk joined, and »' be the point of appli- 
cation of thd resultant in the ttne ntnl f 9 and »V its distance from the 
plane of iy 9 we have, as before, 

(P + F - h P") »V <P + P) nq + FV 
P* + Psi 4 - P'z" 

Proceeding in thajiame maimer, if R be the resultant of all the foices, 
and z x the distance*oTTO point of application from the plane of ery, then 


if as P’ + F’ + *c.; R* l = Pz + Pd + P u J+& c. 


Similarly, if * l9 y x be the distances of the point of application of R 
from the planes of yz 9 srz* 

Rx x =5 Pj+PW + P’S’+Sec.; Ry x = Py+Ff +F'tf+*<' 



m 
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39 Cor. 1.— When any of the forces P 9 P\ Ac. aet in the opposite 
direction, they must be considered negative* Also, If any of the co- 
ordinates <r, y, * ; (et. 9 be measured in the direction opposite to that 
which has been assumed as positive, they must be considered negative. 

40. Cor . 2.-~ The expression Px is called the moment of the force P, 
tilth respect to the pl$ne yA z. Hence it appears that the sum of the 
momenta of any nuqpgpt* of parallel forces, with respect to any plane, is 
Otplpl to the mome^ of their resultant. 

41. Car. 8.— The values of the co-ordinates x X9 y l9 z Y are independent 
of the angle which the directions of the forces make with the axes. If, 
therefore, these directions be turned about the points of application 
of the foams, and at the same time continue parallel to each other, the 

J oint of roe' application of the resultant will not mo\e. Hence this 
oint is catfiHl the centre of pdrallel forces , and also the cenhe of 
gravity . (See art. 66.) 

42. Prop. V. — To find the conditions of equilibrium of parallel 
forces acting upon a rigid body. , 

In order that there may be an equilibrium, one of the forces, ps P, 
must be equal and directly opposed to the resultant of all the others. 
Let R 1 be the resultant of P t f P", &c. 9 we shall then have 
R'^P' + P 1 + Ac., and also R' a - P. 

Hence, substituting and transposing, 

P + P* + P" + &C. a t). 

Also, since the position of the axes is arbitrary, we may suppose Az to 
be parallel to the common direction of the forces, and, therefore, the 
plane xAy will be perpendicular to this direction. And since the force 
’ P and the resultant R f are in the same straight line, they will meet the 
plane xAy in the same point, and therefore x 9 y 9 the co-ordinates of P 9 
will be the co-ordinates also of R 1 . Hence 

R’x a PV 4- P"x" + &C. ; R!y a P’y' + P"y» + Ac., 
and substituting for R' its \alaw — t\ and transposing 

/*«r + /V + P"v" + Ac a 0 ; Py + Py’ + F’y" + &c. a 0. 

' 43. Cor.— If the rigid body have one point fixed, it is manifest that 

the equilibrium will subsist if the resultant pass through this point, for 
it will be counteracted by the resistance of the fixed point. Hence, if 
we suppose this point to be the origin of the co-ordinates, we shall have, 
in article 40, &\ a 0, y x a 0; therefore, by that article, 

Px + py + PV + Ac.a 0; Py + P'tf + F”f + Ac. a 0. 

FORCES ACTING IN ANY DIRECTIONS UPON A RIGID BODY. 

44. Plufrp. VI. — To find the resultant of any numbe*' of forces ttctbtg 
in the same plane upon a rigid body. 

Let P 9 P *, *P f 9 Ac. be the forces acting upon the body in the plane 
Let the two lines Ax 9 Ay be drawn in this plane, at right 
to each other; let x t yj)e the co-ordinates of the point M ; y ' 
those of the point AP ; and so on. Also, let a, a', Ac. be the angle* 
at which ^he forces P 9 P 9 P\ Ac. are inclined to the axis Ax. Resolve 


each of the forces ft 
others, the one psralto} i 
the other parallel to the 
two component forces of P 
P sin*; those of P f fig 
F sin and so on * 
are resolved into taro 
acting at the points 
lei to Ax, Ay, respect! tfjth 
(1). Let us first si\$pm ] 
parallel forces may be i 
force ; and let X he thi 
the resultant of tl 

X = P 
Y = P sin 
Also, let y x be the distance 




^forces parallel to 4** % 

Then we have (art * 

+ p tl COS a" + 

J + F' sin of* -f drc* 

force X from the axis A*, and <r. 


the distance of the force Y fronvthe axis Ay ; then 

Xy, = Py cos * -f py cos *' + P"y" cos <*" + Ac, 
Kr, = Pjf sin a J- PV sin »' -f P"r" sin a" + ficc. 


The values of <r, anil y l being determined from the last equations,, 
lake AB — u> % , AC — //,, and draw CE, BF parallel to the av.ea 
A v, Ay, meeting in D. The forces X, Y acting in the directions CE, 
fit, maj be supposed to act at tho point D in the directions DE, 
f)F. Let R be the lesultant of X and Y, and a the angle which this- 
direction makes with A.e, we shall then hate 


R = V(X* f- r 2 ) ; tan a a 

JL 

Hence tho magnitude «Jid position of the resultant are known, 

(2). Suppose now that one of the sets 
of parallel forces is reducible to a single 
force, but the other set, as that parallel 
to AX , can only be reduced to tjfo equal 
ind parallel forces acting in contrary di- 
rections, but not directly opposed. Let 
CE , ce be the directions of the two equal 
and opposite forces, X f , — X\ parallel 
to Ax ; BF the direction of the force 
Y; and D the point of intersection of 
the lines CE, BF. Thejf$> forces X\ 

Y may be supposed to tpt at the point 
D, and will have a single results^ Let DR be the direction of 
this resultant, and let * be produced until it meet ce in d; then R may 
be supposed to act ate A in the direction dR, end it may be resolved 
again into the two component forces X\ Y, in the directions dff } df. 
The force -X^wilfbe counteracted by an equal and an opposite force 
and tiferef8re*thei£ will remain the single force Y acting in the direc* 
fton df. Thus the fbtee Y f acting in in\be direction df, is equivalent 
to the three forces X, Y acti% in the directions CE, ce t 

and BF. 



4 
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(3). Lastly : suppose that neither of the sets of parallel forces can 
he reduced to a single force. Let X', — X f be the two equal forces pa- 
rallel to As, ing in contrary directions, but not directly opposed : 

and let Y\ — * he the two equal forces acting in the same manner, 
parallel to the axis Ay, Let the resultant of the two forces X\ V be 
R ; then the resultai^oLthe two forces — X', — Y* will evidently l>e 
— R\ equal to tlf ^ ra ft ner, but acting in a contrary direction. If, 
then, R\ — R f d^mot act in the same line, these forces are not re* 
ducible to a sindflsorce • * — R are directly opposed, thc\ 

will keep the bodwi equilijn^aj** 

45. Cor . 1. — ftiiicc the resultant A, in the first case, passes through 
the poin{ D t whose co-ordinates are x l9 y x ; if t and u bo the co-ordi- 
nates of any o^her point in the direction of this forco, the equation to 
the line is (llfieory of Curve LineS, art. 21) 

Y 

«-y, = tan«(< - r x ) = -^{t-x x )\ 

Xu — Yt = Xy x — Krj ss L, by substitution. 

46. Cor . 2. — If the forces parallel to Ax are not reducible to a singly 
force, then X = 0 ; but Xy x is finite. We have, therefore in this case, 

— Yt — Xy x - Kr, = L ; and., t = - y. 

The same result might be obtained independently from the last figure. 

47. Prop. VII.— • To find the conditions of equilibrium of any number 
of forces acting in the same plane upon a rigid body . 

In order that there > may be an equilibrium, one of the forces, as P, 
must be equal and directly opposed to the resultant of all the others. 
Let A 7 be the resultant of /*, P", &c., and let of, be the angle which it 
makes with the axis Ax. We have then (art. 44) 

R cos o' i%pos a! -f- P" cos *" + &c . 

R sin q* = P t sin u! + P n sin a' 7 + drc. 

Let X f = R cos a 7 , Y 7 = R sin a f ; -also, let t, n' be the va- 
riable co-oidinatcs of the line which is in the direction of R t and L 1 = 
P f (// cos a! — x' sin a 1 ) + &c. : we have then, from the same article. 

XV - Y'( = IJ (a). 

Now, since tho two forces P and R are equal and opposite, 

* P cos * = — R cos a\ P sin a = — R sina', 
from which two equations we get 

P cos * + P[ cos V + &c. ss 0 ; Pain « + P 1 sin J + dec. ?= 0.,.( I ). 

And, in order that they may be directly opposed, the point M> at which 
P acts, shall be situated in the line in which R actsj or a, the co- 
ordinates of M y when substituted for t\ shall satisfy equation (a). 

Hence X'y — Y\v = — Py cos a + Px sin * = //. 

Substituting for 11 its value, and transposing, we get 
P(y cos a — X sin m) + P* (y* cos V — a/ sin V) + &c. = 0. . . (2). 
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These equations denoted (1 } end (2) are the of condition 

for the equilibrium of the forces. $ 

46. Cor. — If a point in the rigid body in the £<en plane be fixedt 
the equilibrium will subsist if the resultant of thefbrces pass through 
this point, for it will be counteracted by the resfctince of this point* 
Hence, in this case, equation (2) is the only condign of equilibrium* 

49. PROP. VIII. — The moment 6f n esukani P any number of 
forces in the same plane , with respectto <J given tjJsAqual to (fit 
'sum of % the moments of the component forces. 

Suppose this point to be the origin of co-ordinates ; and let p, p', p\ 
&c. be the perpendiculars drawn from # the origin A to the directions ojf 
the forces P, P\ P", Ac. Then, since P is the resultant of the ttro 
component farces P ugs «, P sin u, 

the momen WfPp = Py cos a — P.r sin % (art. 34). 

In like ufotpicr Pm = Ft/ cos a! — P'u/ sin tx! ; P"p" = &c., and 
/fr = Ry x cos a ^Rv l sin a. Hence 

/ , Rr = Pp + P'p' + PY + &c., 

observing that fheso moments must be considered negative when they 
teniMa make the system turn round in the opposite direction. 


a J50. Pa OP. IX . — To find the conditions of equilibrium of any number 
of forces acting in any directions upon a rigid body . 

Let P, F, P*\ &c. be the forces T , 
acting upon a body at the points M, <, 
ftP, M", &c. Let A.r. Ay, Az 
be three axes drawn at right angles 
to each other; and let x, y, z be 
the co-ordinates of the point ft] ; . 

y, y\ z 1 those of the point ft V ; and • 
so on. Also, let ft y; 3' y\ * 

&c. be the- angles which the direc- 
tions of the forces P, P\ tSrc. make 
with lines parallel to Ax, Ay, Az, V 
respectively. Resohe thq, force P 
into three others, P cos *, P cos ft P cos y parallel to the three axes ; 
r in. like manner resohe the force F into the three forces P'cosa', 

* P 1 cog ft, F Cos y f ; and so on. Then the forces are resolved ioto three 
. sets of forces acting at the points A f, ftP, &c., and parallel to Ax, Ay, 
Az, respectively. 

At the point M suppose two eq ad and opposite forces g, — g, to bo 
added to the system parallel to the axis Az ; these will counteract each 
cither, and the effect of ail the forces wilt be the same as before. The 
fofcest then, which act at M may be arranged thus : 

P cos «, and g ; P cos ft and — g ; P cos y. 

Let the two fofeces P ms a, g hate a resultant Mh\ ftfk will be in. the 
plane ftfbCd. Let Jftth produced meet Cd in H\ then the force Mh at 
ft f will have the same eflfpct on the g system as an equal force acting at 
H ; and the force Mh acting at* AT is equivalent to the two forces 

VOL. II. M 
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P cob a and g in the directions Hd, RE% and consequently the three 
forces P cos a, £*. and Mh, are proportional to Hd, HE, and HM, 
Hence r* 


Hd 


Hd : HE 

Pz COS a 


: P cos a : g; 
and CH = jc ■ 


Pz cos m 


S S 

Hence P cos a and g acting at M are equivalent to P cos » parallel to 
Ax, and g parallel to Az , both acting at a point H, of which the co- 

ordinates, parallel to Ax and Ay, are x ~~ a,,< * 3f* 

In the same manner P cos p and — g are equivalent to a force act- 
ing in the direction 1 MK in the piano MB ; and this produces the same 
effect as if it acted at K. Resolve this force again at iSTinto the two 
forces P cos/3 and g 9 parallel to Ay and Az, respectively. Then, as 
before, 

Kd : KF :: P cos/3 


Kd 


Pz COS P 




and BK = y + 


Pz co* /3 


Hence P cos P and — ^ at M arc equivalent to P cos P parallel to Ay, 
and — g parallel to Az, both acting at a point K, of which the co- 

„ „ , ^ 1 ^ , P z cos P • 

ordinates, parallel to Ax and Ay, are x and y H • 

The force P cos y is parallel to Az, and produces the same effect as 
if it acted at d, of which the co-ordinates are r and y . , 

Hence it appears that the force P acting at M is equivalent to the 
five forces. 


P cos » parallel to Ax, acting at H\ 

P cos P parallel to Ay, acting at K ; 

P cos y parallel to Az, acting at d ; 

4- g parallel to Az, feting at II ; and 
— g parallel to Az, acting at K. 

Let the forces P' P \ Ac. bo resolved in the same manner, we shall 
then ha\e two sets of forces ; one set being in the plane xAy, and the 
other perpendicular to it. And it is evident that the body will be at 
rest if each of these sets of forces be in equilibrium separately* 

Now we have for the equilibrium of the forces parallel t<f Az(zxU 42), 

P cos y + P 1 cos y' + P n cos y " 4- «&c. ss 0, 


( Pz cos a\ 

x ~ J — gx 4- P\d cos y 4* Ac. sss 0 5 

cos y + gg — g (y + + Fy' cos y' + &c. = 0; 

O 


and reducing these equations, they become 

P cos y 4- P* cog y + P n cos y' 4- Ac. = 0, 

P (x cos y — z cos «.) 4- P f (x* cos y' — s' cos *') 4* Sec. =» 0, 

p(y cos y — z cos/9) 4- P 1 (&* cos y' — s' cos 0') 4- Ac. = 0 
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Also, we Have, for the equilibrium of the forces in the plage jrAy (art. 
47), the three equations, 

P COS a 4- F cos e! + F* COS a!' + = 0, 

P cos P + P'coip + P" cos 15" + Ac, ass 0, 

P( y cosAt— a? cos j9 ) + F (y cos a' — y cos 4- Ac. = 0# 
And these six equations express the conditions of equilibrium* 

51. Cor. 1. — These six equations are suJMent for the equilibrium of 
the forces P$ P\ Sic. ; they are also necessary ; for except both sots of 
forces be in equilibrium separately, the system cannot be at rest. If 
possible, let the system be at rest when the forces parallel to An are 
not separately in equilibrium, The equilibrium will still subsist if we 
suppose any line in the plane vAy* to be fixed. But in that case all 
the forces in the plane ,vAy wiH be counteracted by the resistance of 
this tine. And the forces parallel to Az will turn the system about this 
line in some of its positions. Hence the equilibrium will not subsist. 
And since the forces parallel to Az are in equilibrium separately, the 
other forces must also be in equilibrium separately. 

52. Cor . 2. — If the rigid body have a fixed point, we may make this 
point the origin of co-ordinates. Then the body will be in equilibrium, 
if the resultant of the forces in the plane xAy passes through A, and 
also the resultant of the forces parallel to Az. Hence it appears, from 
articles 43, 48, that the 2d, 3d, and 6th of the last six equations in ar- 
ticle 50 must be satisfied. 

53. Pkop. X. — To find the condition requisite that a system of forces, 
acting in any manner upon a rigid body , may have a single resultant. 

Proceeding in the same manner as in article 50, we may reduce the 
forces to two sets, one in the plane #Ay, and the other perpendicular 
to it. If each of those sets of forces have a single resultant, and these 
resultants intersect each other, they may be compounded into a single 
force, which will be the resultant of the whole. But if the two result- 
ants do not intersect each other, this will be impossible. Let 

X = P cos ex. + P 1 cos a! + Si c* ; V = P cos £ 4* P } cos jS' 4- Ac. 

L = P (y cos « — x cos 0) + P (y* cos a! — of cos jS') -f- &c. 

Then the equation of the resultant of these forces in the plane of ,ty 
will be (art. 45) 

• Xu - Yt » Z, 

t and u being the co-ordinates of any point of this line. Let, also, 

Z = P cos y 4* jP'cqs ' 4- P" cos y" + Ac. 

M = P (x cos y — z cos a) + F (y cos y' — d cos ot!) + 8c c. 

N = P (z cos j9 — y cos y) 4- F (z* cos f¥ — y* cos y ) 4- Ac. ; 

and let y x be the co-ordinates of the point where the resultant Z 
meets the plane of «ry, we shall have then (art. 38) 

Z#i sa — ■* 

And, in order that the resultant R may pass through the point (#,, y % ), 
these values of «r,, y Jt when bubsti'tuted for t and u } must satisfy the 
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(aquation Xu — Yt = L, Hence, making this substitution! we have, 
for the equation of condition, 

'"LZ+MY+NX 0 «7). 

54. Cor. 1.— If X as 0, K = 0, Z as 0, and JI7, AT are finite, 
the equation of condition is satisfied ; and yet the forces P P\ &c. have 
not a single resultant; for the equations from which (f Y ) was deduced 
did not apply to this case. In this case the forces may ho reduced to 
two that are equal and parallel, but not directly opposed. 

55. Cor . 2.— 'In all other cases when this equation is satisfied, the 
forces P t P\ &c. will have a single resultant. Thus, if X = 0, Y = 0, 
and Z is finite, we must have L = 0, to satisfy equation ( C ). In this 
case the forces in the plane yAx are in equilibrium, and the forces 
parallel to Az have a single resultant. The same remarks may be 
made if X = 0, Z = 0 ; or if Y as 0, Z = 0 ; for it is manifest that 
we may reduce the forces to two sets, one in the plane xAz or zAy % and 
the other perpendicular to it ; and the equations will be exactly similar 
to those which we had when the forces were reduced to two sets, ono in 
the plane yAx , and the other perpendicular to it. 

56. Prop. XL — IVhen the equation of condition is ? aihjied, it it re* 
quired to find the resultant of any number of forces ai ting in any direc- 
tions on a rigid body . 

The force in the plane xAy is composed of A' and and the force 
parallel to Az is Z 9 and the directions of these two forces meet each 
other in the point (x 1 *y i y. Hence, if R be the resukant, and a, b t 
4 the angles which it makes with lines parallel to the three axes, we 
shall h<uc 

ip = x a + r* + z\ 

II cos a — X; R cos h = Y ; cos c = Z. 

And the point where it cuts the plane yAx is known from the equations 
Zx x = M 9 Zy x = —A 7 . 

57- Prop. XII.— IVhen a number of forces are not reducible to one 
fa* ce t they may always be reduced to two. 

For if we add to the system two new forces, S, — S, acting at the 
origin A in opposite directions, the same effect w ill be produced as 
before. 

Let X 7 , Y\ Z f be the component parts of the force 8; juid let these 
be united with the components of the forces P, P 1 Ac. Since S passes 
through Ay the values of L f My N will not be affected by it ; therefore 
the first member of equation (<7) will become 

^ L(Z + Z')+ M(Y+Y') + N(X+X'). 

And g&ice X Y 1 , Z f are independent of each other, we may give any 
arbitrary value to two of these quantities, and the third will then be 
djjMrmined by putting the above expression equal to zero* < Let W be 
the resultant of these forces, then the given forces are reduced to R\ 
a*vd the force ■*-& acting at the point A. 

$3. Car.— It is evident from this proposition that the two resultants 
R\ — S f are not determined either in magnitude or direction. 
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CHAP. III. — THE CENTRE OF GRAVITY. 


58. Gravity is a term used to denote that force by which every, mate- 
rial particle is urged towards the surface of the earth, as soon as it is 
left unsupported. A line drawn in the direction of this force, is called 
a vertical line $ and any plane pacing through this line is called a 
vertical plane. A plane perpendicular to this piano is called a horir 
zontai plane. 

59* From numerous experiments which have been made, it appears 
that the intensity of the force of grarity is constant at the same place, 
and, therefore, we may consider a homogeneous body as a collection of 
material points, to each of which is applied an equal force. Since these 
forces may all be considered parallel, and exerted in the same direction ; 
and also the resultant of any two parallel forces is equal to their sum 
(art 21), it follows that the weight is proportional to the mass. In 
heterogeneous bodies, the weight is not proportional to the magnitude, 
we therefore suppose that bodies of different substances have a dif- 
ferent number of material points of the same gravity contained in the 
same volume. 

60 . Def.— The centre of gravity of any body, or system of bodies, is 
a point upon which the body or system, acted upon only by the force of 
gravity, will balance itself in all positions. We shall, in the following 
proposition, prove that every body has such a point. 

61. Piiop. I. — Every body , or system of bodies , has a centre of 
gravity. 

Let w, m" 9 <fec, be a system of par- 
ticles, of different weights, acted on by the 
force of gravity, and let the weights of these 
particles be represented by m , m', m" &c. 

Divide mm 1 in n, so that m : *»'• : ; rrin z mn ; 
then, since the two particles m, m* are acted 
on by two parallel forces, which are pro- 
portional tQ their weights, their resultant 

will be equal to their sum m + and pass through the point n 
(art, 21). Suppose, now, the position of the system to be altered in 
any way, the resultant will still pass through the point n, and be equal 
to m + Hence, if the point n be supported, the two particles m 9 
m r will be supported in all potion* ; and the pressure at n will be equal 
to m + m'. Again, if we tile * third particle, m", and join nm" ; and 
divide the line nm H in n\ so that m + m T : m n : : : an' ; the re- 

sultant of the two parallel forces, proportional to the weights tn + ml 
andtin”, #31 pass through and will be equal to m + ni + *»". If, 
likewise* the position of the system is altered, the resultant will still 
pass through »' ; and, therefore, if the point ft', be supported, the three 
particles m 9 m', m n will be supported in all pdtm»s t therefore n is the 
centre of gravity of the three particles m, tn n . And in like manner 
it may be proved, whateter be the number of forces. 

62. Con— -Hence it follows, that the weight of any body may be 
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supposed to be collected at its centre of gravity, and the effect of the 
system will be the same as before. 

63. Prop. II. — If a body be suspended by any point » it will not re- 
main at rest, until the centre qf gravity be in a vertical tine passing 
through that point • 

Let She the point of suspension of the body 
ABC, G its centre of gravity. Then the 
effort of gravity to put the body in motion is 
the same as if all the particles' were collected 
at G (art. 61). Join SG and produce it; 
through S and G draw ST, Gg , in the direc- 
tion of gravity. Take Gg to represent the 
force in that direction, and draw git perpendi- 
cular to SG produced, and complete the pa- 
rallelogram Ghgk. Then the force Gg is 
equivalent to thp two forces Gh, Gk, of which 
Oh is sustained by the re-action at the point 
ft, and Gh (= Gg x sin Ggh = Gg X sin GST) 
is entirely effective in moving the centre of gravity in a direction per- 
pendicular to SG; therefore the centre of gravity cannot remain at 
rest until Gh vanishes, that is, until the angle fir&T’vanishes, or SG co- 
incides with ST. 

64. Cos*. 1 .— -When the point G is in the line ST, below S, the 
weight of the body uill be entirely effective in pulling the point S , which 
will resist it, and no motion will ensue. But if G he in the line ST, 
above S, the weight will then produce a pressure on 8, which will be 
resisted by this point. There is, however, an important difference in 
the two cases; for if the body be made to deviate from the position of 
equilibrium in the first case, it has a tendency to return to it ; hurt in 
the latter case, if the position of the body be changed in the smallest 
degree, it has a tendency to move further from the position of equili- 
brium until it assume some new position. The first, therefore* is called 
stable equilibrium, and the second unstable equilibrium. 

66. Cor . 2. — If the bodv be suspended by a threat! H8, it may be 
proved in the same manner that when the body is in equilibrium the 
line RS will be vertical, and will pass, when produced, through the 
centre of gravity of the body. 

66. Cor . 3— Hence the centre of gravity of any body may easily be 
found experimentally. For if the body be suspended by 4 thread, and 
be in equilibrium, the centre of giavity will be^omewhere in the direc- 
tion of the vertical line, passing through the point of suspension, or in 
the line of the thread produced. Again, if the body lie suspended from 
some other point, and a vertical line be drawn through this point, the 
centre of gravity will be also in this new Kjqe j and, therefore, it will be 
in t$t* intersection of these two lines. * J 

Prop. 111.— If a body be placed upon a horizontal plane* it wilt 

sustained or not, according as the perpendicular to the horizon, drawn 
through its centre of gravity, f alts within or tcithout the base . 

Let fl^be the centre of gravity of the body P\ join CG, and with 
be centre C and radius CG describe the arc GH, then the body cannot 
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fall over at C, unless 0 describes the arc 
GH . Draw the vertical line GE, and sup- 
pose the whole force of gravity to be ap- 
plied at G, and let Gat represent it ; draw 
gk perpendicular to CG, and complete the 
parallelogram Ghgk. Then the force Gg 
may be resolved into the two, Gk, Gh, of 
which Gk being in the direction GC, can- 
not move the body in the direction GH or 
Gh ; and when E falls witlllMhe base, thfrforce Gh opposes the communi- 
action of motion in the direction GH, and, therefore, the body will be 
supported. In like manner, if GD be 
joined, it may be proved that the body s 
cannot faljl over at D. 

But if GE falls without the base, 

Gk acts in the direction of the arc 
GH at the point G ; and since there 
is no tforce to counteract this, the 
point G will move in that direction and 
the hpdy will fall. 

68. Cent. 1. — In the same manner it may be shown, that if a body be 
placed upon an inclined plane, and be prevented from sliding, the body 
will be sustained or not according as the vertical line GK falls within 
or without the base. 

69. Cor . 2. — From similar triangles Gg : Gh : : CG : CE, and if 
CE and the weight of the body Gg be given, the force Gh, which 
tends to support the body, varies inversely as CG. Hence, as CG 
increases, or as' GE increases, the force which keeps the body steady 
decreases, or the more easily will the body be overturned. 




TO PIND THE CENTRE OF GRAVITY OF ANY SYSTEM OF BODIES. 


The centre of gravity of any system of bodies may be found immedi- 
ately from the general proposition on parallel forces (art. 38) ; but, as 
we wish to determine its position independently of the formulas in 
the second chapter, we will give a separate demonstration of the two 
following propositions. 

70, PnOF. IV.— To find the centre of gravity of any number of bodice 
considered as points in the same straight line. 4 


considered as points in the sqwe straight line. 

l#et m, m', *n", &c. member of w 

bodies in the same straight Take any m* 

point S in this line ; an^ put Sm as jv, 1 * 

8m r ss* f i and so on. Divide tnnt! in n, * * 1^5 

so that m : tn! s s tn'n : mn ; n will be the I ) 

centre of gravity of m and m’. Hence * f 

tn x mn as ml x tn'n ; or, 

m X ( Sn — Sm) sz tn! x (Sm! — Sn) ; 

•\ (m + W) X Sn ~ m x Sm + m f x Sm* at tn* + tuft/. 
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Again, if we suppose the weights m, m' to be collected at n, and e' to be 
the centre of gmity of m + m f and ro", wo hate, m before, 

(m+tn'+m") X Sn'ssfjn+m') x Sn +m ,f x + wV+m'V'* 

Proceeding in this manner. If G be the centre of gravity of all tire 
bodies, SG *r x x , and M a w* + m' -p + Ac*, we have* 

M» x ss mx + Wy + ttV' + &c. 
the distances ,r, .r', &c. being considered nfcgativ?, if they are met* 
sured on the other side of S. 

71. Prop. V. — To find the distance of the centre of gravity of any 
system of bodies, considered as points, f tom a git en plane. 

Let m , ml, in” be any number of 
bodies supposed to be connected with 
each other by rigid lines; PQ the gi\en 
plane. Draw tnp , n/p\ m u p u , &c. per- 
pendicular to this plane , and put wp— t, 
snip 1 = x ; and so on. Join mm!, and 
divide it in n, so that m : ml : : n!n 
: mn ; then n is the centre of gravit) of 
m and m f . Draw nq perpendicular to 
the plane PQ, then mp , nq, m'p ( are in 
the same plane, and parallel to each 
other, also, through n, draw anb per- 
pendicular to mp or m f p' ; we ha\e then 

m . m! : : mn : mn : . m f b : tna 




: : i ' — nq * nq — t , 
m X (nq — r)*= n! x (?' — nq). 

Hence (m 4- m') x nq =ftnt *f *»V. 

Again, join »»»", and di\ide it in n, so that m 4* nr! : »//' : : m'W : »n' ; 
then »' is the centre of gravity of the three bodies, m, m! , tn And if 
r!q f be drawn perpendicular to PQ, it may be shown, as before, that 

(m+iw'+*n'')x»y = (m+n!)xnq+n! a" =s tnx+m'P+m'W. 

And in like manner, if G be the centre of giailty of any number 
of bodies, and its perpendicular distance from * Jf x , and 
M as m + m! + m" + &c., we shall have 


Ma\ — mx + mV + 1 


t'U" + &c. 






mx 4 m'a + m n x'’ + Ac. 

M 

the distances being considered negative/ if any of the bodies ll5h>n the 
other side of the plane. ’""‘i 

1 , — If a plane be drawn parallel to PQ at the disttfoce 4 lt 
the gapto of gravity of the aystent lies somewhere in this plane*. In 
th» same manner, two other planes may be found, in each of which the 
centre of gravity lies, and the point where the three planes' cut each 
cpwr is the centre of gravity of the system. Hence it is evident that 
every system of bodies can only have one centre of gravity, ' ' * 

73. Cor. 2.— If the plane pan through the centre of gravity, #,*=0, 
hence „ » 
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* war + #»V + mV 4* &c* m 0* * ** 

that is, the sum of the moments on one stdp of the pU»fc & equh I to the 
sum of the moments orf til# ethtostde. y 

74v Cbr. a.*— When alt the bodies *&lft the Sam# plane* d bar nay 
two straight lines at right angles to efcclr othet* In this (dan#; then, if 
•r, y, jr", drc. be the lengths of stbe perpendiculars from the bodies on 
on# of the lines, adK y, y> y", &c< the lengths of the perpendiculars on 
the other line; and als q^ t > w 1 the distances of the centre of gravity 
from these two lines, wemljLhave , 

Mx x = mx -f wtV + mV + &c. 
il/y, ss my -f- my + wi'ty" + &c. 


JO FIND THE CENTRE or GRAVITY OF CRKTAfN FIGURES 
GEOMETRICALLY. 

In finding the centre of gravity of lines and planes, they are supposed 
to be made up of particles of matter uniformly diffused over them. 

\ 

75. Problem L— 7b find the cenh e of gravity of a material straight 
line of uniform thickness and density . 

'The centre of gravity of a straight line composed of particles of 
matter which are equal to each other, and uniformly dispersed, is its 
middle point. For there are equal weights on each side, equally dis- 
tant from the middle point, which will balance each other in all posi- 
tions upon that point. 


76. Problem II.— 7b find the ccntie of gravity of a triangle . 
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. CO : OD :: BC s Z>JSf 2 * i. 

Hence <7(7 sat 2GD, and <727 =s 3 GD, 

77. Cor. I*— In the same manner the centre of gratify of aWar*IlefaJ- 
gram will be found by bisecting all its four sides, and joining the points 
of bisection in the opposite sides ; the intersection of these two lines 
will be the centre of gravity of the parallelogram* 

78# Cor* 2. — To find the centre of gravity of my rectilineal figure ; 
divide it into triangles, and supposing eac^of (beds collected in its 
centre of gravity, find the ceptre of gr&vj^m the ,whole ; this will be 
the centre of gravity of the figure. 

79. Problem III. — To find the centre of gravity of a triangular 

pyramid • # 

Let ABC be the base, and V the y 

vertex of the pyramid. Bisect BC in jL 

D\}o\\\AD, VD. Tak oDE~\AD, //I s 

then E is the centre of gravity of the / l|y\ 

triangle ABC. Join VE , then, if any / / » \ \ 

section abc be drawn parallel to the \~jjf ^ / 

base, cutting EE in e , e will be the / ^ % \ 

centre of gravity of the triangle abc . f \ ft* \ 

For since the plane abc is parallel to / 

ABC 9 be is parallel to BC and ad to J — yC — A 

AD . And because BD = DC and \ / Mf 

*DJ3 rs \AD> therefore bd = dc and \ / Jjr 

de se consequently e is the centre \ ° 

of gravity of the triangle abc. Hence 
if we suppose the pyramid [to be com- jp 

posed of an infinite number of indefinitely thin triangular figures parallel 
to the base, each of these has its centre of gravity in the line VE f and, 
therefore, the centre of gravity of the pyramid will be in VE. 

Again, take DF = J FZ>, and join AF> cutting VE in <7. Then, 
as before, the centre of giavity of the pyramid must be in AF\ but it is 
iu VE ; hence (/, the intersection of thpse lines, is the centre of gravity* 

Join EF\ then, because AD s= 32)27, and VD ss 9DF, therefore 
EF is parallel to VA . Hence we have, by similar triangles, 

* VC : GE • : VA s EF : : AD : DE ss 3 : 1 ; 

VG = 3 GE and VE * 4 Off. 

80. If a h'ne 7^ be drawn from the vertex of ahy pyramid or 

cone centre ' of gravity of its base, and VG be taken equal to 

j(ks tjppL, the point G will be the centre of gravity of the pyramid 



81- Problem IV.— 7b Me ceafra ^ gravity qfthefrutitm of a 

pyramid, cut off by a plane parallel to the base. 

* JLet VAD be a plane passing through V, the vertex of the pyramid, 
jfejgd E the centre of gravity of the base. Let (7, g be the centres of 
Jgmity of the pyramids VAD , Vad, and /’the centre of gravity of the 
frust djn A abB; then St is evident, from the last profdem, that <7, g and 
the straight line VE. Let P be the weight of the pyramid 
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VAD, p the weight of Vcd, end f the 
weight of the frustum ; then the centre of Ji' 

gnmtyof/eod ft wall be jo the seme point /ft 

u if these bodies were collected in Fud g. / j\ 

But jthe centre of gravity of f and p is the / t\ 

seme es that of P> that is, ‘the centre of / pi 

gravity of Fund p iun 6. */ rT'"‘—V * 

Heuce, if we pur AD — a, ai — b, / . jg \ 

Re sea i, % we have (art. / iff \ 

>X Ft? ss /x x Afr. ' Z . j 

And since P ; p : f : : a* : 4 s : «*— 4* ; 

••• sr = Zbo-Lei -'-A-ieG-A-pB,. 

Also, a : b :: FA’ : Fe; a : a — b :: VE : A; 

hence EG as ~ ~ — ■■ — . 

4 4 a — 6 

Similarly eg — ; and Eg — A+ — — . 

4 tf — o 4 a, — b 

Substituting these values above, wc get 

EF ~ T - h STZJ.! and * * wduction » 

rt rt A n* + 2fiA + 34® 


EF = 


4 <»* -f- «A 4- 4® 


82* Problem Y.— To find the centre of § rarity of any curvUmeai 
plane figure. ^ 

Divide the base AL into n equal parts, ( i , 

and drew the ordinates Aa, Bh, Ce, See. ~~ k v T“' 

at right angles to AL. Then, if the a y' 
number of ordinates be sufficiently great, ( u 1 V V 

the portions of the curve ad, be, &c. may u f \ A 

be considered as straight lines without l\i , \ y ► 

any material error. /Draw the diagonals Hr ml 

Ba, Be, Be, &e. f and put Aansa, Bb^b, J^T5”~r — 5 \~~AL 

Ac., and AB f* BC = &c# = S. Then 
area AaB ns ; area at trapezium Babe = bi ; area BoD » ci; 
and so on, 

Also, the centre of gravity of the trapezium Babe is evidently in the 
line Bb, because it may be difide&lm > 'two triangles by the diagonal 
ar ; and ae is bisected by HA, and may be considered as the common 
base of the triangles* The centre of gravity of the triangle BcD is fat 
Ce \ and so gn. Hence the figure At i» divided into the Mewing areas : 

JeJ, bS , cS, ........ hi, * m 

and the distances of their centres of gravity from the line Aa are, 
respectively, 

l W ni-tf. 
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Multiplying each of thesis areas by the distance of its centre of gravity 
from Aa f the sum of the moments, 


+ M* + + inti* - -§«* 

= &tb +*2c + 3 tf .... + (»-l)* + |»/] + $4*(e * 

Let Jfcf =; area of the figure and x x = distance of the centre of 
gravity from then the sum of the moments found above as t , 
and (Mens. p. 433) M = 5[fl + s+ f... + }(« + /)]. 


Hence 


j ^ Hf. ^ ^ * * * i ji 1 2 i ^ jb i’fe "* o 
A + o+ rf..#. + J( a + o 


83. Cor.~-In like meaner, if the figure AalL be & solid, and a, 4, c, 
&c. represent the areas of the transverse sections, we shall have the 
same expression for the distance of the centre of gravity from the 
plhne Aa. 

Scholium . 


84. The preceding method of finding the centre of gravity of any 
area or solid is extremely simple, and sufficiently accurate for&ll practical 
purposes. If, however, we suppose the arcs ubc 9 cde y &c. to bp por- 
tions of parabolas, as in the Mensuration (see note, p. 433), we snail 
obtain a n\ore correct result, without much additional labour of calcu- 
lation. In this case, the base AL must be divided into an even 
number of equal parts ; if, then, ac be joined, we shall have 
area of the rectilineal triangle Bac = -JJ (a + c). 
fonrted by t^e parabolic arc abc and the chord ac 
^ \t * *=ji § of the circumscribing parallelogram 

$[*-}(« + 0] x 25 a §5(2 b-a-c). 

Hence the area BabcB = ^5(a + c) + §5 (2b — a — c) 

(84 — a — c). 

It is manifest, also, that the centre of gravity of this area is in inline 
Bb, sine# the centre of gravity of the triangle Bac is in this line, and 
all ^ double ordinates of the parabola parallel ■%> ac are bisected by 
Bh i Hence wq have the areas Aa&> BabC % BcD .. RUj 9 re- 
spectively, equal to 

(8b — a -yfi), ci, £5 (8 d c — e) ; 

and die distances of their centres of gravity from the line Aa are, 
respectively, <* 


§5, S, 25, 35, *5 - J5. 

Taking dUt moments of these areas as above, we get ' ^ 

fc&Jf *(8*-«-c), 2c5*, $ X 35* (8d-c~e), .... 
ati&flftjMUtt of these moments will be found equal to 1 

a + 1 X 44 + % X 2c + 3 x 4tf. . . +(« — 1) X4* + «/), 

we shall find, 'for the distance of the centre of gravity from the 

i Am 

, Oxa + Ix4t + 2x2o + 3x4«f..,. + <n— l)x4fr t + *4 

4 + fi + 2® + 44 4* 4h / 
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1* If three «<jual bodies, considered as points, be placed in the three 
angles of a triangle, the ccfltre of gravity of these bodies is, the seme as 
that of the triangle* 


2. If G be the centre of gravity of the triangle ABC, and GA t OB* 
GO be joined, then 3(GA*+G&+GCi) = AB*+AC*+BC*< 

3. In the last problem, three forces which are proportional to GA f 
GB 9 GC> will keep the point G in equilibrium. 

4 . If a and b bo the two parallel sides of a trapezoid, and h the line 
which bisects these sides, then the centre of gravity of the trapezoid is 

in this line, and ife distance from a in fhis line is — . * ~ — . 

3 a + b 


5. Four bodies considered as points, whose weights are 3, i, 5, and 
(Jibs., are placed at the successive angles of a square whose side is 12 
inches; required the distance of the centre of gravity from the least 
body, both by construction and calculation. 

6. If two spheres touch one another internally ; to find the centre of 
gravity of the solid included between tho two surfaces. 

7* If two given cones have the same base ; to find the centre of gravity 
of the solid included between their surfaces ; first, when the two cones 
are on contrary sides of the base ; secondly, when they are on the same 
side of it. 

8. Seven equal bodies, considered as points, are placed in seven of 
the angles of a cube ; required the distance of their common centre of 
gravity from the remaining angle. 

9. If one of the sides of an isosceles right-angled triangle rest on 
horizontal plane, and tho other side is vertical , to find the greatest 
isoscples triangle which can be described on the hypothenusc as a base, 
so that the whole figure shall not fall. 

10. If in a system#onsisting of any number of particles a point be 
taken, and if each particle be nfultiplied into the squaic of its distance 
fiom the point, the sum of these products will be the least when this 
point is toe centre of gravity* 


• GV&DINO$*S PROPERTIES. 

85* P&op* VI.— *1/ any plane figure revolve about an a#is in ite own 
plane , the mnfent eftho mid generated fy this figure in Us revolution 
through s wp ingle is equal to a prbmah^tobase ts the revolving figure, 
and ite height toe length of the puJ*yde*c*tbed by the cenite of gravity 
of the plane figure. 

Atm the area of the superficies gmB*nied ty the perimeter of 0U$ 
figure h equal to a rectangle wheqe Ip the perimeter* and its height toe 

length of the path described by the centre of gimUyjf the perbpytee. 

ii), Let St be the given G its centre of gravity, and AB the 
axis of revolution in the pi kite "of the Ugure. Let the whole of tbs 
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figure M be on one side of the axis, and let 
it revolve through an angle 0 into the post* 
tion M\ Draw UK perpendicular to AB> 

And pnt OK = h, then the arc GG f t de- 
scribed by the point (?, is = kQ. Now, if 
we suppose the area M to be composed of 
an indefinite number of elementary portions 
m> ml m”, &c. f arid x f x\ 8t$, to be the 
distances of these poitions from the axis * 

AB, therf the arcs described by these ele* 
ments will be x9, ^0, FO , &£. ; therefore the 
solids described by m % *n f , m ", &c, are evi- 
dently tnx9, mVl, m n t/ f Q, &c. But these make up the whole solid ge- 
nerated by the area M, Hence* this solid 

= mv9 -f- m f .r'9 + mV 9 + &c. = 9(mv + mV -f m'V f + fire.) 

= 0. ,?/.* = MX GG'; 

and, therefore, is equal to the prism whose base is the figure Jl/and 
altitude GG\ 

(2). In like manner, if m, ml represent indefinitely small portions of 
the perimeter M, we shall have the surface generated by each particle 
equal to mxQ, mVO, &c., and, therefore, it may be shown, as before* that 
the whole surface = a rectangle, whose base is M and altitude GG 1 . 

86. Ex. — Let the figure be a circle which revolving round an axis 
without it generates a solid resembling the ring of an anchor. The 
centre of the circle is the centre of gravity, both of the area, and the 
erimeter. Hence the solid content of the riug = a cylinder whose 
ase is the revolving citcle, and altitude the circumference described by 
the centre of the circle. And the surfaco of the ring is equal to the 
surface of this cylinder. 

The following proposition is analogous to Guldinus’s properties, and 
will be found useful in estimating the contents of uniform embankments, 
ramparts, &c , when they vary their direction. 



87. Pkop. VII . — The solid content of any rampart ft equal to a prism 
whose base is the transverse set tion of the rampart , and height the length 
ofthe path described by the centre of gravity of the transverse section . 
(j.e path being supposed to continue par illel to the ditch round the 
angles.) 

Let EFCD represent a portion 
of the rampart, C of one the salient * 

angles; and let CA bisect the angle 
C. hot APB be the profile or trans- 
verse section perpendicular to AE 
or JK^&nd AFC a vertical section 
pa|^fg through AC. Now the 
proposition is obviously true for the V — 

pdliim AEFB , which is a prism 
Ttlne base is the transverse section 
tn^h eight OK. And the solid APBCP f A is, from the Construction, 
a portion of the same prism, cut obliquely by the section AFC. Let 
4* fie any Indefinitely small portion of tfie area APB ; through m draw 
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cento* or'liuvrnr. 




the vertical plane mnqp perpendicular to AB t and inteTsectiftg tyehttfi- 
aontal plane ABC in the line nq ; draw mp parallel tpay, 
evidently a parallelogram, and mp perpendicular to the plane AWm 
The solid which has m for its base and altitude mp ss m % mp *S 
m x nq « m x An tan 9 as mx tan 9. Now, if we suppose the area 
APB to be composed of the elementary portions m } w, m!\ &c. # ah % 
each portion to be multiplied by its altitude, these will make up the 
whole solid AFGBP > and therefore this solid 

sc nu> tan 9 + mV tan 6 4 Ac. = tan 0 (m*r 4 mV 4* Ac,) 

= tan 0 . ilf . Ag sc M.gh = Jf. (fe. 

But the solid AEFB =s Jl/ • (72T, therefore the whole solid A EEC 
sc M . Kk. # 

88. J5V. — Let the dimensions of the transverse section of the ram- 
part of a square fort he the same as those given in question 43, p. 143 ; 
and let 0^ = 50 feet, 0 being the centre of tne fort; to find the 
breadth of the ditch at top and bottom, so that the earth thrown out of 
the ditch may be just sufficient to make the parapet and glacis, when 
its bulk, after being excavated, is increased in the ratio of 10 to 9, 

The area of the section of the parapet will be found = 101*5 sq. ft* 

do. of the glacis =s 12*375 

do. of the ditch = 10a»— 32 „ 

Also the distance of 

0, the centre of gravity of the parapet fiom 0 = (53.6 feet. 

B do. glacis = 84+2**. 

JR do. ditch =s 78 +j*. 

Now, the perimeters described by the points G , L t and R are evidently, 
in this case, 8 x 00 9 8 X OL> and 8 x OR. Hence, dividing by 
8, we have, by the proposition, 

63 6 x 103*5 -i- (84 4 2v) x 12-375 = y x(79 f r) (16a*— 32) ; 
or, 128* 2 4 9550.r = 74867*5, 
from whence a* will be found =» 7*1 feet. 

t «* p 


CHAP. IV.— THE MECHANICAL POWERS* 


89* The mechanical powers are t&d simple instruments used for 

thepurpose of supporting weights, or eo»*municating motion to bodies. 

These powers are generally reckoned six in number tho lever ; the 
wheel and axle , including the toothed wheels the pulley $ the inclined 
plane ; the wedges end the screw # 

The three first, in the state of equilibrium, may be reduced to die 
lever, and the three last may be reduced to the inclined plane $ so that# 
strictly speaking, we cannot consider that there (tfb more than two 
simple machines* 
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90. When two forces act upon each other by means of qay {naehine, 
one of them 19 , for the sake of distinction * called the /wtssr* eu4 the 
other th 0 weight. The weight is the resistance to be overcome* -or flu** 
effect to be produced ; the power is the force* of whatever nature^ which 
is employed m overcome that resistance* or to produce the required 
effect. 


I. Tfffc LEVER. 


91. A level* is an inflexible rod moveable in one plane* about a point 
which is called the fulcrum hr centre of motion. The portions of the 
lever into which the fulcrum divides it are called the arms of the lever. 
When the arms are in the same straight line* it is called a straight lever ; 
in other cases a bent lever. * 

92. Levers are usually divided into t£ree kinds. In levers of the 
first kind the fulcrum is situated between the power and the weight* as 
in steelyards* scissors* pincers* &c. Levers of the second kind have the 
weight between the power and the fulcrum, as in a pair of nutcrackers* 
and in the oars of a boat* where the water is considered as the fulcrum, 

* In levers of the third kind* the power is between the weight and the 
fulcrum* as in tongs, sheep-shears* Ac. The bones of animals arp ge- 
nerally considered as levers of the third kind, the joint being the ful- 
crum, the muscle fixed near the joint being the power* and the force 
exerted by the limb at a greater distance from the joint being the 
weight. 

a 

93. Prop. I- — To find the condition 9 of equilibrium , when two forces 
net in the same plane upon a lever . 



vr 


1. Let ACB bo a lever, moving about 
the fulcrum C in the plane PABfP, and 

let P , fV be two weights or forces act- M |tf 

ing upon the arms of the lever in this plane* 
in the directions AP, BW ; and, first, let 
us suppose that these directions are parallel. 

Now it is evident that* if the resultant of 
these two forces passes through th§- fulcrum 
C, there will be an equilibrium, since the point CTMBm ; but that if 
it passes through any other pdMtiji AB t as & 9 the single force at 
wilj.be unsupported* and will mfl«Mbe level* move round C in * 
direction of this force. Hence it appears* from art. 2% that the 1 
must be divided in C, so that * 

* p : rv :: CB : CA :: CN : CM, 

the line MCN being drawn through C perpendicular to the direct 
of the forces. . 

2. But if the forces P and fT * re inclined to each other* MHffo di- 
rections of these forces meet each other in the point j£ Suppose'tfcif 
point to be rigidly connected with AB, then we may conceive th# forces' 
to be applied at the point K $ instead of the points A toll B. Hence 
the resultant of these two forces will pass through IT. Butthen xhexS 

an equilibrium it must also pass through fhe point C, as fa the 
t||er case*, and therefore KC will be the direction of the resultant* 
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If 


If, therefore, Kc be taken to represent jr 

the pressure on the fulcrum, and the # y L 

parallelogram Kacb be completed, Ka y / \ 

Kb will represent the two forces P and /\ \ . 

Wi Draw CM f CN, perpendicular to / \ y\ 

AK \ JJK, then we hare / \ j \ 

P : W :i Ka 1 Kb or ac /v \ 

r : sin Kca or sin bKc : sin WKc / 

* r: CN: CM. Y 

3. Let the forces P, W act on the /p V 
same side of the fulcrum to turn the v w 

lever in opposite directions. Produce 

AC to Sj so that Co ^*CA$ and let two forces p 9 p\ equal and parallel 
to the force P, be applied at the point a in opposite directions, 
then no change will be made in the 

conditions of equilibrium. But it m 

is evident that the forces P and P pi ft 

will balance each other, because j \ 

they are equal and parallels and at m J W 

equal distances from the fulcrum. <*, -ft - rr- J. 

vtr «:n / 1 »r/A 3 


equal distances from the fulcrum. « y -ft - TTn 

Also* the forces p f and W will f Mf 

balance each other, when py / 

P f : fV :: CN : Cm; or, 

P : W : : CN : CM. 

But if the four forces P 9 JV 9 p } p' be in equilibrium, and />, p' coun- 
teract each other, the two forces P 9 IV mu 3 t balance each other. 
Hence also, in this case, when P and W are in equilibrium, 

P : tV : : CN : CM. 


94. Cor . 1.— If CA as a; CB = b, the angle CAP = a, CBfV—,% 
there will be an equilibrium, when 


95. Cor . 2 
form ; for we 
meet the dire 


2.JWbispro 

e 


Pu sin a ss JVb sin 

proposition is equally true in bent le\ers of any 

R ase a rigid lhg| passing through the fulcrum to 
e forces, and tha^prces to be transferred to the 


extremities of this line. 

96. Prop. II —If a% numbepfforces, P, Q, &c. ; p,<j, See., acting 
upon the arms %f a lever to turn it in opposite ways, be such that 

P x Ctyl + Q x CN + &c. s= p x Cm + q x Cn + &c. 
there will be an equilibrium. * ' v * > 


At any points F,f in the lever 
Uttbe fr#$es X, Y, Ac. ; x, y, 
&c., act perpendicularly on Ff, to 
turte tbe fever In opposite cfirec* , 
tioos ; and fet these forces be euob 
that X wou|db*iance P; Y would 
balance Q, &e.; end also that x 
would balance p ; jk balance f, and 
soon. We have then, from art. 93, 

VOI.. II. 


ft 



l 


N 
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V 


P X CM — Xx CF-, Q* CN at F X CP; &c„ 

P x Cil/ +*<2 x CN+ &^Ix CP-f / x CP+ &e. 

= (AT + F+Ac.) x CJFT 

In like manner, p x Cm + q x C* •+• Ac. * ( j ? + y + &&>) |< 

But, by hypothesis, 

P x <7Af + Q x CiVH Ac. =:p X Cbi + j X Cfi V &c. 
(*+ F + &c.) x CF = (r + y + Ac.) X C/; 

hence the force X+ F + &c. acting at Pwill bMMce the force #+y4- 
&c. acting at f (art. 93). But the forces P, Q , Ac. bailee the former 
force, and the forces p, q, &c. the latter force 5 hence U follows that 
the forces P, Q, &c. will balance p, q, Ac. 



97 • Prop. I II, — In any compound letter the power and weight ate in 
equilibrium , when they are to each other as the continual product of the 
alternate arms, commencing from the weight \ to the continual product of 
the alternate arms, commenting from the power; the arms being sup* 
posed to act perpendicularly upon each othei . 

Let the power P act at the 
extremity of the arm CA ; this 
will produce a pressure at the 
point B, which we may call Q. 

Again, the pressure Q acting 
at B or A 1 will produce a 

P ressure at B\ which call R. 

vastly, the pressure R acting nt A " will suppoit the weight IK 
Let CA = a, ( 'A' = a', C"A" = a"; also, CB = b, CB ' = b\ 
C ,f B n = b n . We h^re then (art. 94 ), 

Pa = Qjfa Qa' = M' ; Ra' = IVb"; 

and multiplying the^lircsponding terms of these equations together, 
and omitting the common multipliers, Q and R , we get 
Pada" = TVhb'b\ x Hence 0 
P : TV : ^Vb" : * 

98. Scholium — The macliM||^rdetcrmining of carriages* 

and waggons is formed of a compHM^of level s The waggon is placed 
upon a rectangular platform, on a Jewwitji thAkcad, which rest* at "its 
angles upon a system of four levers, whose fulcra are £xed in solid 
masonry, a short distance beyond the angular points* These Jevers 
converge in the directions of the diagonals towards the Centre 0 $ the 
rac&ngle, and there rest upon another lever, which has its fulcrum near 

£ Bentre, and passes under the platform. The apposite extremity of 
lever is in the weighing-house, where the .power j$ placed for de* 
ieing the weight of the waggon. 

99. The common balance consists of a lever called the beam, having equal 
anjft IN* 1 the ends of which the scales are suspended* The requisites 
of % jfeWi balance are the following:— 1st, When loaded with equal 
weights the beam shotfld be perfectly homontak 9& When them is a 
1 &g. slight difference between the weight*, the beam should incline per- 
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ceptibly from horkonU} p{»ition,or it should btv« great teuibiiUg* 
3d. When the balance in disturbed) it should quickly return to a state 
of rest is, it should half great rtatitky. 


100. Poop, IV.«— 7b find tew the requisites of a good baJanee maty he 
obtained. % < 

Let P and Q be the weights in 
the scales; A, B the points of 
suspension ; C thgj| dhlcrum, or 
the axis round which the beam 
revolves $ fPihe weight of the beam ^ 
and scales ; O their common centre 
of gravity. Also let AB = 2a, • 

CO = h,CK = k, MDA = 9, the 
angle which the beam makes with 
the horizon when the whole is in 
equilibrium. Now, from art. 96, we have 

P x C M ss q x CN + IV x CE $ 

and, since AK = KB, therefore MF = FN = a cos 9. Also, 
CBi= h sin 9 ; and CF = k sin 9; hence 

P (a cos 9 — k sin 9) as Q (a cos 6 + /t sin 9) 4* IVh sin 9, 
from whence we obtain, by reduction, 

tan 9 a 



P- Q ( P + Q)ic + fFh 

This determines the position of equilibrium. 

The first requisite — that the beam shall bo horizontal when P and Q 
are equal — will be satisfied if the arms are equal, and the centre of 
gravity G lower than the centre of suspension. 

To obtain the second requisite, it is evident that for a gnen differ- 
ence of P and Q, the sensibility is greater in proportion as tan 9 is 
* greater ; and for a ghen value of tan 9, the sensibility is greater in pro- 
portion as P * ess • ^dnee ~ may be considered as the 

measure of tKe^ensibility ; and ther^pf the second requisite is fulfilled 


by makiug 
pears that, 


(P + qfk -f trr 


"great as possible. Hence it ap- 


(d). The sensibility is increased by increasing the lengths of thearins. 
(2). The sensibility is increased by diminishing the weight of tho 
beam and scales. 


(3). The sensibility is increased; bv diminishing the distance between 
the centre of motion and the centre of gravity ; and also the distance of 
the centre of motion from the line joining the points of suspension. 

The stability is proportional tot the force, which, at a given angle of 
inclination, tends to rostprevthe equilibrium when it is destroyed. Sup- 
pose P ss q? then B Q may be placed at the middle point 
between A and & amjfthM^ is l(P + Q) h + fjPh} sin 8. Hence, 
to satisfy the tih^aeQ white, jthi# most be made as great as possible* 
This appears to 'be incompatible with the second requisite. The 
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stability of a balance, however, is of less importance than the sensible 
Jity, since the eye can judge sufficiently well whether the index of the 
beam makes equal oscillations on each side of the vertical line^ that is, 
whether the position of rest would be horizontal. 

101. Prop. V«— 7b show how the common steelyard must he gra- 
duated. 

The common or Roman steelyard is a lever with arms of unequal 
length, by means of which a single weight P is sufficient to determine, , 
from its position, the weight of«any other body 

Let AB be the beam of the 
steelyard, and C its fulcrum. 

The body W, whose weight is 
to be found, is suspended at 
the extremity A of the shorter 
arm, and the constant weight 
P is moved along the gradu- 
ated arm until there is an 
equilibrium. Let w be the 
whole weight of the beam, 
with its hooks, &c., and G its centre of gravity. Suppose that when 
FPis removed, the weight P placed at D would keep the beam hori- 
zontal ; then, since we may suppose the whole weight of the beam, &c. 
to be collected at G, we snail have P x CD = w x CG . Now let P, 
placed at E, balance the weight fV at A ; then W balances P at E \ 
together with the beam. Hence 

fV x CA = P x CE + tv x CG = P x CE + P x CD; 

and if CA = a, DE = «r, then fVa = Px. Hence, if we take 
x = a, x = 2a, x = 3a, &c., successively, we shall have the cor- 
responding weights of fV equal to P , 2 P, 3 P, &c. 

Scholium . — In the lloman steelyard, the weight is proportional to Die 
distance of P from the point Z>, and therefore its graduation is a scale of 
equal parts. But in the Danish steelyard the fulcrum is moveable and 
the weight P is fixed. In this case it may easily be sjrown that the 
distances of the divisions from A will increase mJ$a nnonical Jpro- 
gression. If 

* ' 1 - i 

f * 

PROBLEM*. < * iv. 

♦ J 

102. Prob. I . — To determine the weight of a body why? the arms of 
a balance are unequal . 

Let the body be weighed at both ends of the balance ; and let the 
apparent weights, when it is suspended at A and B, be a add b re- 
spectively ; also, let the true weignt of the body be x. Then f 

a : x :: AC : BC ; and x ; b ;; AC ; BC; 

•\ a : x :: x : 6; 
that is, x is a mean proportional between a and b . 

Scholiuin.— The true weight of a body, however, may fie readily 
found with a false balance, independently of calculation. For this pur- 
pose, place the body in one scale, and accurately balance it with fine 




*■ 

the levee. 




sand in the other. * Then tyke out the body, and replace it ftith knbiri* 
weights which will restore the equilibrium. These wifi evidently to 
the true height of the body, independently of any error In die balance. 


103. Prob. II . — To find the force necessary to draw a carriage 
wheel over an obstacle, supposing the weight of the carriage to be col- 
lected at the axis of the wheel** e 


Let O be the centre of the wheel, Cthe obstacle, 
P the power actingin the direction OP, fV the 
weight of the loaa^lcting in the direction OJV* 
X)raw CM, CN perpendicular to OP, OfF* Then, 
if the wheel turn over the obstacle, it must turn 
round the point C ; therefore OC qiay be consi- 
dered as a lever whose fulcrum is C, and CM, CN 
are the perpendiculars in the directions of the 
power aud tue weight. Hence 



P : W : : CN : CM : : sin CON : sin COM. 


If, therefore, JV and the angle CON bo given, P will be the least when 
sin COM is greatest, or when COM is a right angle. Also, if ^and 
sin COM be given, P will vary as sin CON ; and if OE = r, NE = h, 


sin CON ^ 


CN 

CO 


V2rh-h* _ A /,2h h*\ A /U 

= ; = V (7— -) = V nearly, 


since h is generally very small compared With r. Hence the power, 
ceteris paribus, varies inversely as tne square root of the radius of the 
wheel. 


Problems for Piacticc. 

1. On a lever three feet long a weight of lOOlbs. is suspended at one 
extremity, and 2§ inches from this end is placed a fulcrum ; what 
weight at the other end will preserve the equilibrium ? Ans 81bs. 

2. The arms of a bent lever , AC B, of equal length, make an angle 
at the fulcrum *of 135°. To* find the position in which the lever will 
restwrheu two weights of 6 and lOlbs are suspended at A and B. 

Ans. CA makes au angje of 8° 37' with the horizon. 

3. To fiud the weight of the greater body, when 61bs. is suspended 

at A, and CA is horizontal. Ans. 8’483lbs. 

4. If the weights 1, 2, 31bs. be suspended at the distances of 6, 12, 

and 18 inches ftom the fulcrum on one arm of a straight lever, and 2, 
3, 4$s. he placed at the distances of 4, 10, and 12 inches from the 
fulcrum o« the pther am; to fled where a weight of lib. must be 
placed so as to keep the lever in bbambrium. , 

An,. 2 inches from the fulcrum on the first am. 

5. Two med carrying a burthen of 200ibs. weight between them, 
hung on a pole, the end, of which rest on their shoulders } how much 
of this load is borne by ee«h man, the weight hanging 6 inches from 
the uuddH, and the whole length of the pole bring 4 feet ? 

, Ans. 1291b*. and 761bs. 

6. A piece of timbdr, 24 feet long; being laid over a prop, behind 
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to balance itself when the prop is 10 feet from the greater end; but, 
removing the prop tp the middle of the beam, it requires a man's weight 
of 2001bs standing on the less end, and also a weight of 201bs. at a 
distance of 4 feet from this end, to keep it in equilibrium : required the 
weight of the tree, Ans. 12S0lbs. 

7. The arms of a bent lever are as 10 to 7, and they are inclined to 
each other at an angle of 1 12° 30' ; to find the weight which, suspended 
at the end of the shorter arm, will balance 351bs at the end of the longer 
arm, when the inclination of the longer arm to the hori zon is tw ice as 

great as the inclination of the shorter. Ans. 50V^ 2— V2 lbs. 


8# ACB is an arc of 1 20°, situated in a ^ crtical plane, and restingfon a 
horizontal plane, with its concavity upwards ; to find it* position when two 
weights of 8 and 121bs. suspendedat the two extremities of the arc keep 
it in cquiiibium (the arc being supposed to be without weight), 

Ans. It rests on a point 79° 7' from the less weight. 

9. To divide the beam of a steelyard of uniform thickness, so that 

the weights I, 2, 3, &c. lbs. on the one side shall balance a consfant 
weight of 95lbs. at the distance of two inches, on the other side of the 
fulcrum; the weight of the beam being lOlbs , and its whole length 
3C inches. An s. 30, 15, 10, 7}, 0, 5, 4^, & c. inches. 

10. To graduate a Danish stecljard of the same dimenaions as the 

last, that h, to find the positions of the fulcrum when a gi\en weight 
of 4lbs. at one end of the beam shall balance 1, 2, 3, &c lbs. at the 
other end. | Ans. 14!j, 15J, 18, 18{ J, &c. inches. 

11. A pStacto purchased 21bs of tea, and suspecting some fraud in the 
balance, he bad lib. nominally weighed in one of the scales, and the 
2nd lb. in tl e other scale. Hqw much did he gain or lo*c by the bar- 
gain, supposing the lengths of the arms to be as a to b (or 6 : 5) ? 

Ans. He gained T B T of an ounce. 

12. A ladder is 50 feet long, and weighs 1201bs. ; and a person wish- 
ing to raise it, places one end agamst a wall, and then lifts it gradually 
upwards from the other end. Keqbiied the foice which he will ha^ to 
exert at any point of the ladder, supposing that his hands and feet are 
equally distant from the foot of the ladder; find also the pressure 
against the wall ? 

13. In the weighing machine for carriages, suppose the distances of 
the four points of support fiom the fulcra of the leter to be each l 
foot, and the length of each of the four le*eis 10 feet; also, suppose the 
distance from the fulcrum of the great leter, to the point where it sup- 
ports the extremities of the other four levers to be ^th of the distance 
from the fulcrum to the extremity of the lever in the weighing-house : 
rjq piired the weight on the platfoim which 4001bs. would sustain? 


14. In the bent lever balance , the arm is termi- 
nated by a heavy knob, which motes along a gra- 
4gfuateci are of a circle, and from the extremity of 
4he other arm a scale pan is suspended, which 
contains tb* Substance to be weighed* Show how 
the arc nftst be graduated. 




& # 




II. THE WHEEL AND AXLE, AND TOOTHED W|Kj^ , 

104. The wheel and axle consists of a cylinder Us 

axis, and a circle so attached to the cylinder that theMtt of the cylinder 
passes through its centre and is perpendicular to its plarie. The power 
is applied nf> the circumference of the wheel, usually In the direction of 
a tangent to it, and the weight is raised by a rope which winds round 
the axle in a plane at right angles to the axis. 


105. Prop. VI . — The wheel and axie are in equilibrium when the 
power is to the weight as the radius of the axle is to the radius qf the 
wheel. 

The effort of the power to turn the machine round the axis must be 
the same* at whatever point in the axle the 
wheel is fixed. Suppose it to be placed in 
such a situation that the power and weight may 
act in the same plane, and let CA, CB f be the 
radii of the wheel and axle, at the extremities 
of which the power and weight act ; then ACB 
may be considered as a lever, whose fulcrum 
is and since APf BtV a re perpendicular to 

CA y CBf we have 

P : W : : CB : CA : : rad. of axle rad. of wheel. 

106. Cor . 1. — The power may act by means 
of a bar, and the wheel may be removed, as in 
the case of the capstan and the windlass. 

107. Cor .2. — If the power act in the direction ap y draw CE perpendi- 
cular to apy and there will be an equilibrium when P : IF : : CB : CE* 

108. Dbf. — I f two circles, moveable about their centres, have their 
ciicumferences indented or cut into equal teeth all the way round, and 
be so placed that their edges touch, one tooth of one circumference 
lying between two of the other; then, if one of them be turned round 
by any means, the other will be turned round also. Such circles are 
called toothed wheels. 

t 

109. Prop. VII.-*- In toothed wheels it is required to find the relation 
between the power and weight token they ate in equilibrium . 

Let the f wheel A act upon the 
wheel B at Q y the pressure there 
exerted will be peipendicular to the 
surfaces which are in contact at tlat 
point ; for If this were not the da sw * , g 
the pressure might be resolved into 
two fel^p^ne one perpendicular to 
the tatrttaflftand the other in the di- 
rection ojflKte tangent $ but the latter 
force is not at present taken into 
oenaidaredoB. Let the action of A 
.on B pressure Q in the direc* t ^ 

don MQN; then the force Q acting on the wheel B supports the 
weight tV* Also the reaction of JB\>n A will be equal and opposite 
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to Qi and this is supported by the power P. Hence, if CM , DN be 
perpendicular to MQN, we shall have (art. 107) 

P x CE as <) x CM; JV x DF = <2 x 2W; 

P xCJB : tVx DP :: CAf : J5iV| that is, , 
moment of P : moment of JV : : CM : D2V. 

1 10. Cor. 1. — If CZnjneet MNm O, we have, by similar triangles, 
CM : DN :: CO : DO; and if the teeth be small, in comparison 
to the radii of the wheels, CO, DO will be nearly equal tq these radii. 
Hence 

moment of P : momenf o£ tV :: rad. of A : rad. of JS. . 

111. Cor . 2— Since the intervals of the teeth in the two wheels must 

be equal, the numbers of teeth will be as the circumferences, and there- 
fore as the radii ; hence * 

mom. of P : mom. of JV : : no. of teeth of : no. of teeth of B . 

1 1 2. Cor. 3. — In a combination of toothed wheels, there will be an 
equilibrium when P is to fV as the product of the radii of all the a*les 
to the product of the radii of all the wheels. 

113. Scholium . — In the construction of the teeth of wheels several 
thing? must be attended to, in order to ensure due efficiency in the 
work. (1). The teeth of one wheel should press in a direction perpen- 
dicular to the radius of the other wheel. (2). As many teeth as pos- 
sible should be in contact at the same time, in order to distribute the 
pressure amongst them, and thus diminish the pressure upon each tooth. 
(3). The surfaces of the teeth, in working, should not rub one upon 
another, and should suffer no jolt, either at the commencement or ter- 
mination of their mutual contact. All these advantages will be ob* 
tained, if the form of the teeth be the curve called the invollute of the 
circle. The force also, in this case, will continue constant during the 
motion. Wheels are sometimes turned by simple contact with each 
other, and sometimes by the intervention of cords, straps, or chains 
passing over them. In such cases the friction of the surfaces prevents 
their sliding on each other, and a mutual action takes place similar to 
that which is supposed in the proposition. 

Examples. 

1. In the wheel and axle, the radius of the wheel is 15 inches, and 
the radius of the axle 3 inches ; required the power necessary to 
balance a weight of 180lbs. Bequired the power also when the thick* . 
ness of a rope is 1 inch, the power and the weight being supposed to be 
applied in toe axes of the ropes. 

2. Let the radii of four axles be 2, 4, 5, and 3 inches, and the radii 

of the wheel 10, 12, 8, and 13 inches respectively j required the weign£ 
which will be balaneea by a power of 30)bs. , 

3. A power of 5lbs. balances a weight of I50Ibs. ugfcjh a wheel 

whoa* diameter is 10 feet ; find the diameter of the axle, thickness 
of the rope being 2 inobes. ’'4, 1 « ** » 

4. Tbe’taumber of teeth each o’fthredeuccessive wheels is 38', a 06 v 

the number of teeth in' each Of the pinions oi axles is 6 ; required'tfc# 
weight supported by a power of 20 lbs. . ,t - ** ( 



III. thb’pullsy. 

* 

1 14. A pulley is a small wheel moveable about Its centre* in the cir- 
cumference of which a groove is formed to admit ar rope or flexible 
chain. The pulley is said to be fixed or moveable* according as the 

centre of motion is fixed or moveable. 

- * 

115. Pftop. VHL — In the single fixed pulley there is an equilibrium 
when the power and weight are equal. 

Let a power P and a weight fP be equal, and act against each other 
by means of a perfectly flexible rope* which 
passefe over the fixed pulley AB\ then it is 
obvious that whatever force is exerted by P 
in the direction PA By an equal forffe is 
exerted by W in the opposite direction 
IVBA * consequently these equal and op- 
posite forces mpst be in equilibrium. 

1 16. Cor . — The grqat advantage arising 
fiom the fixed pulley is* that the force may easily be changed from one 
direction to another. 
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117. Prop. IX.— In the single moveable pulley there ts an equilibrium 
when the power is to the weight as tadius to twice the cosine of the angle 
tvhich either siting makes with the direction tn which the string acts . 

A cord fixed at E passes under the — . rzzr-Til 

moveable pulley DB and over the fixed 

pulley A^ and at the extremity of the \ / 

cord the power P is applied. The 
weight W is annexed to the centre C of 
the moveable pulley. Let the cords 
ABy EDy be produce to meet ih T\ 
join CT \ 

Because the power acts freely along 
the cord ABDE> the tension of this 
cord must be everywhere the same. 

And since the forces or tensions at B 
and D act in the directions BA, DE 
they will produce the same effect as if 
they acted at T (art. 10); and these forces are equal* each being 
equal to P, » If ence, at the point T, there are three forces which are in 
equilibrium, vis.* the two tensions P* P, and the weight W. Let 7b* Tb 
represent the two tensions* and complete the parallelogram Tadb ; then 
Tif is equivalent to the forces 7b* 7$, and therefore 47* will be propor- 
tional tb Wy and will be vertical* e> in the direction TW. Also* it is 
evident that Td bisects the atig ; call the angle 2*. Then 

f Pi W :: Ta : Tdor2Tc rad. : 2 cose. 

118* Co0L~-Yfhen the strings are parallel* *= 0* and cosess radius, 
fp this case the pulley C is supported by two equal and parallel forces* 
upd ttaforo %/rp which ,g eta in the opposite direction an4 keeps them 
j|p fpillkium* if equal to their sum. Hence JV == 2P. 

1 19. $feOP» a system where the same string t 



round all 




erratics. 




the pulleys, and the parts of the tiring between the pulleys are parallel, 
there is an equilibrium when P : W : : 1 : n ; n being the number of 
strings at the tower block . 

Since the same string passes round all the pulleys, its 
tension will be every where the same, and equal to the 
power P . And since each of the strings supports a 
weight P, they will altogether, supposing them parallel, 
support a weight nP. Hence IV = nP. 

120* Cor.— 'When the strings are not vertical, the 
force snust be tesolved into trfo, the one vertical and the 
other horizontal ; and the vertical forces alone must be 
taken. 

121. Scholium . — In the arrangement of the system in 
the adjoining diagram, the pulleys are placed below 
each other, which prevents the weight from being raised 
to within a considerable distance of the point of support* 

To remedy this inconvenience they are sometimes 
laced in separate sheaves by the side of each other; 
ut in this plan it is difficult to keep the strings parallel 
to each other, and the blocks in their proper places. 

From the oblique action, also, of the ropes upon the 
pulleys, they are subject to greater friction and to more 
wear. , 

An ingenious contrivance was made by JVhile to remove the effects 
of friction. It will easily be seen, in the figure above, that, if the sys- 
tem be put in motion, whilst 1 inch of cord passes over the pulley A, 
2 inches pass over the pulley B, 3 over C 9 4 oier D y and so on. Hence, 
if in the solid block A, giooves be cut wlicse radii are 1, 3, 5, Ac., and 
v in Ihc^lock"/!, grooves whose ladii are 2, 4, 6, &c. ; and a string be 
passed round them , the groovfifIMil answer the purpose of so many 
distinct pulleys, and even point meacli moving with the same yelocit y 
aty the string in contact with it, the whole friction will thus be moved to 
the two centres of motion in the blocks A and B . There U great 
difficulty, however, in making the radii of the wheel exactly of the pro- 
per proportion, particularly as the radiuk of the cord must be added to 
the wheel ; and any deviation from this rule tends to destroy all the ad- 
vantages which this arrangement appears to offer. 



122. Prop. XI . — In a system uhere each 
puUey hangs by a sepmate siting , and the 
strings are parallel, P s W : : l ; 2" ; u be- 
ing the number of moveable pulley r. 

In this system a s! ling passes over the fixed 
pulley A, tb* t *hoTe£bJe pulley B , 

and is fixed at j Another sttfug is fixed at 
under the moveable pulley <7, and is 
isiFui P\ and so on. 

USkm art. 122 it appears, when there is ah 
eqdilibrmm, that 

< x the weight at B as 2 P* 

I* Ifke manner, 
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r .'*V 

the weight at C mt 2 Weight ^ j 1 
the weight at D as 2PWeight at <7 * 

and, if the nunprber of pulleys be *, W* Jt 2*P* 

123. Ca/v^When the striaps are not parallel, ‘the 
weight, in each case, as the radius to twice the cosine of the i 
the string makes with the direction in which the weight acts. 

124. Pro?} XII . — In a system of pulleys where the strings ate jmwSP 

leU and each string is attached to the weight, P : W s : 1 : 2* «— 1; 
n being the number of pulleys* ~ 

In this system each string, as PAD , supports the 
weight partly by its action at D % where it is attached, 
and partly by its pressure on the next String AB . The 
wdfght supported by the string DA is equal to the 
power P ; also the pressure downwards upon A , or the 
weight which the string AB sustains, is 2 P, therefore 
the string EB sustains 2 P\ and so on. Hence the 
whole weight sustained is P -f 2 P -f- 4P -f- . . to n 
terms, or 

W - (1 + 2 + 2 a . . . . + 2 n ~')P = (2" - 1 )P. 

12 5. Scholium . — The two last systems of pulleys, as 
well as some other anangements which wc have not de- 
scribed, are seldom used. Pulleys are applied not only 
to overcome resistances, but to produce continued motion. 

Now, when the w eight ascends tlnough a very small 
space in the last figure, the pulley A , which carries the 
power, will soon be brought down, and encumbered; 
and it will then become useless, almost before the re- 
sistance has been perceptibly overcome. For this rea- 
son, the class of pullevs described in ait. 119 is the only arrangement 
which has been found generally useful in piactice ; although the friction 
is greater, and the power consideiably lc»s than in thoothei systems. 

fid amplest 

1. Find the proportion between the power and the weight (in art 1 19) 
when the weight of the pulleys is taken iutO||Coiisideration. 

2. If to be the weight of each pulley in art, 12 2, provd that 

W=zt»P-(2"-~ 1 )w. ] 

3. If to be the weight of each pulley in art, 124, prove that 

(2* - \)P + (2* - n - l)w, 

4. Required the tensions of each of the strings in arts 12 2, Y24. 

126. Prop. XIII . — When a body'Vf it sustained upon a plant whivh’is 

inclined to the horizon, P : W :: sin* J cos < ; * being the inclination 
qf the plane to the hoi izdn, and « (he angle wlueh the string makes with 
the plane. ' r 

Let ip be parallel to the horizon, DA % plane inclined to it t W a 
body sustained upon the plane by a power acting in the direction Wp. 
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Draw Wb perpendicular to BC, and take 
Wa, Wb to represent the two forces P 
and FT: complete £he parallelogram Wbca. 

Now, since P and W are in equilibrium, 
their resultant must be perpendicular to 
the plane AB , and will be supported by 
t the faction of the plane ; for, if the re- 

were in any other direction, it might 
be resolved into two forces, one perpendi- 
cular to the plane, and the other in the di- _ 
rectien of the plane; and since the plane £ 
is supposed to be perfectly smooth, this 
last force would cause the body to slide along AB % and W would not 
be at rest. Hence the three forces, the power P, the weight W, and 
the pressure It , will be represented by the three lines Wa, IFb , Wc ; 
therefore 

P : W : : Wa : Wb or ac : : sin Wca : sin a Wc . 



But the angle Wca = cWb = ABC = a; 
and sin a Wc = sin a WF= cos P WA = cos c ; hence 
k P : W :: sin a : cos e. 

12/. Cor . 1 . — When « = 0 or cos » = 1 , 

P : W : : sin a : 1 : : AC : AB. 

In this case the direction of the power is parallel to the inclined plane, 
and the weight is the greatest that can be supported by the given power P. 
128 . Cor. 2. — If the power act parallel to the base, s = «, 

P : JV : : sin a : cos a : : AC : BC. 

*V* 3 .— If the power act perpendicularly to the horizon, 

c =k Sw — a, therefore cos « = sin « and P = W. In this case the 
weight is entirely sustained by the ppwer, and there is no pressure on 
the plane. 


130. Prof. XIV . — To find the •proportion between two weights , Pand 
W, connected by a string passing over the pulley p and resting upon the 
two inclined planes AB, AC. 


Suppose a weight T hanging freely 
at p, as in the last proposition, to balance 
P ; then will T be the tension of the 
string Pp. And if the angle ABC = a, 
APp = « ; ACB = a', AIFp = *' ; then 
(art. 126 ) 

P \ T \ \ cos « 



Aljto, since librium, 

F tnestnng PjHsevidently the same as that of the string 


the tension of I 



T s W :: sine' : coa«'. 


ice, multiplying like terms together, 


cose 


P ; IF : : cos • sin 9! : cos J sin * : : -7 — 

sin* 


COS I 1 

sin el * 
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131. Cor. — If the string be parallel to the two planes, • and i' we 
each s 0; in this case, therefore, 

* P : W :: sin«' r.ain* :: AB : AC% 

4 * 

Examples. 

!• A power of 5lbs., acting parallel to a plane, supports a weight of 
lOlbs. ; required the inclination of the plane to the horizon, and the 
pressure upon the plane. Ans. IncR = 30°; pressure ss3*661hs. 

2. The weight, power, and pressure on ap inclined plane are, respec* 
tncly, as 13, 9, and 6 ; required the inclination of the plane, an$$e 
angle which the direction of the power makes with the plane. 

Ans. IncR of the plane = 37° 21'; dir". of the power = 28° 47'. 

3. If P and W sustain each other on two inclined planes AB, AC, 
(see last figure), by meaus of a string passing over a pulley at A ; and 
the circumference of a circle be described through the three points A, P 9 
W\ prove that P 9 W will still be in equilibrium, at these points, if the 
string PpfV passes over a pulley p in any part of this circumference. 


V. TIIE WEDGE. 

132. The wedge is a triangular prism, and is used for the purpose of 
separating obstacles by introducing its edge between them, and then 
thrusting the wedge forward. 

Knives, swords, coulters, nails, &c., are instruments of this kind. 

The power in this case is the blow of a mallet, or other such means, 
upon the back of the wedge, which produces a violent pressure for a 
short time. The force to be oveicome, or W, is the resistance which 
the parts of the body oppose to their being separated. But as this 
resistance is never well known, we shall not attempt to determine the 
ratio between P and JV, as in the other cases, but confine our&elvcs to 
ascertain the effect which the power exerts in a direction perpendicular 
to the two sides of an isosceles wedge. 

133. Phop. XV . — An isosceles wedge being introduced between two 
obstacles ; to find its tendency to Mpm ate the obstacles when a given 
foice acts perpendicularly upon its back . 

Let ABC be a section of the wedge made 
by a plane passing through P perpendicular 
to the edge, and consequently perpendicular 
to the two sides of the wedge. Let P be 
tho power acting at the back of the wedge ; 
from P draw PE, PF perpendicular i AG, 

BC. Let Pd represent the force J\ and 
complete the parallelogram Pedfi Then the 
force Pd may be resolved into the two forces 
Pc, Pf, perpendicular to the sides of the 
wedge. And since the three sides Pd, Pe, 
de, of the triangle Pde are, respectively, per- 
pendicular to the sides AJB, AC, BC of the 
umngle ABC, these two triangles are similar. 



Hence, if we call Q, 
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Qf the forces which P exerts on the two sides AC, BC, and 2* the 
angle ACB of the wedge, we have I 

P : Q : : Pd : Pe :: AB : AC : : 2 sin « : * 1 ; 

P/== 2@sin«. 

VI. THE SCREW. 


134. The strew consists of a cylinder AB , with a uniform projecting 
thread abed . . traced sound the surface, and making a constant angle 
with lines parallel to the axia of the cylinder. We may conceive it to 
beformed by taking a right-angled triangle hkl , whose base hk is equal 
to the circumference of the cylinder, and height hi equal to the distance 
between the threads measured in a direction parallel to the axis. If 
this triangle bo folded round the Cylinder so that hk shall be parallel to 
the base of the cylinder, M will form the spiral thread of the screw. 
This cylinder fits into an equal hollow cylinder, on the inner surface of 
which there is a groove exactly corresponding to the projecting thread 
abed. The two screws being thus adapted to each other, either cylin- 
der may be moved round the common axis by a lever perpendicular to 
that axis, and a motion will be produced in the direction of that axis by 
means of the thread sliding in the groove. 


135. Prop. XVI. — In a vertical* screw when there is an equilibrium , 
P : W :: d : 2wr ; d being the distance between the two contiguous 
threads , measured in a direction parallel to the axis , and 2wr the circum- 
ference of the circle which P describes . 


Let the screw which sustains the 
weight JP be supposed to be sup- 
ported by its ‘thread resting on the 
groove of the external screw. Then 
we. may suppose 'a "portion of the 
weight to be sustained at each por- 
tion of the thread, and the whole 
weight will be the sum of these por- 
tions. Let a weight w bo supported 
at m by means of the arm Cff 
Then we may Conceive m to be a 
portion of the inclined plane hi, 
whose height is hi, the distance be- 
tween two threads, and the base hk 
equal to the circumference of the 

^ ^ le P owcr . w ^ c h> acting at m parallel to hk, would by 
lts <P£ ont ? 1 P ress ? re sustain the weight w, or prevent the motion of the 
tserw round the axis. Then, since the weight w is sustained upon the 
inclined plane mn by a power q acting parallel to its base, wo have 
(art. 128), 

q : w :: height : base : : d : 2w X Cm . 

* n ^ ea( *. 0 f supposing the force q to act at m, let a power p act at 
M f% a direction parallel to the former force q, and let it produce the 
same effect at m that q does ; then, by the property of the lever, 

A* ? •» Cfa '• CM :: 2w x Cm : 2w x CM ax 
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wt* 


ev aquali, 

In the same manner let jU 

by p ' 9 acting at 

Then we shall have * 


^rweighjt to' be supported any other point 
f an arm equal to CM ; to" by jr ; and so on. 


pf : w r : : d : 2 w ; p" : to" : : d : 2*r, &c. 

But the sum of all the partial weights + + dre. = fF ; and 

the sum of all the separate powers acting at M , M\ &c«» will produce 
the same effect as a single power P = p + p' •+• + &c. acting at an 

equal distance CM. Hence (Alg. art. 181.) 

P : TF : : d : 


Cor *— Instead of supposing the screw to support a weight //'acting 
vertically, we may suppose it omploycd # to produce a pressure IF in any 
direction, and the proportion will be the same as before. 


136. Prop. XVII . — In the endless screw there will he an equilibrium 
when the power is to the weight . as the distance oj the threads multiplied 
by the radius of the axle to the circumference described by t!u power 
multiplied by the radius of the wheel . 


The endless screw is so combined with 
the wheel and the axle that threads of 
the screw may work in the teeth fi\cd in 
the circumference of the wheel. Let Q 
represent the power pz’oduced by the 
screw at the circumference of the wheel, 
then, by art. 123, if d be the distance 
between the threads, and 2srr the ciicum- 
fercnce described by P , 



P : Q :: d : 2t?*, 


^and in the wheel and axle (art. 103) 


Q : W : : radius of axle : radius of wheel ; 


Pi fV ll d X radius of axle : 2rcr x radius of wheel. 


137. Prop. XVIII . — If a power and wiiqht be in equilibrium in any 
machine, and the whole be pul in motion ; the power : weight : : weight *s 
velocity in the direction of its action : power s velocity in the diiection 
of its action . 

Tho proof’of this important proposition, which is only a particular 
ca«e of the principle of virtual velocities, will be most simply derived 
from an enumeration of the cases of the different mechanical powers. 

In the application of the rule tt\ < ‘lings must be attended to. 

1. The velocity of the power ir weight must be estimated in the 
direction in which it acts. Thus, if Ww (see fig. page 193) represent 
the velocity of W on an inclined plane, and wn be drawn in the direction 
of gravity, and Wn perpendicular to wn 9 then wn is the velocity of fF 
in a vertical direction, or in the direction in which it acts. Also, Wn 
is its velocity in a horizontal direction. 

2. That part only of the power or weight must be estimated which 
is effective. 
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(1) The lever. Let ACB 
be a lever kept at rest by a 
power and weight acting in 
the directions AP, BlV; 
and Jet CM, CN be per- 
pendiculars from the ful- 
crum upon these directions. 

Let the lever move uni- 
formly through a very small 
angle into the position aCb. 

A and B will describe cir- # P 

cular arcs Aa t Bb, which will be a^the velocities of the points A and 
B , and ultimately these arcs may for straight lines. Draw am y 

Bn perpendicular to AP, bw , theril^Mr Am, bn be proportional to the 
velocities estimated in the directions of the forces. 

Now, considering Aa as a straight line, CAa will ultimately be a right 
angle; hence 

CAM + a Am = a right angle *= CAM 4- A CM ; 
thercfoie the angle a AM = ACM • 

Hence the triangles CAM, Aam are similar. In like manner the 
trimglcs CBN , Bbn may be proved to be similar. Hence we have 
these proportions, 

Am : Aa : : CM : CA ; * Aa x Bb xx CA : CB, 
f Bb : bn : : CB : CN; 

therefore, ex equali, 

Am x bn xx CM : CN : : TV : P ; 

P's vel. : JFW 1. : : IF : P. 

(2) In the wheel and axle . If the power be made to descend through 

a space equal to the circumference of the wheel with a uniform motion, $ 
the weight will be uniformly raised through a space equal to t^ie circum- 
ference of the axle, and these circumferences are as the radii. Hence 

P’s vel- : W s vel. : : rad. axle : rad. wheel : s W : P. 

(3) In the single fixed pulley . If the weight be uniformly raised 
1 inch, the power will uniformly describe I inch in the direction of its 
action. Hence 

P’s vel. : IPs vel. :: W : P. 

(4) In the single moveable pulley with parallel strings . Jf the weight 

be raised 1 inch, each of the strings is shortened 1 inch, aud the power 
describes 2 inches, therefore 


P's vel. 


W ' s vel. s : 2 : 1 s : W : P. 


(5). In the tingle moveable pulley with strings 
not parallel . If the pulley at W be considered 
as A point, and IV be raised through a very 
small space Cc, P will descend through a space 
mm [AC m \ m EC')-—{Ac -f* Be) ss Cm-^Cn, 

taking Am = Ac and En = Ec. But when 
i'Mpangle CAc is extremely small, cm and cn 
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tnay be considered ultimately perpendicular to AC tmd JSC ; hence, 
putting the angle AC* *= «, 

as Cm + Cn ss 2 Co cos cl ; 
consequently Pp i Cc :: 2 cos a : 1 ; 

P's vel. : Wsvel. : : TV : P. 

If the pulley be of finite magnitude, the proportion will still be the 
same, for when the weight moves through a very small space Cc % the 
angles at C and c will ultimately be equal, and, therefore, the part of the 
etring which adheres to the pulley remains unaltered ; and consequently 
the space described by P.is the same. 

(6) * In the system of pulleys (art. 119), if the weight be raised 1 inch, 

each of the strings at the lower blocks shortened 1 inch, and the power 
describe* n inches : therefore f jk 

P*s velocity : W f s velocity : : n : 1 s P. 

(7) . In the second system of pulleys (art. 1 22^$^y^taised through 

1 inch, C is raised through 2 inches, B is raftra * 2 inches, 

A through 2x2x2 inches, and so on, be lowered 

2 h inches ; hence^/ + 

r 6d 1 inch, the pulley 
1 inch because JVU 
Sy B descends 1 inch ; 
les ; the next pulley will 
M 2 X (l + 2) inches 

J 1 descend l + 2 -}* 4 
therefore 

1 : : W : P. 


(8) In thethhd si/itetoi (art. 12£)AU 
B will descend 1 inch ; the pulley 
raised 1 inch, and 2 inches became* 
therefore it will descend altogether 1 H 
descend 1 inch because TV is raised J 
in consequence of the descent of A\ Hu, . 
inches; and similarly for any number tu pi 

P’s velocity : W*s velocity : : 1 -f. £ 4 

* (9) In the inclined plane . Let IV be 

through admail space Ww, and let IVP, 
be drawn in the direction of the power. ftrAV ™ 

TVD parallel to BC, and wm, wn perpend 
cular to IVPy TVD ; then Thn, wn, are tfktjg 
mately as the velocities of the power 
weight in the directions in which they 
But wWn = ABC= *, and PWA =r 
therefore TVm = Ww cos e, wn = Ww sin 

hence ** -•* 

t iff r 

P*s vel. : TV's vel. : s cos t : 

(10) In the screw . If the poyiei uniformly the circumfe* 

rence of the circle (ait. 141), the weight is uniformlylraised through the 
distance between two contiguous threads ; therefore 

P # s vel. s TV's vel. : s 2w X CM s ae : : W : P. 



: P. 


(11) In any combination of machines • If in any compound 
machine, P, Q, ; Q, JR ; . ... . V> W; be the power and weight in each 
case where ' there is an ^ equilibrium, and p 9 q 9 . . . , v, w be the respec* 
Ave velocities in the directions in which the forces act, we have, from 
the preceding articles, K 

VOL. II. 
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P/> = Qq; Qq ss Rr* Rr as Ss , . . . Vv as TPlfl t 
and therefore /*/* =* JFw. Hence 

Ps vel. : IT’s \el. : : p : w :: IP : /*• 


CHAP. V.— ROOFS, ARCHES, AND BRIDGES. 


It is our intention, in the present chapter, to apply the doctrine of 
equilibrium to explain the manner in which the thrusts and strains 
usually act in roofs and arches. Although the subject is of the utmost 
impoitance to the military and civil engineer, we can only consider the 
general principles, and refer the student, for many practical details, to 
the 1st volume of Robison's Mechanical Philosophy, and Tredgold's 
Elementary Principles of Carpentry. 


THE EQUILIBRIUM 4 


* a 

138. Prop. I. — If ABC 6s a frame fixed against a wall, it is re - 
quired to calculate the strains on the beams CA, CB by a weight TV 
suspended from C. 

Take CD to represent the weight //''and 
draw da , db parallel to CB, CA ; and let da 
meet AC, produced in a . Then Cadb is a 
parallelogram, and the force Cd is equiva- 
lent to the two forces Ca 9 Cb. The force 
Ca acts in the direction AC> and, therefore, 
the beam is in a state of tension : but Cb 
acts in the direction CB f or tends to com- 
press it. If, then, we put the angle 
ACPV ~ a, and ACB == y, 

we have 



Ca : Cd : : sin Cda : sin Cad : • si np : sin y, 

Cb : Cd ll sin Cdb : sin Cbd : : sin a : sin y, 

tension of CA = thrust on CB 7V~— * 

sm y sin y 

Hence it appears that the strain on any piece is proportional to the 
sine of the angle, which the straining force makes with the other piece 
directly, and to the sine of the angle which the pieces make with each 
other* inversely. 


139. Scholium . — When any force tends to 
stretch a beam or draw it asunder, the place 
of the beam might be supplied by a rope, and 
it is called a tie ; but when the beam is com- 
pressed or crushed by a force, it is called a 
or a brace . It is easy, in any particular 
mt* to distinguish a tie from a strut ; for if 
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the direction of the force Wd fall within the angle formed by the pieces 
strained, as in the adjoining figure, then both pieces are compreesed. 
But if it fall within the angle formed by producing the direction of 
either of the sustaining pieces, as in the first figure, this beam is in a 
state of tension.^ • 


140. Prop. II. — In a simple ho see l es truss roof it h required to cal- 
culate the tension of the tie-beam. 

Let AB 9 BC 9 be two beams of the roof, 
connected by the tie-beam AC. Let \V 
be the weight of each sloping beam, and 
the portion of the roof supported by it ; and 
let G 9 H be their centres of gravity, t>t the 
points at which these weights may be sup- 
posed to act. Also, let the weight on the 
vertex, arising from a longitudinal beam 
or other appendages = to, the angle BAG = #, AB = a, *1G = b. 

The weight W of the roof AB miy be supposed to be collected at 
G , its centre of gravity ; and this weight is supported at the points A 
and B . Hence, by the property of the lever, 

weight \V : part of this weight sustained at B : : -//? : AU> 

b 

pressure at B arising from the roof AB = W — ; 



similarly, pressure at /?• arising from the roof BC = W — ; 

c, a 


Hence, if we put B for the whole pressure at B r we have 

„ 2 \Vb 

B = w -+• , 


Draw BD perpendicular to AC t and take Bd to represent this pres- 
sure at B; then, if we complete the parallelogram Bedj ] Be 9 /J/’will 
represent the pressures or thrusts in the directions BA 9 BC (art. 41). 
Resolve the force Be into the two llk 9 ke; ke will represent the hori- 
zontal thrust at A 9 which we tnay call H \ We have then 

II : B :: ke : Bd or l 2Bk : : rad : 2 tan a ; 

' / Wb\ 

* m . H =3 \Bvot ^ \w 4- — -Jcota. 

This measures the horizontal thrust of the roofing against the walls, 
supposing the tie-beam to git e way. 

141. Cor . 1-— If the rafter AB . t port a covering of uniform thick- 
ness, G will bisect AB. Let A be tae weight of a portion of this roof 
equal in length to AD , then A = W cos « ; therefore 

II = + £ \F) cot » = %u> cot <* -f \A cosec a. 

Hence it appears that the greater a is, or the steeper the roof is, the less 
will be the horizontal thrust* 

142. Cor. 2.^-When AC is great, and loaden with a floox' and ceil- 
ing, it is apt to bend in the middle. To counteract this tendency a 
small piece of timber BD* called a king-post, is suspended at B, and 
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connected by an irtxl strap or other mean* to the beam AC. Half the 
weight of the beam>^C may now be supposed to be sustained at D by 
BD y and the king-post must be made sufficiently strong to bear this 
pull or strain. The weight of the king-post, and half the weight of the 
tie-beam, are therefore suppoitcd at B, and must be included in the 
value of B. 

143. Prop. III. — To determine the strains on the braces DG, DH, 
dr awn from D to the middle of BA, BC. (See the last figure.) 

The pressure at G may be considered equal to half the weight of the 
roof AB , or £ Wx for the weight of AG is equally supported at A and 
G y and the weight of BG equally supported at B and G . Also, the 
direction of this pressure is vertical or parallel to BD . Let this be 
resolved into two forces, in the directions GAy GD • The pressure in 
the direction GA will be sustained at Ay and will have no effect in 
straining the brace GD ; but the force in the direction GD will be en» 
tirely effective. Call this thrust Ty then (axt. 16) 

\W : T :: sin AGD : %\\\AGi> :: sin 2^9 : sin j3; 

_ W sin £ _ W _ W 
2 " bin 29 4 los (3 4 sin *’ 

144. Cor.— If GD represent the thrust at G , HD will also represent 
the thrust at H\ and these two forces are equivalent to the force BD, 
which, therefore, is the strain on the king-post arising from the weights 
of the roofs A By BC . 

145. Prop. IV. — To determine the horizontal thrust on the tit-beam 
AD of the roqf ABCD; of which 
the •rafters AB, CD are equal , and BC 
horizontal. 

Let the weight of each of the rafters 
ABy CD, with their covering, be TV, and 
the weight of BC be W also, let the 
angle at A = a. Then (art. 140) 

veitical pressure at B arising from the roof AB = £1K, 
do. from the roof JlC = \IF\ 

Hence the whole pressure at B = + W r ). 

Take Bd to represent this pressure, and complete the parallelogram 
Bed/. The vertical pressuie Bd is equivalent to the two thrusts Be 9 
B/;m i since Bde is a right angle, Be is the thrust at A in the direc- 
dc is the horizontal thrust at A. Hence 

VyJ** H : l(W+ W') :: de : Bd :: rad : tan*; 

H « i(W+ IK') cot*. 

f Cor . I. — The force which tends to crush the rafter BA is 
Be = £( W + W f ) cosec * ; 

tod the force which tends to crush the strut-beam BC is Bf or ed 9 
Inich is equal to the horizontal thrust at A . 

npisft 2. — Additional stiffness is given to thus roof by adding the two 




EQUILIBRIUM OF ROOFS* 


197 


ties or side-posts BE, CF\ which are counected with the tie-beam* 
either by mortises or straps. # # 


146. Prop* V.— In a roof where two stretchers DA, DC are substi- 
tuted for the tie-beam,* it is required to determine the strain upon the 
king-post BD. 

Let BA \ BC be the two rafters 
of the roof; and let fP be the 
weight of each rafter, and the 
portion of roof supported by it ; 
also, let w be the additional weight 
at ft. If the centres of gravity of 
Ati , BC bisect these lines, W will 
be the pressure downwards at B , 
arising from the ro<5f ABC (art. 

140) ; and fV+ w will be the whole 
pressure downwards at B : put 
fF+iv = B. Let BD represent 
the pvessure B y and complete the parallelogram BcDf ; then Be, Bf 
repie*ent the thrusts on BA , BC y and he represents the horizontal 
thrust at the point A . Now we may consider AB as a lever, moveable 
round the point B as a fulcrum, and pulled at A in the direction Aa by 
the force ke y and resisted by the reaction of the stretcher DA, pulling 
in the direction AD, Let H = horizontal thrust at A y S = strain in 
the direction AD, a = angle BAE y j3 r= angle BAD s then 

H : B :: ke : BD or 2 Bh :: rad : 2 tan a; 

*\ H as £j?COta. 

Also, from the propeitics of the lever, when there is an equilibrium 
(art. 94), 

H x BA sin « =s S X BA sin /9 ; 

« . , sill & , _ COS a 

S 2= H t — - = \B-— . 
sm p sin p 

Similarly, the pull or strain «n DC = S, and the two strains S y S, in 
the directions DA y DC, produce a strain on the king-post at D, in the 
direction DE 9 equal to 

2S cos ADE - 2S sin (« — /S) = 

147* Cor.— If, instead of DA y DC, two ties, DE, DF y were intro- 
duced, making an angle 0 with BD f we might, in this case, also con- 
sider as a lever, moveable *oui i the fulcrum B, and kept at rest 
by the force AT acting at A in the direction Aa , and tho reaction S of 
the tie DE . Putting, therefore, AB = a, BD = k; we have 

Ha sin a = Sk sin 0, hence 
__ a sin a B a cos a 

* ~~ F^Tb - T Ar sin 0 5 



strain on BD 


2S cos tf 


B 


a cos » cot 9 


k 
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148. Prop. VI.— 7o calculate the conditions of equ librium of any 
numpcr of beams , <AB, BC, &c. forming a framework in a vertical 
plane. 

Let IF, W, &c. be' the weights of 
AB, BC, &c. and their coverings; 
and tv, vo\ &c. the additional weights 
supported at the angles /?, C, &c. 

Also, let the angle ABp = ft 
CBp = ft. Now, if the centres of 
gravity of AB, BC, &c. he in the 
middle points of these lines, the 
pressure at B, arising from the roof 
AB = IW, and from the roof 
BC = l W'. Hence, if B be ’the 
whole vertical pressure at B, we have 

B = » + J(»K+ W f ). 

Let Bp represent the pressure B . Complete the parallelogram 
Bmpn , then will Bm , Z?w represent the pressures or thiusts on the 
beams BA , B(7. Call these thrusts T \ T' ; also, put II = horizontal 
thrust at A . We have then 





Hence 


T : if : : J7 m : Bp : ; sin Bpm : sin 
: : sin ft : sin (P -f ft). 

and, therefore, 


B 


sin (/3+ ft)’ 


// — ji h * n P** n &' _ -B 

sin 03 + ft) cot/3 + cot ft * 

.149. Cor. 1 — The horizontal pressures at B , arising from the thrusts 
on BA and BC , are evidently equal and opposite. Also, the horizon- 
tal* pressure at B , arising from the pressure on BC, must be equal to 
the horizontal pressure at G 7 , arising from the pressure ou CB. Hence 
the horizontal pressure at each angle is the same. 

150. Cor . 2.— If, from any point 71, BI1 be drawn horizontally to 
represent the constant horizontal pressure, and BL, BC, BM, &c. bo 
drawn parallel to AB, BC, CD, &c., meeting a vertical line passing 
through II, those lines will repusont respectncly the thrusts on the 
beams ; for the triangle BLC is similar to the triangle Bmp , and so on 
with the others. Hence, also, it follows that LC, CM, MN represent 
the whole vertical piessures at the angles B , C , I). 

151. Cor . 3*— If the whole figure ABCDE be supposed to be in- 
verted, and to come into the position AbcdE in the same vertical plane 
as before; and if cords be substituted for the beams, and weights be 
suspended at the angles b , c, &c., equal to the corresponding vertical 
pressures at B, C, &c., the equilibrium will still subsist. For since the 
angles at the points B, b are respectively equal, and the vertical forces 
are equal, the tensions in the directions bA , be will be equal to the 
pressures in the directions BA, BC . In like manner it may be shown 
that all the other tensions at c , d, &c. are equal to the pressures at C, 

> D, &c. ; and since the pressures at B, C, &c. balance each other, the 
' tensions at b , c, &c. will also keep each other at rest. In the latter 
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case, howe'er, the equilibrium is stable, but in the former ease it is ««- 
stable. (See art 69.) 

THE EQUILIBRIUM OF ARCHES. 

152. By an arch is meant a number of bodies, of the form of w edges, 
supported by their mutual pressures, and the pressures of the two ex- 
treme bodies against fixed obstacles. 

These wedges are called voussoin, and the voussoir which is at the 
top or crown of the arch is called the keystone. 

The surfaces which separate the voussoirs are called joints . 

The external curve of the arch is called the extrados, and the internal 
curve the intrados . 

The solid mass against which the lowest voussoir on each side restsr is 
called the pier or abutment. 

153. Prop. VII . — To find the conditions of equilibrium of an arch. 

Let AamM be any portion of 
the arch ; then the forces which 
keep it at rest are, 1st, Its own 
weight W, which acts in -a vertical 
line fg passing through its centre 
of gravity ; 2d, The horizontal 

pressure of the opposite arch aP^ If 
which acts at every part of the sur- 
face An , but is equivalent to a 
single force acting at some point £ 

F , which we may suppose to be 
the middle of Aa ; and 3d, The L 
reaction of the arch mB. When the resultant of the first two forces 
falls within the joint Mm, and is perpendicular to it, there will be an 
equilibrium. But if the resultant be not perpendicular to Mm , the 
\oussoirs will slide along each other, since tho joints are supposed to be 
perfectly smooth : and if the resultant falls without Mm, there will 
bo a rotatory motion about that extremity of Mm towards which the 
resultant falls. 

In the horizontal line OD , take OR to represent the horizontal 
pressure at F y and draw RT perpendicular to the direction of Mm ; then 
the three sides of the triangle OUT are parallel to the three forces 
which keep* the arch aM at rest, and therefore they are proportional to 
•these forces (art. 18). Hence, putting H = the horizontal pressure at 
F; P = the pressure at Mm ; W = the weight of the arch aJf; and 
also, a = the angle which the jo* • Mm makes with the vertical ; we 
have 

H : W : P : : OR : OT : RT; 

W 

• *. IF=Htan«; P^Hsec*; and P = - — . 

sin » 

154. Cor . 1 .— The pressure TR may be resolved into the two forces 
TO, OR t of which TO = W, the weight of the arch, and OR = //, 
the pressure at F. Hence the horizontal pressure at each joint is the 
same, and is equal to the horizontal force at F. 
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165. Cor. 2,— If W ' =s the weight of the arch uN, and of the angle 
which the joint Nn .makes with the vertical, then the weight of the* 
toussoir MmnN = W' — W = H (tan a! — tan a). 

156. Cor. 3.— If p be the angle which the joint Bb makes with the 
vertical, and A the weight of the half-arch aB , 

the pressure upon the pier BK = ~ . 

' r sin p 


157* JPitop. VIII.— To find the pressure everted to ovetturn the pier 
of an arch. (See the last figure.) 


If the pier be overturned by the pressure of the arch, it will turn 
about the point K. We may, therefore, consider the pier as a leter, 
whose fulcrum is K; and the pressure of the arch acting at some point 
E in the direction EL , perpendicular to Bt, tends to overturn the 
pier, and the weight of the pier acting at its centre of gravity G in the 
direction GQ, tends to keep it steady. Draw Kk perpendicular to 
EL or parallel to Bb ; and let P be the angle which the joint Bb makes 
with the vertical, then p = HKk = ELK ; therefore Kk = KL sin p. 


Now the pressure on the joint Bb = 


A 

sin p 


(art. 156). 


And in order 


that the pier may stand, 

weight of pier x KQ must be > pressure in direction EL X Kk. 


> 


sin p 


KL sin P > A x KL. 


158. Prop. IX.— Given the intrados 9 to find the lengths of the vous- 
soirs when they aic piessed only by their onti weights. 

Let AM y am be the intrados 
and extrados of an arch; Mm , 

Nn two joints extremely near 
each other ; and let them be pro- 
duced until they meet each other 
in O. Lot a, of be the angles 
which Mm 9 Nn make with the 
vertical, then the angle MON^d 
— a also, let OAT=r, Mtn~v. 

Now the weight of the voussoir MmnN is proportional to tan a'— tana 
(art. 166). But the weight o t this ^oussoir is also as the area MmnN ; 
and the area OMN being considered as a triangle ' 

= iO M X ON X sin (a! — a), 
and the area Omn = \ Om x On x sin {of — a) ; 

hence, therefore, |[Om X On — OM X ON] x sin (a! — ct) is pie* 
portion al to tan of — tan Let t* be such a constant quantity that 

{Om x On — OM X ON) x sin {of — of) = c* (tan «— tan «) 
sin of ^ sin *\ _ ^ sin {of — «) 
cos of cos at cos a cos of 9 



then 


Om A On — OM x ON = 
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But since the joints are supposed to be extremely near each others 
have! ultimately! Om — On, OM as ON, and *' =.*; therefore 

=s Om 3 — Oil/ 2 =s (r + v Y — r 2 = 2re +t^; 

COS* a 

from whence we obtain 

v =s VXc* sec 2 * + r 2 ) - r. 

And since the intrados is given, and the position of the joints, r is 
known at every point, and therefore v is the length of the voussoir. 
Hence the form of the extrados is known. 

We have here supposed the joints to be extremely near each other, 
or the voussoirs to be indefinitely thin. If we suppose any number of 
these small voussoirs to be united anc^become one larger voussoir! it is 
manifest that the equilibrium will still subsist. 

159. Cbr.— Let the intrados be a straight line (see the dotted part of 

the figure), then c % = {Om 2 — OM 2 ) cos 2 at = Om 2 cos 2 *— OA* ; 
therefore Oth 2 cos 2 * = r 2 + OA 2 - Hence Om x cos * is a constant 
quantity, and therefore the extrados is also a straight line. * 

160. Prop. X. — The intrados of an arch being composed of two equal 
circular arcs BM, B'M ; and the joints being perpendicular to the curvet 
to find the extrados that there may be an equilibrium. 

Let BM, B'M be two equal arcs, whose 
centres are O' , O , and let them be continued 
to the highest points A and A'. Also let Ea , 

E'a' be the corresponding extrados to these 
arcs. Let Mm, Mm' be the joints passing 
through M; if now we suppose the parts Ma , 

Ma ' to be removed, and a voussoir V to be 
placed at M, which will exert the same pres- 
sures on Mm, Mm, it is e\ident that the 
arches Bm, B'm' will still be in equilibrium. 

Let H be the horizontal pressure at Aa, and * the angle which Mm 
makes with the veitical, then H sec * is the pressure on Mm (art. 153). 

Now, if V be the weight of the wedge VM, it is manifest that 4— ie 

sin a 

the pressure on each of the surfaces Mm, Mm'. Hence 
IV 

t— = n sec*; V = 2Htma* 

sii} A 

161. In the preceding propositions we have supposed the voussoirs to 
be acted on by their own weights alone. We will now suppose a largo 
superincumbent weight to be placed u 4 *i the voussoirs, and this weight 
not to be affected by lateral pressure, »>ut to press solely in a vertical 
direction. In this case, since the weight of the voussoir and the pres- 
sure act in the same direction, the pressure may be considered as simply 
an addition of weight to the voussoir. 

162. Prop. 'XLr—If every part of an arch be pressed vertically by 
the weight immediately above it, it is required to find the height oj the 
extrados above the intrados . 

If the length of the voussoir be sinall compared with MR, t 1 
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weight of the column above the voussoir will be 
nearly equal to tfcat of MRSN ; and when the 
voussoirs are very small, this weight is nearly pro- 
portional to Mll x LM. Suppose the joints to 
be perpendicular to the intrados, and let*, *' be 
tho angles which the joints at M and N make 
with the vertical; then, from art. 163, the pressure 
on MN is as tan *' — tan «, therefore MR x ML 


is proportional to tan ot! — tan *. Let c* be such 
a constant quantity that 

MR X ML = c 2 (tan tan *) ; 

then, since 



LM = MN cos LMN = *MN cos * ssr OM (»' — *) cos a; 

LMx MR = OM x MR (*' — <*) cos *• 

A1 . . sin*' sin * sin (*'—*) 

Also tan * f — tan « = = — ; 

COS a 1 cos * COS * COS * f 


OM x Mll (a' - «) cos « = c» ~ . 

cos * cos * r 


And, because LM is extremely small, sin (*' — and 

cos a! = ccsa, very nearly ; also, OAf is ultimately the radius of cur- 
vature at the point M ; hence 


MR 


c 2 <? sec 3 « 

OM X cos 3 a rad. curv. * 


163- Cor . If the intrados be a semicircle whose radius is r, 

MR varies as sec 3 *, or inversely as PM 3 , 

and therefore PM 3 : CA* : : AB : MR. When a = 90°, or when 
PM 0, is infinite. ' 


Scholium . 

164, In the preceding propositions we have investigated the condi- 
tions of the equilibrium of an arch when it is prevented from falling, in 
consequence of the voussoirs not sliding along each other. But there 
are other circumstances which must be taken into consideration in the 
construction of arches. We have first supposed the joints to be per- 
fectly smooth or polished, and to sustain each other merely by the equi- 
librium of their vertical pressure ; if this be not the case, the voussoirs 
may be prevented from sliding in each other and the arch may stand, 
although the above conditions be not satisfied. To make the arch 
still stronger, the voussoirs are sometimes joggled or united together so 
that an arch really never gives way for the want of equilibrium in the 
vertical pressure of the voussoirs. According to the views of Professor 
Robison, u An arch, when exposed to a great overload on the crown (or 
indeed on any part) diwdes of itself into a number of parts, each of which 
contains as many arch-stones as can bo pierced (so to speak) by a 
straight line, and it may (hen be considered as nearly in the same situation 
with a polygonal arch of long stones butting on each other, like so many 
beams in a Norman roof. After mentioning some circumstances con- 
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nected with the failure of a considerable 
arch, he says, “ straight lines can be drawn 
within the arch-stones from A to B and 
j D, and from those points to C and E. 

Each of the portions ED» DA, AB, BC, 
resist as if they were of one stone, com- 
posing a polygonal vault ED ABC. When 

this is overloaded at A , A can descend in 1 

no other way than by pushing the .angles B and D outwards, causing] 
the portions BC, DE to turn round C and E, This motion must; 
raise the points B and D, and cause the arch-stones to press on each other 
at their inner points b and d . This produced the copious splintering 
at those joints ifhmediately preceding the total downfal. The splinter- 
ing, which happened a fortnight before, arose from this circumstance — 
that the lines AB and AD , along which the pressure of the overload 
was propagated, were tangents to the soffit of the arch in the points E, 
H, and G , and therefore the strain lay all on these corners of the arch- 
atones, and splintered a little from off them till the whole took a firmer 
bed.” Upon making the experiment with models of arches of chalk, 
he found, when he overloaded the models at A , the arch always broke 
at some place B considerably beyond another point F, where the first 
chipping had been observed. 


THE CATENARY AND SUSPENSION BRIDGES. 


165. Prop. XII. — If h perfectly flexible chain , of uniform ihmityand thickness, be 
suspended from two fixed points , B and C ; to find the equation of the curve when it 
is in equilibrium . 

Let BAC be the given chain suspended at 
the points B and C; A the lowest point, or the 
point where the direction of the curve is hori- 
zontal. Through A draw AP vertically; and 
from any point P draw the ordinate PM per 
pcudicnlar to AP . Let AP = x, PM = y, the 
arc AM — s ; also, let a be the length of a por- 
tion of chain which is equal to the tension at A. 

Now, if we suppose the part AM to become 
ligid, after it has assumed the form of equili- 
lrium, it will evidently be supported in the 
same manner, and the tensions at A and M will be the same as before. Considering 
AM, therefore, as # a rigid body, it is Kept at rest by thiee foices, the tensions at M 
and A acting inline directions of the cum, or in the directions of the tangents MB, 
AB, and the weight of the chain acting in a vertical dnection; and since the direc- 
tions of these forces are respectively paial’el to the three sides of the triangle MPT, 
the forces will be proportional to these side* Uence 

weight of AM : tension t A : * TP : PM, 



and therefore, by the differential calculus, s . a : : dx : dy\ 



a 



and 


dx v + dx‘ 


Va* + s* 
s 


lienee dx = -— , = r • - ? — • T&kev the integral of this equation, supposing that 
VV + s* 

s ss 0 when x = 0 ; we then ba^e 

X t- tf = 
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From whence also we find 


** = # a + 2 ax. 


a^also —-=*— = < 

igl) dx * Vx* + 2 ax 

I integrating again, and supposing x and y to vanish together, 


__ log ^ + a + + 2 ~aj 7 

a a 


pd, if e be the base of the Naperian system of logarithms, we have, Alg. art. 391. 

jfi = A + a + '/T 3 + 2aj? 


Transposing — and squaring both sides of the equation, 


« + « (5 + 

a + a 2 


X 3 + 2 ax 
a 3 ~ ; 


from whence we obtain, 

( 1 -£\ * 

• £ + a = ^a\<? a +e “ / (3). 

Also, from equation (1), s 2 .= (j; + a) 2 — a 2 , therefore 

* = 4a ( e « «) (4). 

This curve is called the catenary. 

166. Cor. I. — The tension at M : weight of AM TM : TP ; and if t be the 
length of a portion of chain which is equal to the tension at M , 

t : ft . : TM : TP : : ds . dx\ therefore sds = tdx f 
but a 2 = a; 2 + 2ff.r, consequently ids = .rdir + adx. Hence 

t = x + a (5). 

167. Cor. 2. — If we suppose the tension at M to be balanced by means of a por- 
tion Mm of the chain passing over a pulley at M and hanging freely, Mm = x h a 
= Mn + a ; therefore nm — a. Hence it follows, that if, at different points of the 
curie B, M, Ac , the tension be balanced by means of portions of the chain hanging 
freely, all their lower extremities will be m the same horizontal line. 

168. Scholium. — From these equations Mr. Davies Gilbert has calculated various 
tables, which are given in the Philosophical Transactions for 1826, for their more 
ready application to suspension hi idges. These formulae, however, may be simplified 
in the case of suspension bridges, where the span is very great compared with the 
deflexion of the chain. 

169. Prop. XIII .— -To find an approximate equation to the catenary, when the ah - 
scusa U small lompared uith the ordinate. 

We have, from equation («), 


v'a 2 + 2ax 


(>♦£)- 


- Vi 0-4 


And taking the integral from x ~ 0, y = 0; and neglecting all the terms after the 
second, 

y== V -r K-t£) - V2b * 

Squaring this equation and again neglecting the third term, we get 

y 3 * 2ax — to* (6). 
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Hence also a = 

0 ** . 

We have likewise, from equation (1), 

8 = V'Se-e + = \/(y* + 

And again expanding and neglecting all the terras after the second, ' 


W- 


4 


( 8 ). 


170. Ex. l.—Let the span propose# for a suspension bridge be BOO feet, and let 
adjunct weight of suspension rods , road wag, fyc., be taken at one-half of the weight of 
the chains ; and let it be determined to load the chains at the point of their greatest 
strain, that is, at the point qf suspension, with one-sixth part of the weight they are 
theoretically capable of sustaining . 

The weight which an iron bar, whose trans- 
verse section is 1 square inch, can support 
when pulled in the direction of its length, is 
66,25 Olbs. (See Table in the next page.) 

Now this is equal to the weight of a bar of 
iron about 19,000 feet long and one inch 
square. Davies Gigftert assumes 14,800 feet 

to be the length of this bar. But the strain arises not only from the weight oftthe 
chain, but also from the weight of the roadway, &c., which is supposed to behalftthe 
weight of the chain, thus making the whole strain = f times the strain of the Iron. 
Hence, therefore, $ of this length, or 9867 feet, will be the utmost length of the 
chain of the suspension bridge, with its weights &c., which it can bear. The tension 
of the chain, therefore, at the points of support, is by hypothesis of 9867 feet 
1644*5 feet. We have, therefore, y = half the span = 400 feet; and / =* 1611*5 
feet. 

From equations (5) and (6) we have 

y 2 — 2 ax — i*’ = 2x (t — x) — Jo? 2 . 

Hence, substituting for y and t their values abose, and solving the quadratic equa- 
tion, we get 

x — 50 a 4feet; a = / — x — 159 H feet; 

Oj»? 

e = y + ■=- =* 404*23 feet. 
oy 

Having obtained the value of a, we can find the corresponding values of y to as 
many values of x as we please; and these \alucs of x will be the lengths by which 
the suspending rods exceed the length of the suspending rod at the lowest point of 
the cmve. r 



171. Ex. 2.*—/* the Hungerford Suspension Bridge, the central span between the 
piers is 676*5 feet , the droop or defection of the chain 50 feet, the number of links 
1280, their weight 352 tons; to find the strains at the highest and lowest points . 

Here x = 50 fpet, y = s J of 676*5 = 338*25 feet 

* = y + ~ = 343 feet i a = ± x * = 1152-5 feet ; 

oy oc 

t =s a + x s=s * V)2*5 feet. 

Sir Howard Douglas supposes the entire wt ight of the chain, platform, and a full 
load upon upon it, estimated at lOOlbs. per square foot, to be 1000 tons. In this 
case we shall have 

Weight of 1 foot of the chain = = 1*457 tons; 

tension at A, or freight of a =s 1680 tons ; 
tension at B, or weight of / » 1753 tons. 

* See a pamphlet on “ Metropolitan Bridges anil Westminster Improvements ; by 

Sir Howard Douglas, Bart., M. P." 
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*IIAP. VI.— STRENGTH OF MATERIALS AND FRICTION. 




1JB» There are several strains to which a piece of solid matter may 
I be mq>osed, and in which the mechanical effort to produce fracture, and 


t 


the resistance opposed to it by the particles of the body, are differently 
exerted. We shall, however, only notice the three following, which 
come more immediately under the attention of the engineer : 

1st' A body may be tom asunder, as in the case of ropes, king-posts, 
tie-beams, &c. 

2nd. It may be broken across, as in the cose of joists or levers of any 
kind. 

3rd. It may be crushed, as in the case of pillars, posts, &c. 


I. DIRECT COHESION OF DIFFERENT BODIES. 

?73. When a body is stretched in the direction of its length, its re- 
sistance will depend upon its natural power of cohesion, and the area of 
the transverse section. This will manifestly be true, since the cohesion 
of each particle is supposed to be alike, and therefore the whole force of 
cohesion must be proportional to their number, or to the area of the 
section. Many experiments have been made by different persons to 
ascertain the power which is necessary to overcome this direct cohesion ; 
but the results are not very consistent with each other. The following, 
however, may be considered as the mean practical results which may be 
depended upon. 

We shall take for the measure of cohesion the number of pounds 
avoirdupois which are just sufficient to tear asunder a prism or cylinder 
of one inch square. From this it will be easy to compute the strength 
corresponding to the area of any other section. 


lb>. av 

Oak 13000 

lbs. av. 

Teak 15000 

lbs or. 

Steel 115500 

Beech 14900 

Alder 14200 

Chestnut, Span. 13300 

Ash 15200 

Elm 13500 

Acacia 20600 

Mahogany 8000 

Box 20000 

Pear *9000 

Walnut.... 81000 

Poplar 5600 

Fir 10970 

Scotch pine 7800 

Cedar 6000 

Larch 1 0200 

Norway pine 7300 

Iron wire 103500 

Malleable iron 66250 

Cast iron 18500 

Copper.. ..... 33800 

Gun metal.. . . 36300 

Yellow brass. . 18000 

Copper wire.. . 61200 

Chain cable.. . 88152 


Hemp rope, one inch in circumference, 61 (libs. 


174. There are miyiy curious facts, which are difficult to be ex* 
plabb^l, respecting the direct cohesion of metals. Thus, if A metal be 
forged, or frequently drawn through a small hole in a steel plate, its 
cohesion is very mueh increased, and at the same time its density is 
augmented. But in lead the density is diminished, whilst its cohesion 
is more than tripled by tins operation Gold, silver, and brass, have their 
cohesion nearly tripled; copper an3 iron have St more than doubled. 
It is also remarkable that almost all the mixtures of metals are more 
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tenacious t&att the metals themselves; and the change of tehacity 
depends ip a great measure on the proportion of the ingredients. Seg 
the first volume of Robison’s Mechanical Philosophy. 

The ultimate strengths of different materials have been givegftajhftajt* 
but two-thirds of these weights will in general impair their strength 
after some time; and the engineer cannot with safety suspend *more 
than half these weights in his constructions. * 

II. TRANSVERSE STRENGTH OF BEAMS. 

175. Prop. I.— To determine the transverse strain of a beam fixed 
horizontally in a wall, when a weight is suspended at its extremity ; the 
weight of the beam being neglected . 

Let BAL bo a beam projecting ho- 
rizontally from a wall, in which it is 
firmly fixed; and let the weight P be 
suspended at the extremity L . Let the 
body be supposedgo break in the vertical 
section BA, perpendicular to AL , by 
means of the strain exerted upon it by A 
Now, the beam BL may be considered 
as a bent lever, in which the force P 
tends to turn it round a horizontal axis passing through A perpendi- 
cular to AL , and the force ot cohesion of all the particles in AB tends 
to resist this separation. Let m represent any indefinitely small area 
of the transverse section at m, whose distance from the axis passing 
through A is equal to a 1 , and let represent the force of attraction of a 
single particle at wi, then <p x m will be the force of attraction of the 
area m\ and, from the property of the lever (art. 108), <p?n X <r will be 
the force of m to resist fracture. Hence, if we suppose the section AB 
to be made up of the elementary portions m, m", &c., whose dis- 
tances from the axis of fracture passing through A are .*•, V, jt?' See,, 
and that the force of each particle in m, m', m n , Sec, is f, <p', p", Sec , 
respectively, the whole cohesive force will be represented by 
(pmx 4- + f w wV 4- & c. Now this must be equal to the energy 

of the power employed to break it. Let tho length AL be called J, 
then P x / is the corresponding energy of the power. This, therefore, 
gives us 

PI 2 = <pmx 4- qfm'A 4- ^V/ 4- &c., 
for the equalicti’of equilibrium corresponding to the section AB. 

176. Prop. II.— To determine the transverse strain according to the 

hypothesis of Galileo . ^ 

According to this hypothesis, every particle at the instant of fracture 
is exerting its full force of cohesion. Let this force be f we have then, 
in the last proposition, /* = = $ = &c. ; therefore 

PI =s f(mx 4- mV 4- mV' 4- &c,) = fMh , 

M being the area of the transverse section, and h the distance of the 
centre of gravity from the fulcrum A . But fM evidently expresses the 
absolute cohesion of the section of fracture, therefore 

PI ss absolute cohesion x A. 
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177 . Cor.—I( the solid is a rectangular beam, whose depth AB=sa, 
and breadth = A, .then h =s £/i. Therefore, in this case, PI = ifa*b. 


178. Prop. III .— To determine the transverse strain according to the 
hypothesis of Dr*. Hooke. 

From the observations made by this philosopher, the attractive forces 
of different particles arc proportional to the distances to which they are 
removed from each other; and Dr. Robison states that this is univer- 
sally true in all moderate extensions. If, then, we suppose that the ex- 
tensions of the fibres are proportional to their distances from A , which 
seems not improbable, it will follow that the cohesive force of any par- 
ticle at m will be as Am. Hence, if f be the attractive force of a 
particle at /i, <p : f :: x : a, therefore , 

<p = — ; in like manner at = — , drc. 

a a a 

PI = — (/„** + mV* + mV' 2 + &a.) 
a 

Now, it will be pro\ed, in a future part of this work, that if G be the 
centre of gra\ity, O the centre of oscillation of the transverse section 
AB vibrating about the axis of fracture, h = AG y 0 = AO , and 
M ss m 4- ni + m n -f &c., then 

wu-* + mV 2 -f mV' 2 + &c. = Mho ; and PI = fM — . 

a 

Let AJ be taken a fourth propoitional to AB y AO , and AG , we shall 

have AI = — ; and if wo put AI = i, 
a 1 


PI = /ML 


Lety represent the full force of cohesion of the particle at B 9 when 
it is on the point of breaking, it is evident that a total fracture will im- 
mediately ensue ; for the strain which overcame the full cohesion of the 
particle atA and the proportional part of the cohesion of all the other 
particles, must be more than sufficient to overcome the full cohesion of 
the particle next within B y and a corresponding portion of the cohesion 
of a smaller number of particles which remain. Hence it follows, that 
the strength of any beam, according to these principles, is to its strength, 
according to the hypothesis of Galileo, as AG to AI> or as AB to AO » 
This hypothesis is frequently attributed to Leibnitz. «■ 

179. Cor , 1.— Since the adheshe forces are all acting in a direction 
parallel to each other, their resultant R is equal to their sum ; therefore 


r =fsc + 6LL +£" + * c . = / 


Mh. 


Also* the sum of the momenta to resist the fracture, by .the last article, 
f 

is equal to — Mho = Ro. Thus it appears that the 


momentum of actual force of cohesion s= absolute cohesion x AI, 

or, =2 actual cohesion x AO. 

The actual force of cohesion is considerably less than the absolute 
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cohesion, for it is only the extreme particles at B which are exerting 
their full cohesive force at the instant of fracture. 

180. Cor * 2.— If the solid is a rectangular beam, whose depth ABssa, 

and breadth = b , then k == £<*, and o = ; consequently PI = \fc?b. 

The strength, therefore, in this case, is to the strength, according to 
Galileo, as 2:3. 

181. Cor . 3. — Hence, a joist laid on its narrow edgo b is stronger 
than when laid on its flat side a , on either supposition, in the propor- 
tion of a to b. 


182. Prop. IV . — If a weight P be placed on any part of a horizontal 
beam supported at the ends , the strain on that part will be proportional 
to the rectangle AP X PB • 


jSj) 


p p 


Since the weight P is supported by the two 
props, the pressures on A and B will bo -g~ 

P and P . Now, if we conceive two 

weights equal to these two pressures to be pi iced oil the beam at A 
and By and a fulcrum to be placed at P> it is manifest that the beam 
will be subject to the same strains as before, for the three forces acting 
at Ay P, and B, in the last case, are equal to the three former forces 

PB 

acting in opposite directions. But in the last case the weight P 

acting at A will manifestly produce a strain on the fulcrum at P pro- 
portional to the weight multiplied by the arm of the lever AP , or to 
AP x PB _ „Af> 


AB 


The pressure P acting at B merely serves to 


balance the pressure at A , and the strain i*» the same as if PB were 
firmly fixed in a wall. Hence, if P and AB be given, the strain is 
proportional to AP X PB and is the greatest when P is in the 
middle of AB. 

183. Cor . — The strain at any other point C arising from the pressure 

PB PB 

/*— - acting at A is P —t=l Xi AC . 

AB jAJtS 


184. Prop. V . — To find the strain at any point C, when the weight 
is uniformly distributed along the beam . 

Let the weigtyb *)f any indefinitely small portion Pp of the weight P 
= m. Put AC =s a, CB = by AB ~ /, and PB = a?. We ha\e 
then the strain at C arising from the elementary portion m 


AC x PB 
AB 


a 

T m.r; 




and, if we suppose the weight on CB to be made up of all the element- 
ary portions m, m r , m ", &c., whose distances from B are Xy P 9 x , \ &c., 
we shall have the whole strain at C arising from the weight on CB 


s= (mx + mV mV + &c.) = ~ Mh, 
l l 

M being = m + m r -f &c , and h = thg distance of the centre of 
gravity of M from the point B . In like manner we shall find the strain 
VOL. II. P 
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at Garbing from the weight M' on AC = -y A' being the dis- 
tance of the centre of gravity of M { from the point A . Hence 

Mah ^ MW 

whole strain at 6 = — — + — - — ; 

l l 


and if the weight be uniformly distributed along AB } h = and 
K = therefore the 


whole strain at C = 


(M+M')lab 

l 



185. Prop. VI. — To determine the strain of a beam arising from its 
own weight . 

When a beam projects from a wall, every section is strained by the 
weight of all that projects beyond it. This is the same as if this part 
were collected at its centre of gravity. Therefore the strain on any 
section is proportional to the weight which projects beyond it multiplied 
into the distance of its centre of gra\ity from this section. 

If, ‘therefore, we suppose two similar cylinders, or any two similar 
beams, projecting from a wall, the strengths of the beams are as the 
cubes of the diameters, while the strains are as the fourth powers of the 
diameters; because the weights are as the cubes, and the levers by 
which these weights act in producing the strain are as the lengths, or as 
the diameters. 

185. Cor . — Hence it appears tliat, in similar bodies of the same tex- 
ture, the force which tends to break them in the larger bodies increases 
in a higher proportion than the force which tends to preserve them 
entire ; and, therefore, although a small beam may be abundantly strong, 
a similar larger beam may even bieak by its own weight. From these 
principles it is infened that there aie necessarily limits in all the works 
of nature and art which they cannot surpass in magnitude. The cohe- 
sion of an herb could not support it if it were increased to the size of a 
tree ; nor could an oak support itself if it w'crc considerably greater 
than its present size. 

Hence we may easily solve the follov/ing problems. 

187. Problem I. — To find the strongest joists that can be cat out of 
a cylindrical piece of timber. 

Since the strength varies as a 2 b y it will easily be found that the 
strongest joist is when b = ; and that the strength of this joist is 

to that of a square joist cut out of the same limber as 10 to 9, nearly. 

188. Problem IF. — To compare the strength 
of a hollow cyljpder with one that is solid , having 
equal length and equal quantity of materials . 

Let DBA be a section of tho hollow cylin- 
der, and C the centre of the section. Put CA 
= R 9 Ca = r 9 then it will be afterwards shown 
that the sum of all the mx 2 in tho circle dea f 
measured from the line AF~ «*(.#*+ Jr*), 
and the sum of all the mx 2 in the circle DBA 
as wR 2 ( R 2 + J.R*). Hence the sum of all the 
xvtM P in the ring DdAa 
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= *«*(/?»- r») + £»(** - ' 4 ) = w(fl»-r») +K** + » J )] 

= i3/(5«» + r*); 

PI ^ L ( ma a + M y» + &c.) ( 5 flJ + ,*) 

® 8 Jtt 

_ ,.,/5« , r»v 
8 + 877/‘ 

Also, if f be the radius of the solid cylinder having an equal length and 
an equal quantity of materials, and P ' the weight which would just 
break it, 

P'l = fM,x 

/j J? f% 0 

strength of hollow cyl. : do. solid cyl. : : P : P r : : , 

8 8 H 8 

: v/ft 2 — 

5/c 

189. Scholium . — This property of hollow tubes is also accompanied 
with greater stiffness. It is evident that the fracture will take place as soon 
as the particles aj. D are separated bejond the utmost limit of cohesion. 
This is a constant quantity, and the piece bends until this degree of 
extension is produced in the outermost fibre. It follows that the less is 
the distance between A and D, the more will the beam bend before it 
breaks. Greater depth, therefore, makes a beam not only stronger but 
also stiffer. Hence we see the wisdom of Pro\idence in having formed 
the stalks of corn and the feathers and hones of animals hollow. Our 
best engineers also now imitate Nature, in making many parts of their 
machines hollow, such as their axles of cast-iron, &c. ; and modern 
philosophical instrument makers now form the axles and framings of 
their great astronomical instruments in the same manner. 

190. Problem III. — To determine the figure of a beam in order that 
it may be equally strong in every part, or that the strength may be every - 
where proportional to the strain . 

1 . Suppose, first, tlyit the strain arises 
from a weight suspended at one extremity, 
while the othpi* end is firmly fixed in a 
wall ; and suppose that all the sections are 
rectangles equally deep. Since PI is 
proportional to a 2 6 (art. 179), and p and 
d 8 are the 9ame throughout, l will be pro- 
portional to b , and therefore the horn, m- 
tal sectiou ALB will evidently be a 
triangle. 

2. If the beam be of uniform breadth, 
or b be constant, l will bo proportional to 
a 2 . Henco the curve LaA will be the 
common parabola, having the vertex L 
and the axis LD . 

3. If the sections are all squares, or other similar figures, / will be 
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proportional to o* ; and therefore the depths will be the ordinates of a 
curve called a cubical parabola. 

191. We have here supposed that the weight is placed at the extre- 
mity of the beam* If the weight be uniformly distributed over the 
beam, or if the strain arises from the weight of the beam itself, the 
figures will be different from the former ; but our limits will not permit 
us to pursue the subject farther. 

Scholium . 

192. In the preceding propositions we have supposed that, at the 
instant of fracture, all the particles were in a state of extension. This 
is manifestly impossible, unless the particle* be absolutely incom- 
pressible, for, in order to stretch the fibres at B, there must be a re- 
action, and some fulcrum to support the pressure of the lever. Thus, 
if BAL bo the beam, A the fulcrum about which it turns, and all the 
fibres in AB he in a state of extension ; there is some point O at which 
the resultant R, or the accumulated cohesion of all the forces, may be 
supposed to act. Lelp be the weight 
suspended at L which balances this 
resultant, and let OD be drawn pa 
rallel to A L . Then, since the force 
p balances the resultant R, by the 
property of the lever 

p : R :: AO : A L :: DL : DO . 

Also, because the forces p and R act 
in the directions DL, DO , the) may 
be supposed to act at the point D ; and since they are proportional to 
DL, DO, their resultant will be proportional to DA, which is mani» 
fcatly the pressure at the point A . Take Ad to represent this pressure 
at A ; we may again icsolve it into two forces A /, Ah, of which Ak is 
equivalent to the weight p, and is supported by the latcial cohesion of 
all the particles between and B, for the weight p tends not only to 
turn the beam round the fulcrum A, bjut also to draw it downwards. 
The other component force Al is equivalent to the sum of all the cohe- 
sive foices in AB ; and this must be supporte 1 by the resistance of 
those particles which are in a date of actual compression. 

Suppose then, all the particles in AB ' to be compressed ; and let 2? 
be the resultant of all the resisting foices. Let p' be tile weight at L 
which will balance R\ Then p r and R\ as in the foimer case, will pro- 
duce a pressure at A . Let Ad' represent this pressure ; this may again 
be resolved into Ah', A l' ; of which Ak', as before, is equivalent to p' t 
and is opposed by the lateral resistance of the particles between A and B', 
and Al' is equivalent to R\ Now it is evident that these two forces R 
and R ' must balance each other, or that Al~ Al', for the forces Ak, Ak' 
can have no tendency either to augment Al or Al' ; hence R = R 

« 193. These remarks are fully verified by experiments. Duhamel took 
1 6 bars of willow, and supporting them by props under the ends, he 
broke them by weights hung on the middle ; and he found the average 
weight which broke 4 bars to be 451bs. He then cut 4 of them a third 
through on the upper side, and filled up the cut with a thin piece of 
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harder wood stuck in pretty tight, and he found the average weight 
which broke these bars to be 5 libs. He cut other 4<half through, and 
found the average weight was 4Slbs. The remaining 4 were cut two- 
thirds through, and their mean strength was 42lbs. Other experiments 
agreed with these results. From this it appears that more than half the 
thickness contributed nothing to the strength. Mr. Barlow also made 
a number of experiments with reference to this point, and he fouud that 
" the beams in most cases showed very distinctly, after the fiacture, 
what part of the section had been compressed and what part had expe- 
rienced tension ; the compressed fibres being alwajs broken very short, 
having been first crippled by the pressure to which they had been 
exposed, while the lower part was drawn out in long fibres frequently 5 
or 6 inches in length.*' See Robison's Mechanical Philosophy, and 
Barlow's Essay on Strength and Stress # of Timber. 


194. Prop. VII. — To determine the strength of beams when the par - 
tides are both eatensible and compressible . 

Let BAL be the vertical section of the given beam. Suppose the 
particles in the line AB to be in a state of extension, and those in the 
line AB ' to be in a state of compression. Draw AL in a horizontal 
direction, then the particles which are at the point A , being situated 
between those which are extended and tho>c which are compressed, are 
manifestly in a state of neutrality ; and, therefore, the horizontal line 
drawn through A perpendicular to the plane BJj has been denominated 
the neutral a<ris. Now, if we suppose, as in art. 177, that the attractive 
forces aro»as the extensions, we shall have the whole resistance to frac- 
ho 

ture in AB = fM — ; f being the absolute cohesion of a fibre at B, 

%t o'* 

M the area of the section AB , a = AB, h the distance of its centre 
of gravity, and o the distance of its centre of oscillation from the point 
A . Let J 1 represent the resisting foicc of compression of a fibre at 
B\ at the instant of fiacture; and let AT, a’, h ', o’ lepresent the same 
quantities with respect to AB 1 as the unaccented letters in the section 
AB. If, then, the resisting forces be as the compressions, we shall 

« . h'o f 

have the whole resistance to fracture in AB' = f'M' — r, and conse- 

a' 

quently 

But became It = IV (art. 1118), oikIaIw 11 — JM^~, 1V= /jl/'y, 
it follows that 


PI = fM — (o + //). 
a 


195 . Cor . — If the section be a rectangle, and the extensions be equal 
to the compressions at the instant of fracture, a = el, h~ ti ~ 
o =s o' = %a, therefore PI = ^Jarb where a is half the depth. If we 
put a for the whole depth, or substitute %a for a, we have PI = %fa*b. 
Thus it appears that the strength on this supposition is only half its 
value when the body is incompressible. The reason of this is sufficiently 
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apparent, for only a portion of the section is exerting cohesive forces at 
the instant of fragturc, while the remaining part merely serves as a ful- 
crum to the lever. 

196. The following numbers have been taken from Barlow; and it 
must be remembered, that they represent the utmost weights which the 
body can bear without straining, and that only half these numbers can 
be used with safety by the engineer. If l = length of beam in feet ; 
a =s depth in inches ; b = breadth in inches ; s = the strength derived 
from experiment given in the table, and estimated in pounds avoirdupois ; 

e?b 

then the weight P required to break the beam will be — a. 

The beam is supposed to be fixed at one end and loaded at the other ; 
if it be supported at both ends pnd loaded in the middle, the strength 
will be four times as great. 


Strength. 

Teak r T 205 

Strength. 

Beech 130 

Strength. 

Birch ICO 

English oak. ... 12 6 
Canadian oak ... 147 
Dantzic oak. ... 122 
Ash 169 

Elm 85 

Fir 92 

Larch 71 

Acacia 156 

Christiana deal . 130 
Memel deal .... 144 

Cast iron 674 

Malleable iron. . 750 


III. RESISTANCE OF COLUMNS, STRUTS, &c., TO COMPRESSION. 


197. This strain is the most difficult of any to be explained on me- 
chanical principles, and little moic has hitherto been done than to 
obtain certain foinmla? for the use of the engineer, which have been 
derived solely from experiment. Thus, in a rectangular column, if a be 
the depth or greater dimension of the section in inches, b the breadth 
or less dimension in incites, / the length in feet, P the weight in pounds, 
and e the number given in the table, then 

cPP = ab\ 

And in the case of a round column or cylinder, if d be the diameter, 

VP x 1 '7e ± dK 

The numbers given in this table arc those which may be used in 
practice. 


English oak . . *0015 

Beech *00195 

Alder *0023 

Chestnut, green '0020/ 

Ash *001 08 

Elm *00181 


Acacia. *00152 

Mahogany j -00205 
.Spain J 
do. Honduras *00161 

Teak *00118 

Cedar^Lebanon *0053 


Riga i\ 

•00152 

Memel fir . . . . 

•00133 

Noiway spruce 

•00142 

Weymouth 1 

•00157 

pine J 


Larch ....... 

•0019 


FRICTION. 

i 

198. In our investigations of the problems of equilibrium, we have 
supposed the surfaces of bodies to be perfectly smooth. But, in practice, 
all bodies are more or less rough ; and, therefore, the results which we 
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have obtained will be more or less modified by the effects of the 
roughness. 

The friction of a body on a surface is measured by the least force 
which will put the body in motion along the surface. Thus, if the 
weight tV rest on the horizontal table AB, and it bo drawn horizontally 
by (he force P ; then, if P will put W in motion, and any smaller force 
will not put it in motion, P measures the friction of W upon the table* 

1 99. Many experiments have been made by Coulomb, Ximones, Ac., 
and in later times by the French Academic des Sciences (1834), to de- 
termine the measure and varieties of friction ; and the following are 
results which they have deduced : — 

(1) * The friction is independent of the ex- 
tent of the surfaces in contact, so long the 
pressure continues the same . — Let IF be a 
rectangular paraliolopiped, and let it be 
placed on its broader side on the horizontal 
table AB, and let the force he ascertained 
which, acting horizontally, will first* put the 
body in motion. Again, let it be placed on its narrower side, and put 
in motion as before. It will be found that the force requisite for this 
purpose is also the same as in the first case ; and therefore the friction 
is independent of the extent of surface in contact. 

When the surfaces in contact are very small, this law gives the friction 
much too great. 

(2) . The friction is proportional to the pressure , when other circum- 
stances are the same . — This is not exactly true, for the friction corre- 
sponding to large pressures is a little less than this law would give. 

These two laws are true when the body is on the point of moving, 
and also when it is actually in motion ; but in the former case the fric- 
tion is much greater than in the latter. As soon as the force has over- 
come the friction and put the body in motion, the friction is instantly 
diminished. Thus, in new wood planed, the friction amounts to the 
pressure when it is at rest, and is immediately reduced to §th the 
pressure as soon as motion begins. 

(3) . The friction is independent of the velocity when the body is in 
motion . 

It follows, from tlfese laws, that if 11 be the pressure of the body 
perpendicular, to the surface, the friction may be represented by fit 5 
y being an imariable coefficient for the same substance, which is called 
the coefficient of friction. 

200. When the body is on the point of mo\ing, the values of/ in the 
following substances is found from experiments to be as below 

Iron on oak “62 Lrass on brass *20 

Cast-iron on oak *49 Wrought iron on cast-iron ... *19 

Oak on oak (fibres parallel).. *48 Cast-iron on elm *19 

Leather belts on wooden pulleys *47 Brass on iron. *16 

Leathcrbelts on cast iron do. *28 

Qil and grease considerably diminish friction ; fresh tallow reduces it to 
half its value. 
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201. Prop. VIII. — To determine by experiment the value of the CO* 
efficient of friction . 

Let AB be an inclined plane, whose incli- 
nation may be altered at pleasure. Let the 
weight W be placed upon it, and let the plane 
be gradually raised from a horizontal position 
until W begins to slide down the plane. Let 
AB be the position of the plane immediately before the body begins 
to slide. 

In this position the body is kept in equilibrium by three forces : its 
weight, which acts in a direction parallel to AC ; the resistance of the 
plane, which is parallel to CD ; and the friction, which necessarily acts 
along the inclined plane, and is therefore parallel to AD. These forces, 
therefore, aie as these three lines jrand, consequently, 

friction : pressure : s AD : DC ; : AC : BC ; 
therefore fR : R AC : BC* 

AC 

Hence f = = tangent of the angfe B* 

B G 

202. Cor . — In all cases we mav resolve the pressure on any surface 

into two forces, the one pci pend icular to the surface, which will be sup- 
ported by the re-action of the surfeit e, and the other parallel to the sur- 
face; and if this last be less than the friction, the equilibrium will not be 
disturbed. 1 
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203. The following problems will seivc to illlustrate the previous 
parts of this subject, and fo bring more immediately before the notice 
of the student the general principles upon v hich questions of equilibrium 
can be solved. 

204. Equilibrium of three forces .~ When thrpe forces keep a rigid 
body in equilibrium, each of them passes through the intersection of the 
other two, and is equal and opposite to the lcsultant of“t£ie other two. 
For if i°, Q , R be the three forces which keep the body at rest, the 
forces P } Q produce the same effect as if they acted at A , their point of 
intersection (art 10) ; and, thciefore, they cannot be kept in equilibrium 
by a force which does not pass through A . 

205. Equilibrium on a surface . — When a body rests on a given sur- 
face, it will touch, it either in one point or in several points. In every 
case the body must be supposed to be acted on by forces perpendicular 
to the surface at the points where it is in contact, or by the re-action of 
the surface at those points. For if the force should be inclined to the 
surface, at any of these points, it might be resolved into two forces, one 
perpendicular to the surface, and the other parallel to it ; and since the* 
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surface is supposed to be perfectly smooth, this last force would cause 
the body to slide along it, and ft would not be at rest. 

206. Equilibrium on two points * — When a body is supported on its 
surface resting on two points, the re-action at each point will be in the 
direction of a perpendicular to the surface ; and these perpendiculars 
must meet in the vertical line passing through the centre of gravity. 

The same remarks may be made when a body rests on two surfaces, 
or oil a point and a surface. 

207. PftOB. I.—rf paraboloid rests upon a horizontal plane ; to find 
its position* 

Let G be the centre of gravity, and M 
the point of contact ; then the line GM 
must be vertical, for the body may* be 
supposed to be collected in its centre of 
gravity, and it will then be supported by 
the re-action which acts in the direction 
MG* It is evident, also, that G is a point 
in the axis, 9incc the centre of gravity of 
every indefinitely thin circular section pa- 
rallel to the base must be in the centre of 
the section, or in the axis of the paraboloid. Draw MP perpendicular 
to AC\ and since MP is an ordinate, and MG evidently a normal, 
therefore GP = £ parameter = p. Hence, if GP be taken equal to p, 
and the ordinate PM be drawn, M will be the point on which the figure 
will rest. 

Cor. — If the paraboloid is homogeneous, it will be proved, in the in- 
tegral calculus, that AG = \AC\ if, therefore, %AC > p , or AC>\p> 
there is always a point M on which the sulid will be in equilibrium. 

208. Prob. II. — A given beam i’Q, considered as a straight line 9 
rests upon a given point A, with its end against the inclined plane BC ; 
to find the position in which H wul rest . 

Because the rc-aclion of the plane BC is in the 
direction PH> perpendicular to BC ; and the re- 
action of the point A is in II A , perpendicular 
to PQ , the point of intersection H of these forces 
must be in the veitical line, passing through G, 
the centre of ^gravity of PQ; hence GHK is 
vertical. 

Let = a , PG = b , 

angle BAP = API /= 0 ; and also, 

a = inclination of BC = 90° - RKH = P1IK. 

Then AP =? a sec 9 ; PH = AP sec 3 = a sec*0. 

Also, b : a sec 2 0 : : sin PHG : sin PGH : : sin a, : sin (<* — 0 ). 

Hence a sin a sec 2 0 = b sin (a — 0) ; 

from which equation 0 is to bo determined. 

Cor* — If the plane BC be vertical, a = 90°, and cos ct = 0 ; 
asec 2 S =■ A cos 9 i or b cos 8 0 = a* 
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209. Phob. III. — A given beam PQb considered as a line , is sup- 
ported on two giom inclined planes Ar, AQ ; to find the position in 
which it will rest . 

Let G be the centre of gravity of the 
beam, and let PN> QN be drawn per- 
pendicular to the planes, meeting one 
another in N* Because the re-actions 
of the planes AP , A Q arc in the direc- 
tions PN , QN y a veitical line, drawn 
through G , will pass through their inter- 
section N. Let PQ meet the horizontal 
line AH in M. Now the angles QAH y 
QNH are ewdcntly equal, for each of 
them is the complement of A h II; in like manner the angle 
PAM = PNK. 

Put PG=a, GQ—b ; Z PAM=PNH=*; Z QAH— QNH^fi ; 
angle ilf = 6 : then /lAPQ = cl+Q; and Z AQP = f3 — 0, 

.\PG : GN :: sin PNG : sin NPG :: sin a : cos(*+0)> 

GN s GQ : : sin NQG : sin QNG : : cos (/3 - 8 ) : sin 0, 
hence, multiplying corresponding terms, 

a z b :: sin a cos (13 — 0) : sin /3 cos (a -f- 0), 
from which propoition the student will find 

- a rota — £ cot 8 

tan 0 = . 

a + b 



210. Prob. IV.— 7 o find the position oj two spliens p, q, uhich toufh 
each other and rest on tao inclined plants AP, AQ. 

Join 7 ?, q their ccnties; chaw pP , qQ to the points of contact; ard 
pa 9 qa parallel to PA , QA. r J lie spheie p is kept at rest by three 
forces, the re-action of tl c plane AP in tjie direction Pp 9 the re-action 

of q in the direction qp> and its weight 

. p acting at p. Similarly, q is kept at f 7\ / 

rest by the re-actions of A Q and p , j/ ] y' 

and its own weight y. Now, when 
there is an equilibiium, the ic- action \\ ? ^ 

of q in the dne&ioti qp will he equal \y 

to the rc-action ofy> in the dnection A 

of pq ; hence it is cuduit that pq will be supported in the same way a 
a beam pq lesting in planes ap , aq> paiallel to AP , AQ : and, there- 
fore, we may find its position by the last article. 

Let G be the centre of gravity of the two spheies, and pG = a, 

Gq 535 b; then — - — == — ~ — - — - — — — B. * 


a + b P -r <] a + b 

tan$ = £I2llZ 
P+9 


P+9* 
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211. Prob. V . — A given beam 
PQ hangs by two strings of given 
lengths AP, BQ, from two given 
fixed points A, B; to find it* posi- 
tion when it rests. 

Let O be the centre of gravity 
of PQ ; put PG = a, GQ = b 9 
PQ = c, AB = e\ also, AP = p , 

BQ = 

Likewise put Z 2MP = a, = ft .4/)/* = 4, ss «• 

Then will 

APM = «, APQ =^7r — (a — S), MPQ = ur — (5 + •) 

J3#V = 9r — (« — / 5 ), Zl^=w-(^ + $),iNT^ = 4 + r. 

And if PFbe drawn parallel to Z APF = w — (* + ft. 

Now, if perpendiculars be let fall upon ^ ,om ^ and P, we shall 


see immediately that 

/i sin (a -f ft + c sin (/3 + 4) = <? sin ft . . (1). 

and in like manner, if perpendiculars be let fall upon AP from B and 
Q 9 we shall have 

q sin (<* + ft -f c sin (a — o) = 0 sin a . . , . (2). 


We have here three unknown quantities, «, ft 4. To obtain a third 
equation, we must take into consideration the condition of equilibrium. 
This may be done in seveial wajs ; the following, perhaps, is as simple 
as any. 

Let Tr, the weight of PQ 9 be icsohcd into two parallel forces, 
b a 

IV — , W — , acting at P and Q ; call these forces M and N, Then 
c c 

the point P ma) he supposed to ho kept at rest by thiee forces: the 
weight M 9 the tension of the stung AP } and the strain upon the beamPtp; 
cal! this last stiain T. Then 

Mi T :: sin APQ sin APM :: sin(«— 7>) : sin(a + i). 

In like manner the point Q is kept at rest bv the three forces, N 9 the 
tension of flQ, anrfthe strain upon QP t winch is manifestly the same 
as the strain # «t P> acting in an opposite direction ; therefore 

T : N :: sinZHJW : sin BQP :: si n(e — ft*: sin (0 + 8). 

Hence, multipl)ing the corresponding terms of these two proportions, 
and remembering that M . N : : A : a 9 we have 

b : a : : sin (« — S) sin (•—/): sin (/3 + 4) sin (a + «), 

a sin (* — &) sin (• — ft = b sin (£ + ft sin (a-f *) (3). 

And these three 'equations (1), (2), (3), will give the three unknown 
quantities, a 9 ft L 

212. Cor, — If P and Q be the tensions of the strings AP, BQ f 
we have 
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P: M :: sin MPQ : sin APQ :: sin(i+t) : sin(*— -J), 

Q : N : : sin NQP : sin BQP : : sin (8 + *) : sin (0 + i). 

Hence, if the beam be supported by strings which go over fixed pulleys 
at A and B , and have given weights P f Q attached to them, the tallies 
of a, 0, 8 may be determined from the two last proportions, and 
equation (3). 

213. Prob. VI. — A uniform beam PQ, considered as a line , is 
placed with one end P inside a hemispherical howl , and a point R in it 
resting on the edge of the bowl ; find PR when PQ = 3 times the 
radius . 

Draw the diameter PN \ and join 
NR ; then will NR be perpendicular 
to PR % and the redactions of the sur 
face and the point R will be in the 
directions PN> RN. A vertical line, 
therefore, drawn from N will pass 
through G f the centre of gravity of 

PQ- 

Put the angle CPR = CRP = 9 ; 
then CRN = CNR = 90° - 9 ; 

RN (7= 9 5 and CNG = 90° - 29. Also, put CP = r , PG = -Jr, 
PR = and GR = ,r — jjr. Hence 

PG : GN :: sin PNG : sin NPG :: cos 29 : sin 9, 

GN : GR :: sin NRG : slnRNG : : 1 : sin 9. 

And multiplying corresponding terms together we get 

PG : GVf : : : .r — 2 : cos 29 : sin 3 9 ; 

and since jp = 2^ cos 9, cos 29 = 2 cos 2 9 — 1, sin 2 9 = 1 — cos 2 9; 

3r : 4r cos 9 — 32* :: 2 cos 2 9 —1:1— cos 2 9. 

Hence, multiplying and reducing, 

8 cos 2 — 3 cos 9 = 4. 

From which equation wc find cos 9 = *919 and PR = l*838r. 

u 

STABLE AND UNSTABLE EQUILIBRIUM. 

214. We have already seen, in art. 64, that if a body be made to de- 
viate from the position of equilibrium, it has, in some caseg^ a tendency 
to return to it ; but, in other rases, if the position of a bodylbe changed 
in the smallest dSgrec, it has n tendency to move farther from the 
position of equilibiium, until it assume some new position. The fol- 
lowing problem will serve to illustrate this distinction. 

215. Prob. VII. — A spherical segment rests upon a sphere ; to find 
in what case the equilibrium toill be stable . 

When the body is at rest, it must evidently touch the sphere 
at the highest point, and its centre of gravity will be in the vertical 
line, passing through the point of contact. Let C be this point, A the 
c&Ure of the sphere, and B the centre of the sphere of which the 
asgment is a part 

* Xet the segment come into any other position touching the sphere 
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In D ; so that the radius BC comes to 
the position 6c. Draw DE vertical ; then 
DE is parallel to AC % and in the plane 
CAD\ and will, therefore, meet be in some 
point E . Let G bo the centre of gravity 
of the segment in the second position , 
then it is evident that, if G be situated be- 
tween E and C 9 the body will have a tend- 
ency to return to its first position; but 
if G fall beyond E , it will have a tendency 
to recede farther from it. 



Let CA = a, CB = 6, and the arc CD = s ; then the arc Do is ma- 
nifestly also =c, since each point of r>c has been applied to the arc DC . 

Hence the angle EDb = CA D = — , and the angle cbD = y • 


Now bE : DE :: sin bDE : sin EbD : : sin — : sin — . 

a b 

And when the angles are diminished indefinitely, the sines of the angles 
are proportional to the angles themselves ; therefore 


bE : DE 



b 2 




.\ bE + DE 2 DE : : a -f b : a. 


But when CD is extremely small, ED becomes Ec , and 
hE 4* ED becomes be . 

__ __ ah 

Hence Ec = — ; 

a + b 

and the equilibrium will be stable if cG be less than this. 


216. Cor . 1. — If the body rest on the concave surface of a sphere, 
we shall find, in the same manner, that the equilibrium will be stable, 
. «6 

if cG be less than . 

a — o 


217. Cor . 2. — If the surfaces have any cunilincal form, the same ex- 
pressions will apply; a and b representing, in this case, the radius of 
curvature of the body'and of the surface at the point of contact. 

If a be infiipje, we have the case of a curve surface resting on a hori- 
zontal plane, and the equilibrium will be stable if cG be less than 

ab , b , m 

; or less than r or < b . 

a + b b 


1 


H 

a 


PROBLEMS POll EXERCISE. 

1 . From a given rectangle ABCD> of uniform thickness, to cut off 
a triangle CDP> so that the remainder, when suspended at P, shall 
have the sides A P 9 2?C "horizontal. 

2. A solid, composed of a cone and a hemisphere on the same base, 
with their axes in opposite directions, rests on a horizontal plane ; to find 
its dimensions that it may rest on the hemispherical end in all positions. 
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3. When a body is supported on three vertical props, to find the 
pressure on each. * 

4. C is the centre, CA the horizontal radius, and A the highest 
point of a quadrant in a vertical plane. A string passes over a pulley 
at A f supporting two weights, P and Q (= 2 P), the former hanging 
freely, and the Tatter resting on the concave arc of the quadrant. Find 
the position of equilibrium. ^ Ans. Angle PAQ = 32° 32\ 

5. A string passes over an indefinitely small pulley at the focus of a 
parabola whose axis is vertical. The weight P 9 nanging freely, supports 
Q on the convex arc of the parabola. Show that P =s Q 9 and that 
there is an equilibrium in all positions. 

6. A uniform beam PQ rests with one end P on a smooth vertical 
wall ; the other end Q is supported by a string fastened to a point A in 
the wall. If the beam be 2 feet and tho string 3 feet in length, find AP. 


7. A sphere, whose weight is W 9 rests between two inclined planes; 
required the perpendicular pressure upon the planes. 

8. Two weights P 9 Q are connected by a string passing over the 
convex circumference of a vertical circle, whoso centre is (7, and highest 
point Z ; required the position of the weights when they are in equili- 
brium, and the length of the string is one-fourth of the circumference. 

9. Two iron rods, of equal thickness, whose lengths ate a and b , rest 
against each other on a smooth horizontal plane ; tho upper ends resting 
against two smooth vertical walls that arc parallel. Prove that, if c bo 
the distance between the walls, and a, p the inclinations of the rods 
to the horizon, 

a cot a = beotp; and a cos a + & cos p = c. 

10. A uniform beam AB , moveable about A , leans upon a prop C/>, 

situated in tho same vertical plane; show that if AB = 2 a 9 CD s= b 9 
L BAC = «, /. ACD = p, then the strain upon the prop, or the 

Wa sin 2a cos (a -f- p) 

pressure perpendicular to CD =s — ' . 


11. A given weight P is suspended from the rim of‘a*bniform hemi- 
spherical bowl, placed oil a horizontal plane ; show that if W = weight 
of bowl, c = distance between its centre and ceqjre of gravity, and 

* ^ Pv 

0 the inclination of tho axis to the veitical; then tan 6 s= — - , when 

We 

the bowl is at rest. . % 




12. An isoscdles right-angled triangle, whose hypothenuse = 2a 9 
rests in a vertical plane with the right-angle downwards, between two 
points at a distance b from each other in the same horizontal line ; to 
determine its positions of equilibrium. 


Ans. Inclination of the base to the horizon = 0, or cos 


-(b)- 


jjffiyhoge weight is W, rests with one end P 
4P, and 


13. A uniform beam , 
on a horizontal plane AP * and the other end on an inclined plane AQ, 
whose angle of inclination to the horizon is C0°- If a string AP (which 
is = AQ) prevent the beam from sliding, what is the tension of this 
string? y „ v/J Vv 
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PART IL— DYNAMICS/ 


CHAP. I.— DEFINITIONS AND PRINCIPLES. 

218* Dynamics is that branch of Mechanics which relates to the 
action of force producing motion. The most simple principles to which 
this science can be reduced appear to be those laws of motion laid dor* n 
by Sir I, Newton ; and they have, therefore, generally been ad ?pted by 
writers in this country as the foundation of all their demonstrations. 

219. By motion is understood the act of a body’s changing place; 
and it is divided into two kinds, absolute and relative. 

A body is said to be in absolute motion when it is actually transferred 
from one point in fixed space to another ; and to be relatively in motion 
when its situation is changed with respect to surrounding bodies. 

220. When a body always passes over equal parts of space in equal 
successive portions of time, its motion is said to be uniform . When the 
successive portions of space described in equal times continually in- 
cAase, the motion is said to be accelerated ; and to be retarded when 
they continually decrease. AUo, the motion is said to be uniformly 
accelerated or retarded when the increments or decrements of the spaces 
described in equal successive portions of time are always equal. 

221. The degree of swiftness or blowncss of a body’s motion is called 
its velocity , and it is measured by the space uniformly described in a 
unit of time, as, for instance, in one second. 

In variable motions the velocity i> measured by the space which 
would have been described in a unit of time, if the motion had conti- 
nued uniform from that point ; or had, at that point, ceased to increase 
or decrease. 

222. The momentum of a body is the product of its velocity and 

quantity of matter. $ 

223. Accelerating force is measured by the velocity uniformly gene- 
rated in a given tin^e, no regard being had to the quantity of matter 
moved. 

22-4. Movifig force is measured by the momentum uniformly gene- 
rated in a given time ; and is equal to the product of the accelerating 
force and the quantity of matter. 

225. Prop. I. — In unfoi'm motto* the space described in any time is 
equal to the product of the velocity an >* the time . 

Let v be the velocity, then, by the last article, v is the space de- 
scribed in one second. And, since the motion is uniform, v is the space 
described in the next second, or 2v is the space described in two 
seconds. In like manner, 3v is the space described in three seconds ; 
and generally tv in t seconds. If, therefore, s be the whqle space de* 
scribed, 


s = tv. 
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226. Cor.-— -Since the motion is uniform, this equation is evidently 
true also, when t If a fractional number. 

227. First Law op Motion. — A body in motion , not acted on by 
any external force , will move in a straight line , and with a uniform 
velocity . 

It is difficult to demonstrate this law satisfactorily by direct experiment, 
because there is no place where a body is entirely uninfluenced by 
external causes* But if it appear from experience that the more we re- 
move these catftes, the more nearly uniform is the motion of the body, 
we may justly cpnclude that any deviation from the first direction and 
the first velocity must be attributed to the agency of external causes $ 
and that there is no tendency in matter itself to increase or diminish 
any motion impressed upon it. c 

Now, if a ball be thrown along a rough pavement, its motion, will 
soon cease. Its motion will continue longer if it be bowled upon a 
smooth bowling-green ; and if be thrown along a smooth sheet of ice, 
it will preserve both its direction and its motion for a considerable time. 
In these cases the causes which retard the body’s motion are friction 
and the resistance of the air, and in proportion as the former is dimi- 
nished, the motion becomes more nearly uniform and rectilineal. 

When a wheel accurately constructed, and a rotatory motion about 
its axis communicated to it, the motion will continue for a considerable 
time ; if the axis be placed upon friction wheels, the motion will continue 
longer ; and if the apparatus be placed under the receiver of an air- 
pump, the motion will continue without visible diminution for a very 
long time. 

From these and similar experiments we infer that, if we could entirely 
remove the external causes which retard the motion of bodies, the velo- 
city would continue undiminished for e\er; and, therefore, that the fiist 
law of motion is true. 

228. This property of all bodies to resist any change, cither from a 
slate of rest or from a stitc of uniform rectilineal motion, is called their 
inertia or vis inertia \ 

229. Second Law of Motion. — Wh<yi a force acts upon a body in 
motion , the change of motion in magnitude and direction is the same as 
if the force acted upon the body at rest . 

Thus, if a body, considered as a point, 
move uniformly from AtoB in 1", by the 
first law of motion, it would in the next 
second describe Bb in the same straight 
line equal to AB . At B let a force in 
the direction BP act uniformly upon it for 1"; the force being such 
that it would in 1" cause the body to describe BP from rest. Then, at 
the end of ibis second, the body will be found at C, the opposite angle of 
parallelogram CQDc. 

The truth of this law is shown from such experiments as the fol- 
lowing: — 

• * ball rolled along tiie horizontal deck of a ship in motion will move 
precisely in (he same manner as if the \essel were at rest. 

A ball dropped from the main-topmast of a vessel in motion will fall 
at the same place on the deck as if the >essel were at rest. 
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If a ball be projected horizontally at a certain height, and at the same 
instant another ball be suffered to fall freely from nest, from the same 
place, the two balls will strike the ground at the same instant of time. 

Since the earth revolves on its axis from west to east, if this law of 
motion were not true, bodies struck in a direction north or south would 
not move in that direction. Likewise, the oscillations of a pendulum 
would be performed in different times, according as it vibrated in a 
north and south plane, or in an east and west plaue ; which is not found 
to be true. 


230. Third Law of Motion. — When pressure communicates mo- 
tion to a body , the momentum generated in a given short time is propor- 
tional to the pressure . 


The experiments which most satisfactorily prove the truth of this law 
of mption are made with great accuracy by means of a machine invented 
by Atwood, for the purpose of examining the motions of bodies when 
acted upon by constant forces. This machine may be simply described 
as a single fixed pulley, with its axis placed on friction wheels, to dimi- 
nish the friction. Let two bodies, P 9 P 9 equal in weight, be placed in 
two similar and equal boxes, which are connected by a string passing 
over the pulley, then these will exactly balance each other. Now let a 
weight j) be added to either of them, then it is found that the velocity 


generated in a given time is always proportional to ; 


2PT? ,l “ t ”• if 
the whole weight moved 2P + p he the same, the velocity is as jj, the 
weight which puts the whole in motion; and if p be constant, the velo- 
city is inversoly as 2 P -f p 9 the weight moved. There is a correction 
necessary to be introduced on account of the inertia of the wheels. 


which Atwood has done. Since the velocity is proportional to , it 

follows that p varies as (2 P + p) X vcl., and, therefore, varies as the 
momentum generated in a given time, or varies as the muring force 
(art. 225). 


231. Prop. II. — In the direct impact of two bodies the momentum 
gained by one is equal to the momentum lotf by the other . 

• 

Impact is oulv a pressure of short duration, increasing from nothing 
to a finite magnitude, and then decreasing to nothing again. Now, 
when two bodies impinge upon each other, the pressures of each arising 
from the contact of their surfaces must be equal and in opposite direc- 
tions. Hence, by this third law, the momenta added to the two bodies 
in opposite directions will be equal. 

232. Momentum gained and lost are sometimes called action and re- 
action; and in this sense action and re- action are equal and opposite . 

This is the form in which the law has been given by Newton, and he 
has proved it from the following experiment: — Let A and B be two 
balls suspended by equal and paiallel threads from two points C and 
D in the same horizontal line. Let a small steel point be fixed mA, so 
that when A and B come in contact, they will be prevented from sepa- 
rating. Then it is found that if A and B are drawn through the arcs 

VOL. II. Q 
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AE, BP, so that the velocities acquired 
by the bodies shpll be inversely as the 
masses, they will impinge and exactly 
destroy each other’s motion, a small al- 
lowance being made for the resistance of 
the air. If one of the balls be moved 
through a greater arc, the two balls will 
move together after impact in the direc- 
tion of the greater momentum ; and New- 
ton found that the velocity with which they 
move is that which will bo shown in the next chapter to result from the 
third law of motion. 

The method of ascertaining the velocity with which the balls strike 
each other will be shown in a future part of this work. 

233. Cor. — It follows, from this law of motion, that if a person in a 
boat pulls a vessel towards him, the boat itself will also be drawn to- 
wards the ship, with such a velocity that its momentum shall be equal 
to the momentum of the vessel. Also, if two bodies, a magnet and a 
piece of iron, attract one another, they will approach e^ch other with 
velocities inversely proportional to their masses ; and they will meet in 
their centre of gravity, which remains at rest all the time. 

234. Scholium. — These laws of motion are the simples* principles to 
which dynamics can be reduced, and upon them the whole theory de- 
pends. They do not admit of accurate proof by experiment, in conse- 
quence of the many causes of error which aie necessarily introduced; 
but they are established upon the firmest basis, from the following con- 
siderations. In assuming these laws to be true, and applying them to 
the investigation of the motions of the heavenly bodies, innumerable 
results have been obtained, after operations more or less intricate and 
complex ; and these have, in every case, been found to agree with ob- 
servation. It follows, theiefore, that the principles from which they 
were derived must be true, 

235. Prop. III.— -I Vith uniform accelerating forces , the velocity ge- 
nerated in any time is equal to the product of the force and the time • 

Let jfbe the accelerating force; then [f is the velocity generated in 
one second of time. And since the force is uniform, /*will also be the 
velocity added in the next second ; and 2/ will'be the whole velocity 
generated in 2 seconds. In like manner 3/* will be the velocity at the 
end of 3 seconds ; and generally tf will be the velocity at the end of t 
seconds. Honce» if v be the velocity, 

v = ft. 

Since the velocity generated in equal fractions of a second is equal, 
this equation is also true when t is a fraction. 
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236*' The impact of two bodies is said to be direct when their centres 
of gravity move in the same straight line, and this line passes through 
the poiut of impact. When this is not the case, the impact is said to 
be oblique . 

237. A hard body is one which is not susceptible of compression by 
any finite force. An elastic body is one which is susceptible of com- 
pression, and recovers its former figure agaiu after having been com- 
pressed. When a body recovers its figure with a force equal to that 
with which it was compressed, it is said to be perfectly elastic . When 
the force with which it recovers itself is less than the force of com- 
pression, it is said to be imperfectly elastic . A soft body is one which 
does not alter its figure after compression. 


238. Prop. I. — If the impact of two inelastic bodies be direct , it is 
required to determine their motion after impact . 

Let A and B be the quantities of matter in the two bodies, a and b 
their velocities. When they mo\e in the same direction, let A over- 
take B; then will A continue to accelerate B\ motion, and ^ will 
continue to retard A’s, till their velocities are equal, when they will 
cease to act upon each other; and since theie is no force to separate 
them, the> will move on together, and their common \elocily, by the 
fust law of motion, will be unifuim. Also, the* momentum before im- 
pact (art. 223) is Aa -f Bh> and since B gains by the impact (art. 231) 
as much momentum as A loses, Aa + Bb is equal to the momentum 
after impact. 

When the bodies move in opposite directions, if A\ force bo greater 
than JTs, the whole force of B will be destroyed ; and A's not being 
destroyed, A will communicate ^elocit) to fi, and B by its reaction 
will retard A, until the \elocities aie equal, as in the foimer case. Ill 
this case Bb, the momentum of B , will be destroyed, and therefore A’s 
momentum will be diminished by the quantity Bb, Thus, when the 
bodies begin to move in thc^ same direction, A a — Bb is their whole 
momentum, and as much momentum as is afterwards communicated to 
B so much is lost by A> therefore Aa — Bb is equal to the whole 
momentum after impact. 

Let v be tlv common velocity after impact, then ( A + is the 

whole momentum, consequently (A+B)v=:Aa+B6,sui&v— ■ — - j-. 

A-tJS 

In which expression the positive sign is to be used when the bodies 
move in the same direction before in ct, and the negative sign when 
they move in opposite directions. 

239. Cor . 1 . — The positive sign may be made applicable to all cases, 
by supposing a and b to be the velocities in the same direction, and con- 
sidering them negative in the opposite direction. 

240. Cor . 2. — The velocity lost by A is equal to 

Aa + Bb 

A + B - A + ]f> 



228 


DYNAMICS. 


Thtf velocity gained by B in the direction of A\ motion equal to 
• 2 Aa + lib A(a — b) 

A + li A + B 

241. Cor . 3. — If and move in opposite directions, the velocity 

gained by B is v + b or 5 hi this case B first loses its own 

velocity b in the direction of its motion, and then acquires the velocity 
v in the direction of A's motion. 

242. Cor • 4.— The whole momentum lost by A and gained by B , 

.. AB(a 4- b) 

when they move m the same direction, is — -r -~ — - — . 

* 4“ B 


243. Prop. II. — In the direft import of two imperfectly elastic bodies 
the force of restitution h to the force of (omprcssion in a ratio which is 
nearly constant for bodies of the same nature . 

When two bodies A and B move in the same direction, and A im- 
pinges on By A will continue to accelerate B\ motion, and B to retard 
A's motion, until their velocities arc equal; and if the bodies were 
inelastic, they would then cease to act upon each other, and move on 
together. But duiing the impact the bodies have been compressed, 
and, when their velocities become equal, they endea\our to recover their 
former figure, and rebound fiom each other in consequence of their 
spring or elasticity. That suclra change of figure actually takes place 
maybe easily shown. I£ an i\or) ball, stained with ink, bo made to 
touch an unstained ‘ball, the spot reccired by the latter will be very 
small ; but, if one of the balls be m ide to impinge upon the other, the 
spot will be enlatged, and the greater the force of impact the greater 
will be the suifacc stained ; hence it is evident that one or both of the 
balls has been compressed, and afterwards recovered its spheiical figure. 

Many experiments have been made to detennine the laws with which 
bodies recover tlicii figure in inelastic Lodies. The following are the 
conclusions deduced fiom a sene', of experiments lately made by Mr. 
Hodgkinson, of Manchestei 

( 1 ) . AH rigid bodies aie possessed of *omo degree of elasticity; and 
among bodies of the same .nature, the hardest are generally the most 
elastic. Thus, among metals the foue of restitution in lead is to the 
force of compression 4 s*] to 5 % or a, to 1 ; therefore the decimal 
fraction ’20 expresses the force of ehsficit) in lead. lit brass the elas- 
ticity is *36 ; fh bell-metal *59 ; in cast-iron in steel m 79 ; ajid their 
hardness follows the same order. Again, the elasticity of malleable 
clay is *17; of stone 39; of hard-baked clay *39; of glass 94; which 
numbers are nearly in the same order as their hardness. 

(2) . There are no perfectly hard inelastic bodies. 

(3) . The force of restitution is to the force of compression in a ratio 
which is nearly constant ; hut it decreases a little as the velocity in- 
creases. 

(4) . (5) The force of restitution is the same whaterer be the ratio 
ana magnitudes of the bodies. 

( 6 ). In impacts between bodies differing very much in hardness, the 
common elasticity is nearly that of the softer body. Thus, the elasti- 
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jMtof cork is m 65, and the elasticity of lead struck against the softer 
^HJ^cork is *57 > but the elasticity of lead struck against the harder 
Doay steel is *19. 

(7). When the hardness differs in a less degree, the resulting elas- 
ticity is made up of the elasticity of both. Thus, the elasticity of brass 
s f ruck against steel is *52. 


244. Prop. III.'— When two bodies impinge upon each other directly 
with given velocities, and the force of compression is to the force of resti- 
tution in a given ratio ; it is required to determine their velocity after 
impact . 

Let A and B be the bodies, a and b their velocities before impact, 
and 1 to e the ratio of the force of compression to the force of restitu- 
tion ; then it appears, fiom the last article, that the velocity gained by 
aud the velocity lost by A, during the compression, are the same as if 
the bodies were inelastic. But during this period the bodies arc com- 
pressed by the stroke, and, by hypothesis, the force with which each 
recovers its former figure is equal to e times the force with which it was 
compressed. Let a be the velority lost by A , and f3 the velocity 
gained by B % during the compression ; then, during the restitution, A 
will lose an additional velocity equal to ra; therefore, altogether, A 
will lose the velocity (1 + <?)«. • In like manner B will gain the velo- 
city during compression and eft during the restitution, therefore B 
will gain altogether the \eIocity (1*+ c)fi ; hence, if a* be the velocity 
of A, and y the velocity of By after impact, ue have, art. 2 10, 

• = « - (1 f e)* = a- (1 + r) > 


y = b + ( l + e)P = b + ( l + e) 


A (a — 0) 


A+B 

24 5. Cor . 1. — The relative udocity aftci impact is equal to 
y — x = b— a + (\ + c) ~ = e (a — 6)} 


relative \ el. before impact : relative tel. after impact :: 1 ; e. 

246. Cor. 2. — When the bodies are perfectly elastic a sal. In 
this case, # 


x = 


2B{a - b\ 


, 2 A ( a - b) 

9 = 4 + T ' 


Also, y = a — by or the lelatir* Velocity before impact Is equal 
to the relath e velocity after impact. 

247. Cor . 3. — Since the sum of thv, momenta before impact is equal 
to the sum of the momenta after impact, 

Aa -f- Bb = Ax + Jiy> A (a — x) = B(y — h). 

Also, when the bodies ai;e perfectly elastic, 

y—x-s* a £b-> a -f x = y + b. 

Hence, by multiplication, A — a 2 ) = B (y 1 — 5 s ); or 
Aa 2 + J W = A* + By\ 
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248. Cor. 4 . — In perfectly elastic bodies, if A = B, and A impfadM| 
upon B at rest, A will remain at rest after the impact, and B wiiiiaHH 
on with A ' s velocity. If A be greater than B, they will both move «P 
the direction of A 7 s motion ; if A be less than B, B will move in the 
direction of A 7 s motion, and A will be reflected back* 


249. Prop. IV . — If an imperfectly elastic body impinges upon a per- 
fectly hard plane AB, it is required to determine its motion after impact. 

Let CD represent the velocity of the im- 
pinging body ; draw CE parallel, and DE 
perpendicular to AB. Take DE to De as 
the force of compression to the force of festi- 
tution. Draw ef parallel to ^i?,<md take 
EF, ef each equal to CE ; join DF, Df. 

Now, the force of impact is proportional to 
CD, and this may be resolved in to. two forces AD, ED, of which AD 
remains unaffected by the impact ; but the fore a. ED will be destroyed 
during the compression, and by the elasticity of the body a force pro- 
portional to De will be communicated to.it. Hence it appears that the 
body, after impact, has two motions, which are represented by De and 
AD or I)B ; therefore the body will ^describe Df, after reflection, in the 
same time that it described CD before incidence. Hence 



vel. before incidence : vcl. after reflection : : CD : Df 

: : : : sin EDf : sin EDC 

sin CDE sin eDJ J 

: : sine of reflection : sine of incidence. 


250. Cor. 1. — If the body is inelastic, all the force ED will be de- 
stroyed, and the bo^Iy will move after impact with the velocity DB. 

251. Cor. 2 . — If the body is perfectly eldstic, DJPwill be the velo- 
city after impact, and the angle of reflection EDF is equal to the angle 
of incidence EDC. 


252. Prop. V. — To determine the ryotion of two spherical bodies 
after impact . when they Unpin ge upon each other obliquely • 

Let US be the plane which touches the 
bodies at the point of impact. Through 
the centres A, B draw the line- HK ; 
also draw MP, NQ parallel to US. Lot 
CA , DB represent the velocities of the 
bodiea before impact ; resolve CA into 
the iwi MA , HA, and DB into the two 
N&4 KB. Now, the velocities MA, 

$!Bi Which are parallel to the plane BS, 

g ot be affected by the impact, but 
docitics HA i KB which arc per- 
mlar to it, are the velocities with which the bodies impinge 
y upon each other, and their effects must be calculated by art. 
244. Let Ah, Ek be the velocities after impact, thus determined : 
take AP = AM and BQ = BN, complete the parallelograms Ph, 
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and draw the diagonals AE $ EF; these lines will represent the 
^ of A and B after impact. 

jN'ote. The situation of the plane R8 may be 
found by the following construction, which we 
will leave to the student to demonstrate. Let 
CA y DB be produced to meet in a ; and lot Db 
be described by B in the same time that Ca is 
described by A . Complete the parallelogram 
aCDTy join bT> and take aV ~ sum of the 
radii of the two bodies. Draw VB parallel to J)T \ and complete the 
parallelogram a VBA. Then A, B will be the centres of the two 
spheres when they meet. 



Problem for Practice . 


1* The weights of A and P arc Gibs, and lOlbs., and they move in 
the same direction with velocities of 8 foot and G feet per second ; re- 
quired their velocities after impact, 1st, When the bodies are inelastic; 
2nd, When they arc perfectly elastic ; 3d, When the foice of elasticity 
is J force of compression. 

Ans. (1) 675 ft.; (2) 5*5 and 7*5 ft. ; (3) 6-33‘and 7 ft. 

2* A and B are perfectly elastic, and Ay with a velocity of 20 feet 
per second, strikes B at rest; find their velocities after impact, 1st, 
When A = B ; 2nd, When A = 4B ; 3rd, When A = \B. 

3. The weights of A and B are 3 and 5 lbs., and their velocities are 
7 and 9 feet per second, in opposite directions ; required their velocities 
after impact, in the same cases as in the first example. 

Ans. (1) - 3ft.; (2) - 13 and + 3 ft.; (3) - G\3 3 and - 1 ft. 

4. If there be a row of perfectly .elastic bodies, A , B, C> f)> &c., at 
rest, and a motion be communicated to Ay and thence to By C, D, &c., 
then, if the bodies arc all equal, they will all remain at rest after impact, 
except the last, which will move off with a velocity equal to that with 
which the first moved. 

5. If these bodies decreas^ in magnitude,- they will all move in the 
direction of the first motion, and the velocity communicated to each 
succeeding body will he greater than that which was communicated to 
the preceding., ylf they increase in magnitude, they will be all reflected 
back except the last. 

6. The Velocity communicated from A through B to C y when the 
bodies are perfectly elastic, is grea‘er than the velocity communicated 
immediately from A to C, if B be „ eater than one of the bodies A 
and C 9 and less than the other. 

7. The velocity communicated through B is the greatest when B is 
a mean proportional between A and C% 

8. Five balls, whose elasticity is 4, are in geometrical progression, 
having the common Tatio Tnese balls are placed contiguous to each 
other, and the first ball impinges upon the second with a velocity of 
3 feet per second \ to find the velocity of the last body after impact. 

Ans. 6*69 fit. per second. 
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9. To find in what direction a perfectly elastic ball must be proje^Nl^ 
from a given point* that, after reflexion from a given plane* it may 

given mark. wPF 

10. To find the same when the ball is imperfectly elastic. 


CHAP. III. — UNIFORMLY ACCELERATED MOTION 
AND GRAVITY. 


253. It appears, from article 235, that when a body is impelled in a 
straight line by a constant accelerating force, the velocity communi- 
cated to it is proportional to the time of its motion ; and that if v repre- 
sent the velocity, t the time, and / the accelerating force measured by 
the velocity generated in a unit of time, then v ~ft* 

By some writers all accelerating forces are compared with the force 
of gravity, which is called 1 : thus, a force which is equal to twice the 
force of gravity is called 2 ; and so on. 


254. Prop. I. — If a body be moved from { a state ofrestby a constant 
accelerating force, the spa< e described from the beginning of the motion 
is as the square of the time . 


Let the time t be divided into n portions, each equal to r, so that 
/ = nr. Then, by the last article, the velocities at the end of the timea 


r, 2r, 3t, «r, will be 

fr, 2/r, 3 fr, nfr. ‘ 

Now, if the body had moved with the uniform velocity fr during the 
first portion of time r, the space desciibed would have been fr X r = fr* 
(art. 226). In like manner, if the body had mo>ed vfith the uniform 
velocities 2/r, 3/r, &c., dining each of the preceding intervals of time 
t, the spaces described would ha\c been 2/r 2 , 3/r*, &c. ; therefore the 
whole space described on this supposition would have been 

/r 2 + 2/r*+3/r*..... + nfr* 

= /t* a + 2 + 3 + »)=>* "ft £ ) 

* x* 



Let the portions of time bo diminished indefinitely, or the number of 
intervals n be increased without limit, then will the motion approach to a 
continually accelerated motion, and the space described in this case will 

be the value of*-— ( 1 d ), when n becomes indefinitely great. Hence, 

2 \ ft / 


therefore, s = \ft 2 , because the fraction — ultimately vanishes ; and, 

n 

therefore, the space described from the beginning of the motion is as the 
square of the time. 
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Cor . 1. — Since s'— and t= — (art. 235), we have s = 

and also a — $tv. Hence, when the accelerating force is constant, we 
have the four following equations of motion. 

a = itv 

.-** ■ ^ (,) - 


IVUUUt 

= itv 1 
f_ >• 

“ 2/ J 


j£56. Cor . 2.— The space described by a body uniformly accelerated 
from rest is half the space described in the same time with the last ac« 
quired velocity ; for tv is the space described in the time t with the 
velocity v. 

257* Cor. 3 . — The spaces described in 
1 second, 2 seconds, 3 seconds, 
i k if 4. x if 9 X if 

and, therefore, the spaces described in the 
1st second, 2nd second, 3rd second, 

1 X if, 5 x if. 


4 seconds, 
16 X if 


See., are 
&c.; 


4 th second, &c!, are 
7 x \f Sic. 


258. Prop. IL — When a body is ^ projected with a given velocity V, 

and acted on in the same direction by a constant force f? to determine 
the equations of motion. ~ " 

The space described in the time t 9 with the velocity V , will be equal 
to Vt ; and the space described in the same time by the constant. force f 
is equal to i ft 9 . But, by the second law of motion, when any force is 
exerted on a body in motion, the effect is the same as if it acted upon 
the body at rest ; and, therefore, since the force acts in the direction in 
which the body is moving, the whole space described will be equal to 
the sum of the spaces described by each motion separately ; that is, 

* = Vt + Ifl* (2). 

259. Cor. 1«— If the body be projected in a direction opposite to 
that in which the force acts, we have, for the same reason, 

* = vu-y t *. (3). 

260. Cor. 2. — In the strife manner it may be shown that 

V = V+ftr or V = V —ft (4), 

according as th^tody is projected in the direction of the force or in tho 
opposite direction. 

261. Cor. 3.— If a body fall through any space, from a state of rest, 
by the action of a uniform force, and then be projected in the opposite 
direction with the velocity acquired, id move until that velocity is de- 
stroyed, the whole spaces described in the two cases are equal. For the 
velocity destroyed in any time is equal to the velocity generated in the 
game time, and therefore the whole times of motion in the two cases are 
equal. Also, if equal times be taken from the beginning of the motion 
in the former case, and from the end of the motion in the latter, the 
velocities at those instants are equal. Since, then, the whole times of 
motion are equal, and also the velocities at all corresponding points of 
time, the whole spaces described are equal. 
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262. Cor . 4.— By squaring the first equation in cor. 2, * £ 

= F 2 + 2Vft + pt\ or v 2 — F 2 = 2/(F* + */**). 

t> 2 — F 2 = 2/s (5)/ 

If we had taken the second equation in cor. 2, we should have found 
F 2 - v* as 2/8. 


263. Pkop. III. — The force of gravity , a* a»y given place , is a uni- 
form force, and accelerates all bodies equally . 

The same body, by its gravity, always produces the same effects unSer 
the same circumstances ; thus, it will at the samo place bend the same 
spring in the same degree , it will also fall through the shme space in 
tne same time, if the resistance qf the air be removed ; therefore, the 
force of gravity is uniform. Also, all bodies in an exhausted receiver 
fall through the same space in the same time ; consequently, gravity ac- 
celerates all bodies equally. 

From the latest experiments that have been made of the vibrations 
of pendulums in small circular arcs, it appears that, in the latitude of 
London, at the le^cl of the sea, a body would in a vacuum fall through 
193*14 inches, or through 16 ^ feet, in a second nearly. Hence the 
velocity generated m that lime is 32 2 feet nearly ; this quantity is 
usually represented by the letter g. 

Hence wc can easily sohe all problems relating to bodies accelerated 
or retarded by the force of giavity, by substituting g for f in the pre- 
ceding formulae. 

Problems for Practice. * 


1. Find the space through which a body falls in 7 seconds, and 
velocity acquired, supposing that g = 32*2 feet. 

Ans. Space = 788*9 feet ; * velocity = 225*4 fed. 

2. Required the space described by this holy in the last second. ^ 

f Ans. 209*3 feet* * 


3. How far must a body fall to acquire Jk velocity of 1000 feefcp^r 
second, and what will be the time of its falling? Ans. 1552 8 feefc 

4. An arrow shot perpendicularly upwar<k N from a bow returned again 

in 10 seconds; required the velocity of projection, and the height to 
which it rose. Ans. Velocity ss 161 ; height^ 402*5 raft, 

' 5. A heavy ball was obsened to fall through 100 feet- in the last 
second but one : required the height from which it fell. 

Ans . 341*4 feet 


6. A body is piojected perpendicularly upwards with a tejotity of 
100 feet per second ; required its situation at the end of 10 secdhds. 

Ans. 610 feet below the point of projection. 

7. A body is projected perpendicularly downwards with a velocity of 
50 feet per second ; where will the body be at the end of 8 fefeconds ? 

Ans. 1430*4 feet below the point of projection. 

8. With what velocity must a body be projected downwards, from a 
height of 150 feet, that it may describe it in 2 seconds? 

Ans. Velocity = 42*8 feet. 
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9. The space deserted by a heavy body in the 4th second of its*f&ll, 

||tes to the space described in the last second but 4, as 1 to 3 ; what was 
the whole space described by the body ? Ans. 3622*5 feet. 

10. A body begins to fall from rest from the jA of a tower 200 feet 
high at the same time that a body is projectedOTwards from the bottom 
of the tower, with a velocity that would carry it 400 feet high ; to find 
the point where the two bodies will meet. Ans. 25 feet from the top. 

1 1 • Suppose a body to have fallen through a feet when another body 
begins to fall from a point i feet below it ; how far will the latter body 

fall before it is overtaken by the former ? Ans. 

4a 

12. A person drops a stone into a well, and after three seconds hears 
it strike the water ; to find the depth 3f the surface of the water, suppos- 
ing that the velocity of sound = 35g =1127 foot. Ans. 133* 66 feet. 


264. Prop. IV .— When two bodies hang over a fired pulley , to de- 
termine their motion , the inertia of the pulley and the stting being neg- 
lected . 


Let P and Q be two unequal bodies hanging over a fixed pulley, and 
connected together by a string ; thou it is evident, from art. 230, that the 
moving force is in this case proportional to the excess of P above Q, that 
is to P — Q . But the accelerating force is as the moving force divided 

P — Q 

by the quantity of matter, and, therefore, is as JT+ q * When Q as 0, 

the body falls freely, and the accelerating force is the force of gravity. 
Hence the accelerating force in this case (/) : accelerating force of 
P — G P 

gravity (g ) : ; tt— S * therefore 


P+.Q 


/= 


P-Q 

r + Q* 


,( 6 ). 


205. Prop. V , — To find the foice which accelerates a body* 8 motion 
doim an inclined plane . 

tet AB be the inclined yplane, BC its 
base, parallel to the hog^on, P any body 
moving down the inclined plane. From 
PfShe centre gravity of the body, draw 
Pd vertically to represent the pressure P 
arising from the force of gravity; also, 
draw Pe parallel and Pf perpendicular to 
AB, and cbmplele the parallelogram ef. Now the force Pd is equiva- 
lent to the two Pe, Pf; of which kj ii supported by the re-action of 
the plane. The ether pressure P& is wholly employed in accelerating 
the motion of P ; and 

this pressure : P ^ Pe : Pd s: AC : AB. 
lienee^ if we put AB = l, AC = h , and the angle ABC = », the 

pressure which produces motion in the inclined plane = P ~~ ss P sin 
Also! the quantity of matter moved is P. Therefore! as in the last 
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article 9 the accelerating force down the inclined plan|^(/) : accelerating 


m tj /#. J. Bill * J. 

force of gravity (g) : : — — — : — ; consequei 


"4 


g sm 


« = £* 


( 7 ). 


Hence the accelerating force down the inclined plane is constant! and 
the equations of motion will be derived from substituting this value for f 
in equations (1). 

266. Cor . 1. — Since v = V 2fs, if s = /, the length of the inclined 
plane 9 

„ = •/$*,) = SW- 

Also, the velocity acquired in falling through the perpendicular height 

AC = V 2gh; hence the velocity which a body acquires in falling down 
the length of an inclined plane is equal to the velocity acquired in falling 
down its perpendicular height . 


267- Cor. 2. — Since t = 



if s = / 3 



If, therefore, h be given, t varies as /. 


I 

V igh 


268. Prop. VI. — If a circle be situated in a vertical planet the tit/ tee 
of descent down all chords drawn through the highest or lowest points ate 
equal; and the velocities acquired in falling down them are proportional 
to their length . * 

1 . Let ABC ho the circle, All the vertical dia- 
meter, AC any chord drawn through A> and CD 

f iarallel to the horizon. Wo have then, by the 
ast article, c t 

time down AC =* = >/ — . 

(Geom. prop. 7<j. And since this is independent 
of the position of C 9 the times of descent down all 
choids are equal to one-wmther, and equal to the 
time of falling freely down tHp diameter AB . 

2. Vfye have also (art. 266) the velocity acquired down AC equal to 

VWTad = V 7 = AC \/ -%■ 

And since g and AB are constant, the velocity acquired down any plane 
AC is as the length AC. s' 

to the same manner may this proposition be proved with respect to 
the plane CB. 
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269* Prop. VII.— To find the accelerating force when a heavy body 
draws another along an inclined plane. 

Let the body P descend down the in- 
clined plane AB , and draw the body Q 
up the inclined plane AC. Then the 
pressure of P in the direction PB is equal 
to P sin and the pressure of Q in the 
direction QC is Q sin/9; and if these 
pressures be equal, P and Q will be in 
equilibrium. But if P sin » be > Q sin /9, 

P will descend and draw Q up the inclined plane. Now, it is only the 
pressure P sin — Q sin /3 which produces motion. And since the 
whole mass moved is P + Q , it may bp shown, as in art 26 1, that the 
accelerating force * 

r __ P sin ot — Q sin p 

f t+q *' 

270. Cor. 1.— If P hangs freely, « = 90°, therefore 

P — Q sin /9 

J P 4 Q ° 

271. Cor. 2 . — If P hangs freely, and (J is placed on a horizontal 
plane, a = 90° and /3 = 0, therefore 

f— — — g- 
J P 4- Q s 


Problems for Practice. 

1 . If P and Q hang over a fixed. pulley, and P = 81 ounces, Q = 

80 ounces; to find the space descended by P in 10 seconds, and the 
velocity acquired. Ans. Space =10 feet ; velocity = 2 feet. 

2. A weight P of 1 ounce drags a weight Q of 6 lbs. 3 oz. along a 
horizontal table ; to find the space described in 10 seconds. 

/ Ans. 16*1 feet. 

' 3. How far will a body descend from rest in 4 seconds upon an in- 
'clined plane, whosp length is 400 feet and height 300 feet ? 

Ans. 193*2 feet. 

4. How long would a body bo in falling down 100 feet of a plane 
whose length is 150 feet and height 60 fcec? Ans. 3*9 seconds. 

5. The length of an inclined plane U 100 feet and its elevation 60°; 
to find the time of falling down it and tie velocity acquired. 

Ans. Time = 2*6 seconds ; velocity = 74*4 feet. 

6 » A body is projected up an inclined plane, whose height is £th of 
its length, with a velocity of 50 feet per second ; find its place and velo*> 
city after 6 seconds are elapsed. 

Ans. Its place is 203*4 feet from the bottom, and its 
velocity 1 7.8 feet upwards. 

7. To mark oul4(on an inclined plane a part equal to the height, so 
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that a body in descending down the whole length of the plana shall 
describe this part iq the same time that it would fall through the height. , 

Ans, The upper extremity is from the top of the plane. ^ 


8. To find the straight line of quickest descent from a given point to 
a given plane. 

9. To find the slope of a roof when the breadth 19 given, 86 that rain 
maj^Lescend in the rabrtest time possible. 

10. To find the straight line of quickest descent from a given point 
to a given circle. 


CHAP. IV.— MOTION UPON A CURVE. AND THE 
VIBRATIONS OF SIMPLE PENDULUMS. 


272. Prop. I. — If a body descend down a system of inclined planes, the 
velocity acquired is equal to that which would be acquired in falling 
through the perpendicular height of the system , supposing that no mo- 
tion is lost in passing from one plane to another . 

Let ABCD be the system of planes; draw 
AE parallel and DE perpendicular to the hori- 
zon ; produce Cli, DC till they meet AE in F 
and G . The velocity acquired in falling from 
A to B is dqual to that which a body would 
acquire in falling from F to B (art. 266) ; and B 
since, by the supposition, no velocity is lost in 
passing from one plane to another, the body will begin to descend down 
BC with the same velocity, whether it fall down AB or FB \ conse- 
quently, the velocity acquired at C will be the same in either case. In 
the same manner it maj be shown that the velocity acquired at D is 
equal to that which would be acquired in falling through GD; but this 
velocity is equal to the velocity acquired Vjn falling down the perpendi- 
cular height ED ; therefore, the velocity a&pured in falling down the 
whole system ABCD is equal to the velocity acquired i» fallin g .down 
the perpendicular height ED. 

273. Cor. — Draw A a perpendicular to BF; then, when a body 
passes from AB to BC, the velocity before impact (v) s velocity after 
impact :,AB : Ba :: rad t.cos ABa, Hence, if we put the angle 
ABa = a ; the velocity after impact = t; cos *, and the velocity lost 



= t)-%» cos a 


= v (1 — cos a) =s 2v sin 2 


a 



. Paop. II.-- If a'body fall from not down a curve surface which 
\» perfectly smooth , the velocity acquired it equal to that which would he 
acquired in falling through the same perpendicular height. 

Xet AE be any curve surface. Suppose the to be divided into 
ft^fcrts, AB, BC, &c. Draw the tangents APfltS* and the chords 



VIBRATIONS OF BiMFLB PENDULUMS* 


m 


AB> BC f Ac. ; and let these chords be 
produced to meet AP in the points L, Af, 

&c. Let the angles BAL, ABL, BCAf, 
be represented by p 9 y, &c., and the 
angle APR by p ; then it is inanifestthat 

«+$ + y + ^ + **.. — p. 

Let v , v f , v ,r > &c., be the actual velo- 
cities acquired at the points B, C> &c., 
and V the actual velocity acquired at E . 

Then, by tile last article, 

wholeVelocity lost = 2v (sin + 2t/(sin + 2t/*(sin £$)*+ &c* 
Now this is evidently less than 

2 V(\p? + 2 V{\yf + 2 V(W* + Ac. 

And if p be the greatest of these angles, this is less than 
\VP + \Vpy + \Vpl + &c., 
or less than \V$ (6 + y + B + &c.) or less than \Vp$. 

Let the arcs AB 9 BC?ikc. be diminished indefinitely, or the number 
of parts be increased without limit ; then it is evident that the angles 
P, y , &c. will become indefinitely small, and, therefore, the 

whole velocity lost is diminished without limit. But when the number 
of planes becomes indefinitely great, the system approximates to a oarve 
as its limit, in which, therefore, no velocity is lost. Hence the vniole 
velocity acquired is equal to that which a body would acquire in falling 
through the same perpendicular altitud^. 

275. Cor. 1. — If a body be projected up a curve, the perpendicular 
height to which it will rise is equal to that through which it must fall to 
acquire the velocity of projection. 

For the body in its ascent will be retarded by the same degrees that 
it was accelerated in its descent. 

V 

276. Cor . 2. — The same^proposition is true if the body be retained 

in a curve by a string whicti is iu every point perpendicular to it* For 
the string wilt now sustain that part of the weight which was before sus- 
tained by the curve. , 

277. Dbf. — A pendul’ m consists of a heavy body suspended by a 
thread, and made to ubrate in a vertical plane. When the body is 
supposed to be v auced to a material poiut, and the thread to be devoid 
of weight* it is called a simple pendulum . 

2 78. Dbf. — T he time elapsed from the commencement of the motion 
until all the velocity is lost in the ascent" of the body, is called the time 
of an oscillation; and the angle thr igh which the body has moved is 
called the amplitude . 

279* Prof* III.—Tb find the time of an oscillation in a small circular 
arc. 

Let a body descend from A, and be retained in the circular arc ACB 
by means of the thread OA% supposed to be without weight. Let the 
body eome to M, and let the arc MN be indefinitely small ; then we 
may conceive this ultimately to be described with the velocity at Af con- 
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tinued uniform. Cali this velocity v, 

. MN 

then the time through MN = . 

But the .velocity at #f is equal to the 
velocity acquired in falling from D to 
P (art 274), therefore 

* 2 = 2g x DP = 2g {CD — CP) 

(chord CA? - (chord CM) 2 
S 5 IOC 

CA ^ arc CM) 1 
>*-( 

very nearly; since the arc CA is sup- 
posed never to exceed 2 degrees. 

Take Ca = arc CAf^nd from the centre C, with the radius 
describe the semicircle ahb ; take Cm, Cn , equal to the arcs CM, CN, 
respectively ; draw mh, nk perpendicular and he parallel to €a ; join 
Ch. We have then 

v* = ~ ( Ca 2 — Cm?) = -y- X ml? , and v = mh ^ 

^ .*. time through MN = — . 

Now, when il/JV or mn is diminished indefinitely, hk will ultimately be 
a straight line, and the triangles C/m , ehfc, will be ultimately similar, 
therefore 




Ch : mh : : hk : he or mn ; 


, mn 

and ZTh 
mn 


hk 


Ch' 


.*. time along MN = — • 

Ca V g 

Now, as this is true for eveiy indefinitely small portion of the arc CA, 
and the sum of all the Wc s is manifestly equal to the semicircumference 

ahb; wc have the time of describing ACjk' ^ —* and since 

Ca V g 

ahb : Ca :: w : 1, therefore 

f = V? 

where t is the time of the oscillation. 




g 


280. Cor . — In the latitude of London, the length of the seconds 
pendulum, in a vacuum, is found by experiment to be 39*1393 inches; 
calling this value L, we have 

g = L = 380*29 iiiches = 32*19 feet 

? e 

J281. Prop. IV. — To find the number of vibration* which a given 
pendulum will gain in a day : ( 1) By shortening the length of the pen- 
dulum ; (2) By increasing the force of gravity. 

(1). Let t be the time of one vibration, n the number of vibrations, 
and N the number of seconds in a day. Then 
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nt m N ; 


-f/f 


" Also, lot X bn the quantity by which the length of the pendulum is 
diminished, and t the corresponding number of seconds which it gains 

aday; then » + » = — • 

“Hr = i/(rri) - (' ~t)~* = l +Tr' ,n *’ > 

since X is supposed to be very small compared with l. Hence 

nx 

’ ~ 2/ * 

(2). Let / be constant, and g be Stun eased by a small quantity y; 
and let v agaijp, be the corresponding increment of h . Then 

. _ N . /is + y\ 

n + 9 ~ TV (“7“)' 

»*. = 1 + -f-, nearly; 

» V \ ff / 

neglecting the second and higher powers of — . Hence ^ 

ny 

282. Cor . 1. — The fojjpe of gravity without the earth *s surface varies 
inversely as the square of the distance from the centre, when the lati- 
tude is the same. If, therefore, r be the radius of the earth, h the 
height of any place above the surface, and y the diminution of gravity ; 
then 

g ~V ** 

g (r + 

Hence 


n — v 
n 

__ nh 
r 


= — ~r = I , nearly. 

r + A a* 


283. Cbr. 2.— The Torce of gra\ity also varies in different latitudes, 
the increment al^ve the force at the equator being nearly as the square 
af the sine of the latitude. Hence, if 39*02 65 inches be the length of 
die seconds pendulum at the equator, 0*1608 inches the difference be- 


tween that and the length at the jjqles 
n any latitude L , is 

l = 39 0265 + 0 



the pendulum (/) 


sin*£. 


Examples, 

1. What is the time of vibration of a pendulum whose length h 

30 inches? Ans. 1*239 seconds* 

2. How many vibrations will a pendulum 36 inches long maty* in an 

lour ? Ans. 3753. 

VOL. 11. R 
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3. If a dock loses 30 seconds in 12 hours, how much most toe pen- 
dulum be shortened to make it keep true time? A ns, *055 inch. 

4. Required the length of a pendulum that vibrates sidereal seconds ; 

the length of the sidereal day being 23* 56* 4*. A ns. 38 * 925 , 

5. A pendulum 'vibrates seconds at the equator, when carried 

to the pole gains 5 minutes a day ; to find the proportion of the equa« 
tonal and polar gravity. Aus. 144 : 145 T f 5 -. 

6. A pendulum which oscillates seconds is carried to the top of a 
mountain one mile in height ; to find the number of seconds which it 
would lose in a day, supposing the radius of the earth to be 4000 miles. 

Ans. 21*6 seconds. 


284. Prior. VII . — To find the time of an oscillation in a circular arc of any may* 
nitude. 

Suppose a body to fall from A to as in article 279. Let CP = x, arc CM =a *, 

Mm fjjf 

CD = h . It will be proved, in the Differential Calculus, that dt = - — 5 the 

v 

minus sign being prefixed to ds t because s decreases when .the time t increases. 
Also, da = f and, from the last article, velocity at M{v) = V2 g x DP 




a/2/u? — x* 

-a). Hence, therefore, 

dt = 


— Idx 


VCCite — *)]• 

This equation can only be integrated by means of a scries. To obtain a converging 
series, we have 

- dr /, x \_J 


dt 


V 9 i 

- V 


2 — 
l — de 




/in ± jl + jlj. * + &4 

•— aft) 1 ‘2 2/ 2 . 4 4/® J 


^ 2 a/ ( fix' — x*) \ 2 2/ 2 . 4 4/2 

Taking the integral of each of these terms separately from jo = h to x = 0, we obtain 

/ • — dx /* — arfx 17 

V(Ar — «V * s J VlA* — i s ) ~ 


J 2 . 4 ’ 


,&c. 


Substituting these values above, and multiplying^by 2 to obtain the time of an en- 
tire oscillation, we have 

285. Cor. 1.— When the arcs of vibration are small, h is small compared with 
we have, then, in taking the first term onlv, t = 4/ — ; the same expression as 
that which has been deduced in article 279. 

286. Cor. 2. If great accuracy be required, we may take two terms of the series j 

we shall then have t = ~(* + * ® ut " (chord AC)* t 

. h _ (chord^C)* __ (chord q) a _ , 

•• IT “ 16/2 " - 16 ~ 1 G y ’ 

a being put for the arc corresponding to the angle COA t whose radius =: 1, Hence 
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se- 
as?. Setotkm, It iiw been proved by Poiuon tint tht raistttM of the «lr fcM 
no eraetble effect on the time of an oscillation in a small circular arc. It incteoaeathe 

time of descent bye email quantity ^4/ -I. (the reaiatance being auppoMd 

o y g 

s=s kv % ) ; but it diminishes by an equal quantity the time ofnacent ; so that the time of 
vibration it the same as in a vacuum. The amplitudes ^■Buccessive vibrations are, 
however, continually diminished; on this account, thfljpre, the times of vibration 
will be slightly affected. See Poisson (art. 275). 
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288* Prop. I . — A body projected in any direction not perpendicular 
to the horizon will describe a parabola ; supposing that the motion is not 
affected by the resistance of the air . 

Let a body be projected from A in the 
direction AB . From A draw AC per- 
pendicular to the horizon, and let AB be 
the space the body would describe with 
the velocity of projection continued uni- 
form during the time f, and AC the 
space through which the force of gravity 
would cause it to descend in the same 
time. Complete the parallelogram AM ; 
then, because the motion in the direction 
AB neither accelerates . nor retards the 
approach of the body to the line CM 
(art. 229), therefore, at the end of the 
time t y the body will be in the line CM. By the same mode of reason* 
ing, it appears that the bod) will be in the line BM at the end of this 
time ; consequently it will be at My the point of their intersection, at the 
end of the time t. Let V he the velocity of projection ; then, since AB 
is the space which would bo^lesciihed in the time t with the velocity V 
continued uniform, AB = 1 Vt* Also, since AC is the space through 
which the body would LIT by the force of gravity in the time t f 
AC ss Hence^X 



j r 2 AC AB * CM* 

‘ 7 F*- - -pT* 


.\ CM* = -—AC (I) 

Hence the curve AM is a parabola* o which AC is a diameter, CM an 
2 V 2 

ordinate, and — the parameter. (Parabola, prop. 8.) 

* 8 

289. Cor . 1. — If, in AC produced. AD be taken = J of the parameter 

2 p* V* 

at A ss b of = — , and DE be drawn at right angles to AD, 

S . 

DE will be the directrix to the parabola. For the distance of any 
point in the parabola from the directrix is equal to the distance of this 



244 


i 


DYNAMICS. 


point from the focus ; and this distance is equal to J of the parameter 
at A (Parabola, art. 209). 


y% 

290. Cor. 2.— Since AD -r— , AD is the spaqe through which 

2g 

the body would fall^^Hkire the velocity of projection V (art. 255). 
The line AD is ofMKilled the impetus* or the height due to the 
velocity, and in future we shall put it = k. 


291. Cor . 3.— The velocity at any other point 3/ in the curve is 
equal to the velocity acquired in falling from the directrix DE . For M 
may be considered as the point of projection ; and, in this case, the 
velocity is equal to that acquired in falling from E (art. 290). 

292. Cor . 4. — The horizontal velocity of the body is constant, for it 
is evidently not affected by gravity. 

293. Cor . 5.— Since AB is parallel to the oidiuate CM* it is a tan- 
gent to the parabola at A (Par. def. 5). Hence, if the angle BAS be 
made = BAD * and AS ■= AD* S will be the focus of the parabola. 

The focus and the directrix being given in position, the parabola 
can easily be constructed (Con. Sec. art. 238). 


294. Prop. II. — 7b find the equation to the curve referred to hoii - 
zontal and vertical co-ordinates . 


Let AP — x* P 1 f = y* the angle NAP=z&* 
V = the velocity of projection, and t = the time 
of describing AM. Then 

AP = AN cos a ; or x = Vt cos a. 
Also, PN = x tan a ; and MN = Igt 2 ; 

• y = PN — MN = x tan a, — igt\ 
Substituting the value of t derived from the 
equation x = Vt cos »* we obtain 


G 



y = x tan a — 


gx* 




rf a 

which is the equation to the cuive. If wegubstitute h for as in art. 
289, we shall hare ' v ^ 


y — .r tan « — 


4 h cos* a 




( 2 ), 


from which equation all the properties respecting projectiles may easily 
be denied. J 3 


S Dbf.— I f the curie meet the horizontal plane which passes 
the point of projection in H, the line AH is called the hori- 
nge, and sometimes simply the range. Also, the time of de- 
scrying ABH is called the time of flight. (See last figure.) 


_ 296. Phop. III. — Having given the velocity and direction of projec- 
tion^ to flnd the tune if fliqhti the horizontal ranges and the greatest 
height to which the body will rise above the horizontal plane. 

£ (1) Let the body be projected from A in the direction AO. Let 
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ABB fee the path of the projectile, and AH the horizontal range. 
And, as before let the velocity of projection = V, the anirlo GAB = », 
and the time of flight =* T. 

Now GH — AG sin * = TV sin «. Bt^GH — \gT*. 
Hence hgT* ~ TV sin « ; therefordjHBw 

T = sin a (3). 

8 

2V 

(2) Also, AH = AG cos * == TV cos * = — sin a x Fcos a; and 

g 

y 2 

if we put AH = R, the impetus, — == h, and 2 sin a cos a = sin 2*, 

, . ^ 

we obtain 


R = 2/t sin 2a (4). 

(3) If the point C bisect AH, the greatest height His evidently 
CD = J CL as \GH (Par. art. 200). But, 

2V 2 

GII = = sin’aas Ah sin 3 a, from equation (3); 

H = h sin 2 a (5). 

297* Cor. 1. — When the \clocity of projection is given, the range 
varies as sin 2», and is theicfore the greatest when 2a = 90°, or the 
elevation sa 45°. In this case R =*2 h. 

298. Cote 2.— If the velocity of projection be given, the elevation ne- 
cessary to hit a given mark in the horizontal plane, passing through the 
point of projection, will be found from equation (4). Since sin 2* = 
cm (180°— -2«), there Mill alwajs he two values of a which mil satisfy 
this equation , Jet the other value of a be a, then 2a = 180 — 2a, and 
a as 90°— a; therefore a and a' are complements to each other. 


299 Prop IV. — Having giicn the t floaty and dnection of projtc~ 
t ion ; tojtnd the Unu oj flight* and lh< i ange on an oblique plane, which 
panes through the point oj pifjecdon. 

(1) Lot the body be pi ejected hum A 
in the direction AG. Let AI be the in- 
clined plane pasUng-rffrough A, the air 
A I the path c*1he projictile, and AH 
horizontal. Put the angle I A If = i, 

GAH = a, the range AI = 7f, and the 
time of describing the arc AI as 71 We 
have then 



GI : AG : : sin AI : sin AIG . 

$ut GI =f IgT 2 ; AG aa TV; sin GAI = sin(*~0s 
and sin GIA = sin AIH = cos i ; hence 

igT 2 : TV :: sin (a — t) : cost, 

... t =s 2F sin ilZjl 

g 096 i 

(2) Again, AI : AG :: sin AGI : sin AIG 9 


( 6 )- 
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But J0=Tr.= m.±^ 
8 


4h 


sin (a — i) 


COS / COS 4 

sin AGI = cos GAH = cos a; and sin AIG as cos i. Hence 




sin (a — i) 

4 — : : : cos ol : cos # ; 


R = 4A 


cos 4 

sin (« — /) cos a 


• ( 7 ). 


300. Cor*— If the plane be a descending plane, or AI fall below AH } 
the angle 4 must be considered negative. 


301. Prop. V . — To find the dbection in which a body must be pro- 
jected /rom a given point, with a guen velocity , to hit a given mark. 

Because 2 sin (» — 4 ) cos a = sin (a + a — 4 ) — sin (a — a— 4 ) 

= sin (2a — 4 ) — sin 4 , 

we have, from equation (7), 

COS 4 * 4 

. X R COS 2 4 

sm (2a— 4 ) = — — — + sm 4 (8). 

A /I 

From which equation 2a — t i% Aid, therefore, a, or the angle HAG> 
may be found. If this value of 2a — 4 be 0, and 0 be less than 90°, there 
will be another value of 2 a— i, namely, 180°— 0, which will also 
satisfy equation (8). Let a be the other value of a, then 

2 *—4=0; 2a — 4 = 180° — 0. 

Adding these two equations together, 

j 2a + 2a — 2i = 1 80° ; . * • a + a = 90° + 4. 

Hence, if z/R be drawn bisecting the angle DAI , 

*2 z HAK = HAD + Rzf/ = 90° + 4 = a+ a', 

and, therefore, the two directions of projection ^6r, will evidently 
make equal angles with AK. 

302. Cor . — The range is evidently the greater* when sin (2a — *) is 
greatest ; that is, when 2a — t = 90°, or a = 45^ -4 £ 4 . Hence AK 
will be the direction of projection when the range is the greatest. 


Scholium . 

303. The theory of projectiles, given in this chapter, depends upon 
tnree Suppositions, which are all inaccurate : 1st, That the force pf gra- 
vity in every point of the curve described is the same. 2 d, That it acts 
in parallel lines. 3 d, That the motion is performed in a non-resisting 
medium. The two former of these, indeed, differ insensibly from the 
tafuth • but the resistance of the air affects the motion of heavy bodies so 
materially as to render the parabolic theory ne&rly useless in practice. 

/ From experiments, which have been made with great care, it appears, 
that when the velocity is about 2000 feet per second, the air's resistance 
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is nearly 100 times as great as the weight of the ball ; and that the 
greatest horizontal range is less than a mile, whereas, according to the 
theory, it ought to be 23} miles. 

304. Another great irregularity in the firing of shot is the deflection 
of the ball to the right or left of the vertical riMjAi passing through the 
axis of the gun. A deviation of this kind generally takes place when 
there is considerable windage ; for if the ball in its passage should 
not fit the bore of the gun, it will be deflected from side to side* and will 
at last quit the piece in a direction inclined to the axis of the bore. In 
consequence of this, a rapid whirling motion is given to the ball about 
an axis, the position of which is altogether unccitaiu. One side of the 
ball, therefore, is moving in the direction of projection, and the other 
side is moving in the opposite direction ; and, consequently, the velocity 
and the resistance of the air in the fust c<iso are greater than in the 
latter. Hence it follows, that the hill is continual!) deflected towards 
that side where the resistance is lc'dst. 

In rifle barrels the ball is made to fit the bore exactly ; and then, by 
means of a spiial groove, which makes about 1 \ or 1 ] turns in the length 
of the barrel, a whirling motion is communicated which has its axis of 
rotation in the line of its motion, and, consequently, the ball is equally 
resisted by the air on all sides. 

305. From various experiments which have been made by Dr. HuttOn, 
at Woolwich, he deduces the following conclusions : — 

(1) “ It appears that the velocity of a ball iucteases. with the in- 

crease of charge only to a certain point, which is peculiar to each gun, 
where it is greatest; ami that, hv finthcr i nr leasing the charge, the 
velocity gradually diminishes, till the bore is quite full of powder. That 
this charge for the greatest velocity is gicatei as the gun is longer, but 
yet not gi eater in so high a piopoition as the length of the gun is ; so 
that the part of the bene filled with powder bears dMess propoition to 
the whole bore in the long guns than it does in the suitor ones; the 
part which is filled being indeed neaily in the iuveise ratio of the square 
root of the empt) part. » 

(2) H It appears that the velocity, with equal chaiges, alwajs increases 
as the gun is longci ; though the niciease in velocity is but very small 
in comparison to the increase in length ; the velocities being in a ratio 
somewhat less than iWf'of the square roots of the length of the bore, but 
greater than that of the cube roots of the same, and is indeed nearly in 
the middle ratio between the two. 

(3) “ It appears, from the table of ranges, that the range increases in 
a much lower ratio than the velocity, the gun and elevation being the 
same. And when this is compared w?th the propoition of the velocity 
and length of gun in the last paragra d , it is evident that wo gain ex- 
tremely little in the range by a great increase in the length of the gun, 
with the same charge of powder. In fact, the range is nearly as the 5th 
root of the length of the bore ; which is so small an increase, as to 
amount only to about a 7th part more range for a double length of gun. 
From the same table it also appears, that the time of the ball’s flight is 
nearly as the range, the gun and elevation being the same. 

(4) “ It has been found, by these experiments, that no difference is 
caused in the velocity, or range, by varying the weight of the gun, nor 
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by the use of wads, nor by different degrees of ramming, nor by firing 
the charge of powder in different parts of it. But that a very great 
difference in l no velocity arises from a small degree in fhe windage : 
indeed, with the usual established windage only, via., about ^ of the 
calibre, no less than between ^ and \ of the powder escapes and is lost ; 
and, as the balls are often smaller than the regulated sire, it frequently 
happens that half the powder is lost by unnecessary windage. 

(5) “ It appears, too, that the resisting force of wood, to balk fired 
into it, is not constant ; and that the depths penetrated by balls, with 
different velocities or charges, are nearly as the logarithms of the 
charges, instead of being as the charges themselves, or, which is the 
same thing, as the square of the velocity. Lastly, these and most other 
experiments show, that balls are greatly deflected from the direction in 
which they are projected, and that as much as 300 or 400 yards in a 
range of a mile, or almost Jth of the range. 

(6) “ To determine the resistance to the very high velocities, were 
employed balls of three several sixes, uz., pf 2 inches, 2*78 inches, and 
3*55 inches in diameter. These were discharged with various degrees of 
velocity, from 300 feet to 2000 feet in a second of time ; and they were 
also made to strike the pendulum block at several different distances 
from the guns, in order to obtain the quantity of velocity lost, in passing 
thiough those spaces of air; whence the degrees of resistance were 
obtained, appropriate to the different velocities. These series of resist- 
ances, for the three sizre of balls above-mentioned, have been obtained 
in a state remarkably regular, not onl) each series in itself, but also in 
comparison with each other ; the terms in every one of them following 
a certain uniform law, in respect of the velocity, being indeed nearly as 
the 2 T \ r power of the \elocity ; and the terms of any one series also, as 
compared with the corresponding terms of another, with the same 
velocity, these being in a constant proportion to one another, viz., as the 
surface of the Jjg^ls moved nearl), or as the squares of their diameters, 
with about ^-gfAart more in counting from the less ball to the greater, 
or *3^ part Jes^phen comparing the greater ball to the less. * 

(7) “ fhe same^aws of resistance were also found to obtain in the 
slower motions, with' the whirling machine, both in respect of the dif- 
ferent velocities with the same body, and of the different bodies with the 
same velocity. From which uniformity of effects it happens, that the 
numbers resulting from the larger velocities ia^the one course of expe- 
riments, and those derived fiom the slow motiOiiu $n the other course, 
form as it were the terms, in the different parts of one and the same 
general series of resistances.' (Hutton’s Tracts, vol. iii. p. 215.) 

306. The following rule, derived entirely from experiment, has been 
given, to find the velocity of any shot or shell, when the weight of the 
charge of powder and weight of the shot are known. 

ifafe.— Divide three times the weight bf the powder by the weight of 
the shot, both in the same denomination. Extract the square toot of 
the quotient. Multiply that root by 1600, and the product will be 
the velocity in feet. 

That is, if p be the weight of the powder, to the weight of the ball, 
and v the velocity of the ball ; then 
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Examples far Practice* 

1. If a ball of lib, acquire a velocity of 1600 feet per second, wben 
fired with 5£ ounces of powder ; it is required to find with what velocity 
each of the several kinds of shells will bo discharged by the full charges 
of powder, viz. 


Nature of the shells in inches 

Their weight in lbs 

Charge of powder in lbs 

... 13 

... 196 
... 9 

10 

90 

4 

8 

48 

2 

H 

16 

1 

4* 

8 

l 

Ans. The velocities are 

,...i 594 

584 

565 

093 

693 


2. If a shell be found to range 1000 yards when discharged at an 
clevationjof 45° ; how far will it range when the elevation is 30° 16', 
the charge of powder being the same ? Ans. 2612 feet, or 871 yaids. 

3. The range of a shell, at 45° elevation, beinjr found to be 3750 feet ; 
at what elevation must the piece bo set to strike an object at the did* 
tance of 2810 feet, with the same charge of powder? 

Ans. At 24° 16', or at 65° 44'. 

4. With what impetus, velocity, and charge of powder, must a 13-inch 

shell be tired, at an elevation of 12',tg strike au object at the dis-JP 
tance of 3250 feet ? ~ ■' 

Ans. Impetus = 1802; vel. = 310; charge = 2 96 lbs. 

5. If, with a charge of 9lbs. of powder, a shell range 4000 feet ; what 

charge will suffice to throw it 3000 feet, the elevation being 45° in both 
cases ? A us. G|lbs. of powder. 

6. What will be the time of flight for any given range, at the eleva- 
tion of 45°, or for the greatest range ? 

Ans. The time in secs, is £ the sq. root of the range in feet nearly. 

7. In what time will a shell range 3250 feet, at an elevation of 32° ? 

A ns. 1 1 ^ seconds nearly. 

8+ How far will a shot range on a plane which ascends 8° 15', and 
another which descends 8° 15'; the impetus being 3000 feet, and the 
elevation of the piece 32° 30'? 

Ans. 4214 feet on the ascent, and 6745 feet on the descent. 

9. How much powder will throw a 13-inch shell 4244 feet on an in- 

clined plane, which ascends 8° 15', the elevation of the mortar being 
32° 30' ? Ans. 4'92535lbs., or 4Jbs* 15oz. nearly. 

10. At what elevation must a 13-inch mortar be pointed, to range 

6745 feet, on a plane which descends 8° 15'; the impetus being 
3000 feet? Ans. 32° 30'. 

11. Suppose, in Richoret firing, PO = 1200 feet, 0/7= 10 feet, 
OR = 50 feet ; required the elev*8' n and the velocity, so that the ball 
shall just dear H and hit R* Attf. Elev. = 11° 46' ; vel. = 317*5. 

12. In what time will a. 13-inch shell strike a plane which rises 8 P 30' 
when elevated 45°, and discharged with an impetus of 2304 feet ? 

Ans. 14£ seconds nearly. 

THE MOTION OF PROJECTILES IN AIR. ' 

307. In consequence of the p&sstge of a body through the atmosphere, the air Is 
displaced or put in motion. Whatever momentum it acquires must he taken from 
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the ball. This momentum must be in the proportion of tfye quantity of air displaced, 
and of the velocity communicated to it. And if the air put m motion be always 
similarly displaced, the quantity of air displaced will be proportional to the velocity 
of the ball ; also, the velocity communicated to the air from the collision of bodies is 
as the velocity of the ball. Hence the momentura»communicated to the air and lost 
oy the ball must be proportional to the square of the velocity of the ball and the 
density of the air jointly. But, besides the resistance arising from the inertia of the 
air which is put in motion by the bill, there must be another cause of resistance aris- 
ing from the condensation of the air on the anterior surface of the ball, and also a 
third cause of resistance ansmg from the hvdrostatic pressure of the air on its ante- 
rior part, when the motion is so swift that there is a vacuum behind. From all these 
causes it appears, from the expet iments of llobins and Dt llutton, that the resistance 
of the air varies in rathei a higher ratio than the square of the velocity, until the 
velocity reaches about 1100 fret per second. Irom 1100 to 1200 feet the inctease 
of resistance is \civ great , aft a this the lcsistancc goes on increasing nearly with its 
former regulautv \ T o \ this velocity is nearly t hit with which an nr lies into a 
vacuum, and, therefore, it is extremely piohable tint this great inciease of resistance 
arises from the unequal piessure on the anterior and posterior surfaces of the ball. 

308 Prop VI — lb determine the motion of projectiles in a resisting medium , 
when the resistance tains as the square of the velocity. 

Let A be the point of projection, M the m JR 

place of the body after any time i , o the . . 1 

t velocity of the ball at the point M t * i \ 

* PM-y . arc AM \ Let* Gy I \ 

R icpreseiit the resistance of the in , this \ 

is frequently estimated m pounds and \ 

ounces, in which ease R must bcfousi- / U 

deied as bating the same piopottiou to ^ r 1 p 

the weight of the body that the letudiug 

foice of the air has to the ace eleralin » m Ktaiding foicc of gr a \it\ , and conse- 
quently the retarding force of I he m, measured In the \< locity destroyed m a unit of 

n .. 

time, will be equal to . Put this equal '/ , X hung a constant quantity 

' n wt i lull 

to be determined fiom observation , then it will he povtd, m the Differential Cal- 
culus, that the retarding foice of the an "* k ,u 

Let this force be resolved nto two othos om in the duection Mn, and the other 
m the duection A/y, then flit ictaidinu f< ice m tl t dnteticn Mn is equal to the ulti- 
mate value of x X ^ y ^ — X Also the letai ding force m 

tit Mnt dt d\ at tit 

the direction Mq = ultimate value of X ^ - X * . Hence the whole 


force in the duection paialhl to IP 
direction perpendicular to JP — — y - 


th d 
' k dt dr 


, , v aud the whole force m the 

'r V 

Vc haveTtlieiefore, 


In the first equation let — — y, 


4l e/h 
then 7l2 = 


therefore 


dt ds 

and — = — X 37 


Hence, integrating, log q — — Xs + constant. At the point A, s ~ 0 , 


• = horizontal velocity at A = \ cos a , 


log ( V cos a) = constant. 


— Its « lo^f^tlog V cos a 


lo *Tw‘ 
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Kcos a 9 

Lit p = , then — = 

have, from equation (1), 


and 9 = % 


then 3 r=*£’ 


d>y 

( it* 


V cob e ^ oooo (2)i 

__ dp di d*x 


dt dt + df* 9 


hence we 


, da di/ dp dt , di dr 
- g ~ k -dt dt = 


dt dt ” 1 ' dt dt ’ 
d/i d r dp dj- 
dt dt “ t U Ht> 


■0) 


But, from equation (2), wc ha\e 


dr^ 

dt 


=. f * cos 2 a e— 2 ks t therefore 


_ _ 1 _ „2*s 

dx V 2 LOS 2 a 2h cos 8 a 


.(4). 


And since dv .%/(! f p 2 ) — ds f we obtain, by multiplication, 




e 2h * ds , thci cfore, mtegiating, 


p \'(l -i id) + log (p + i/l f p 2 ) “ e 


_ I 

2/M (os a 


And when 8 -=0, 


f/t 


W 


r being the constant quantity neeissat v to complete the integral. 
p = tana, theiefore we ha\e, b> reduction, 

c = tan a a/( 1 + tan 2 a) + log (tan a * V 1 +tan i u) + - - 1 — - — . 

N y 2 hk cos* 1 a 

Pnt p */0> + p') + l°g (/M \/U p 2 )—< — wc then have P - — iftkiohia****' 
Divide equation (1) hv this equation, and v\e obtain limllv, 

dp , , pdp 

tp ’ ,h/ v,h u> 

If these qualions could be integrated, we should h i\c » anti y in terms of p , and 
eliminating^*, we should obtain the equition to the curve hut as it is impossible 
tointfgratf these foiniuhc m finite terms, we must have n course to the following 
method of appio\unatiou 

When i - 0, p — tana As x incicises the tangent of the angle which the 
curve makes with the duection of the avis of t hie mis continual)} less and less, 
until at the urtex it is — 0 Aftei wants p bt conics negative and goes on inoeas- 
rog in magnitude in the descending hr inch I ct, thmtoic, tana(= A) be divided 
inton equal parts, each equal to /B, it being iun gic. 1 1 uinbe i If, then, we suppose 

dp — fi, the differential ^ oi will he ntaih equal to the elementary 

portion of the integral jfrtpuscd between two sucttssivc values of y,aud the integral 




p 

will be nearly equal to the sum of iP Hum difFcrentjals — p- • And the 

greaterms, the more nearly shall we approx mitt to the hue value of this integral. 
Make, thercfoie, successively, p =. tnn u ~ , p b — /8 , ~ A — 2/3, Ac. ; 
and let the corresponding values of P hr J\ Ji { , U t , , wc shall then have the 
following corresponding values of p, x , ai , 

p = b 5 *e = 0, y — 0. 

_ v-m 

y - kn K • 

p = b — 20, * = kBl + k u t • * - kBl 

» - *-3^. x - kBl + *2, + ■ y - &c -i j» 


p — t — fit 


, - -B 

ill , , ’ 


(6-&)fi(6-2fi)fi 
y ~ *«• + ' 12“ ' 


&c. 


309. Cor. 1. — The ordinate y, which corresponds to = 0, will be the greatest 
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height to which the body will rise. Pursuing the calculation to where y = 0, the 
corresponding absciss* will give the horizontal range, and the corresponding value 
of p will give the angle at which the descending branch cuts the axis of x. 

310. Cor. 2. — Beyond that point the ordinate y becomes negative, and increases 
indefinitely ; but the value of r never passes be) ond a certain limit, from Whence it 
is evident that the descending branch of the curve has a vertical assymptote. 

For, when p is negative, if we substitute — //for p , and — dp for dp, we have 

P = — p Vl + p l + log ( — p + Vl +p i ) — c. 

But — p h V(l = >!, ri therefore 

7 P * v(l +P~) 

P = — // a/( 1 +/>*) — log(^ *- Vi \ p) —C. 

Now, when p becomes very great, P') ~P vciy nearly; therefore 

/>= — pi — log 2// — c , and since the logarithm ot a vtry gicat number is very 
small compaicd with the uuinbei itself, — log Ip — c is very small compared with 
p*, and theiefore may be neglected, we shall then 1 ave 




tliciefore, intcgiating, 


v = c 1 — y = f n + log//, 

c' and c" being two constant quantities necessary to complete the integral. 

The value of // increases indefinitely with p ; but the value of x has c' for its limit; 
and consequently the curve lias a vertical assurtptotc, to which it approaches as 
near as wc please, without acti ally c\ti i caching it. 


311. Cor. 3.— Since v- 


ds 

dt 


th> thr 
dt 2 + dt 


ih* 

dt 2 


(1 + // 2 )and 


*!lL 

dj. 


dr* 
dt 2 


— F* 


from equation (3), multiplying the«c equations togethu, wc have 


— 0(1 +/» j ) 



v 2 kP, fioni equation (5), therefore 


*r 


— J r ) 
kP 


and when p becomes vciy gieat, p may he substituted foi 1 + p~, and — //* for P , 
thcrefoic r 2 is ultimately — J . 

Fioni this we learn that the iclocity {.ladnalh appioaclics to a ceitain velocity 
which is constant , aid this is equal to the viloutv vvliuha bodv ultimately ac- 
quires whin falling fietly in an atmosphere ot uniform dcnsitj. Tor since the 
retaiding force of the an contmuallv incudes with the velocity, when ki 9 is equal io 
g, the accelerating foice of gravity, tlu sc toiccs will balance each other, and the 
motion will Income tmifr i m J his vdncitv is calLd the tennmol velocity, and it is 
equal to that which the piojcctdc ultimate 1> acquiifs 

The tcinunal velocity of a ills. baH is 295 It.; of a OlbT. ball, 380 ft.; and of a 
321bs. ball, l(/0 feet. 

312, 3 he following short table will give us thciangcs of a 21bs.shot,in jards, pro- 
jected at an elevation of 10°, both in a vacuum and m the an, according to the pre- 
ceding theoi y — 
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CHAP. VI.— ROTATION OF BODIES. 


313. In demonstrating the preceding propositions respecting the 
motions of bodies, we have either considered the bodies as ’materia, 
points, or we have supposed that every particle of the body was moving 
with the same velocity as its centre of gravity. We now proceed to 
consider a system of points so connected with each other that they can* 
not follow those movements which the forces applied separately would 
impress upon them, but are compelled to move round some axis in a 
different manner. 


314. Ppop. I.—//* C A be a rigid line , moveable about the point C, 
and F any moving force acting at the point A ; it is required to deter - 
mine the weight N which , placed at A, will have the same effect in re - 
tilling the communication of angular motion , as the weight M placed at 
the distance CM. 


From the property of the le\er, the effect of the force 

F on the body at M is F call this force <p ; then 

the force <p acting at the point M directly, will have the 
same effect as the force F acting at the point A. But 
the mo\ing forces, <p and F, acting on the bodies M 
and N, are proportional to the momenta produced in 
these bodies ; that is. 


A 


F 


f : F : : M x vel. of M : N x vel. of N. 

But, since the same angular motion is communicated to the system, the 
angular velocities of il/and N are equal, and therefore their linear velo- 
cities are evidently as CM to CA . Hence, 


p : F :: Mx CM : N x CA; 

at n, CM F *r CM * 

• * • iV — M . * s M rj ■ ' • 

CA <p CA 1 

Hence the inertia by which a body resists the communication of motion 
round an axis is proportional to the square of its distance from the axis 
or centre of motion. 

315. Piiop. II.4£/n a i igid system of material points m, m', m", &c., 
situated in the same horizontal plane , and moveable about a vertical ajeis 
CD by means of a string passing over the pulley E, and attached to the 
weight P ; it is requited to determine the accelerating force on the 
weight P. 

Put Cm = r, Cm 1 = &c. ; and a >u, 

CA = a. By the last proposition, the 
mr * 

weight -jj- placed at A will have the 

same effect in resisting the communica- 
tion of angular motion as the particle m 
placed at the distance Cm . Similarly, 


the weight — placed at the distance 
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a from the axis, will hare the same effect as m f at the distance *■*; and 
» tnr 2 mV * 

so on. Hence, if*we suppose the weights — , — — , &c. to be placed 

a a a* 

at the distance a from the axis CD , the same accelerating force will act 
on the body P. 

Now, the moving force, in this case, is P ; and the quantity of matter 
moved at the distance a, from the axis of motion, is equivalent to 
m'r' * # # 

P + — 5 " + — 5 b & c< » an( ^ since accelerating fore ef is pro- 

cl a 

portional to the moving force divided by the quantity of matter moved 
(art. 230) ; it may be shewn, in the sajge manner as in art. 264, that 


fig" 


__ tnr* m'r' 2 
p q. — - -f- — ; - + &C. 


p* 


/ = 


P*g 


Pd 1 -f- tnr 2 4- mV 2 -f &c. 


316. Cor. 1.— If the points m, m\ m", &c. be not in the same hori- 
zontal plane, we may conceive the whole system to be projected upon 
this plane by lines perpendicular to it. Then, as each particle is thus 
kept at the same distance from the axis, the effect arising from the 
rotatory motion will not be changed; therefore the same formulse will 
be true. 


317. Cor. 2. — If CB = b 9 the accelerating force at the point B 

== TrT“ ~ ; ■ ,» — • For, f rom property of the lever, the 

Pa 2 + mr 2 -f mV 2 + ike. 11 J 

Pn 

effect of the moving force P at the distance b is -j - ; and the quantity of 
matter placed at B, which has the same effect in resisting the commu- 


Pa 2 


mr 2 


mr 


V2 


nication of angular motion, is -rr* + " 75 " + -r« — h &c. 

0* O z ( r 

find tne accelerating force in the same manner as before. 


Hence we 


318. The denominator of the fraction which expresses the accelerat- 
ing force on any point of the system is the sum of each particle multiplied 
into the square of its distance from the n.m.VJhis sum is called the 
Moment of Inertia with respect to this axis, and is a^uantity which con- 
tinually occurs in considering the rotation of bodies. 


319. Prop. III. — The moment of inertia about any axis is equal to 
the moment qf inertia about an axis parallel to this passing through the 
centre of gravity , together with the moment of inertia of the body col- 
lected in its centre of gravity about the given axis , 

Let m, »/, &c. be any system of bodies referred to a plane perpendi- 
cular to the axis passing through C, as in art. 316. £et C be their 
centre of gravity. Draw mp , m'p\ &c. perpendicular to CG. Then 

Cm 2 = CG 2 + Gm 2 + 2 CG x Gp \ 

Cm 12 = CG * + Gm 12 + 2 CG X Gp' ; Cm" 2 ss &c. 

Hence m . Cm 2 + m ' . Cm' 2 + m" . Cm" 2 + Ac. 
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_ f (» + i* + Ac.) CG* 4- m . Gm* + m* . Gm 9 * + m" . Gm«* 

{ + 2 CG X (m . Gp + ml . Gp 9 4 - m" . G/>'*+ Ac.); 

but (art. 73), tn • Gp 4- m r • Gp 9 + m 99 . 4* Ac. = 0, therefore, 

putting nt + m' + m" + Ac. = Af, we have 

ml Cm* + m! . Cm!* + &c. = m. Gm* + m 1 .Gm 1 * 4 - Ac. 4 - 3 /. CG*; 
which is the proposition to be proved. 

320. Defs.— (1). The centre of gyration of a system of bodies re- 
volving about an axis is that point in which, if all the matter were col- 
lected, the same moving force would produce the same angular velocity 
in the system. ^ 


(2). Tpe centre of oscillation is that point in a body revolving about 
an horizontal axis at which, if the whole mass were collected, it would 
vibrate through a given angle by the force of gravity in the same time 
as before. 


(3). The centre of percussion is that point in a body revolving about 
an axis which, striking against an immoveable obstacle, the whole motion 
of the body shall be destroyed ; so that if, at the moment of impact, 
the axis were removed, the body would have no tendency to move in 
any direction. 


321. Prop. IV. — To find the centre of gyration of any system of ma- 
terial points. (See fig. to art. 315.) 

Let K be the centre of gyration of any number of material points 
iw, //*', m" 9 &c. ; and let CK = k . Then the accelerating point at the 

Pa*g 

point A = 5 — ; and if all the matter be col- 

1 Pa* 4 b mr* 4- mV 2 4- Ac. 

lected at K , and m 4- m 9 4- m" 4- Ac. = M, the accelerating force 
Pa l u 

at A will == — r T 77 -: . And since the same angular velocity is 

Pa*. 4- 3/A; 2 a J 

generated in both cases, these accelerating forces must be equal. Hence 
Mk* = ?m* + mV 2 + m n ) 9,2 4- Ac.; 


k = \/ ( 


mr* 4- mV 2 4- mV' 2 4- &e.\ 
m f m 9 4- tn 99 4- Ac. / 


i 


322. Scholium . — Ip */he preceding articles, the bodies i», wi 9 m" 9 Ac. 
* being moved rounds vertical axis, are only affected by their own inertia. 
In the next proposition, we shall suppose the axis of motion to be hori- 
zontal, and determine the accelerating force when each of these particles 
is acted on by the force of gravity. 


323. Prop. V.—A system of mat wl points , moveable about a hori- 
zontal exist has all its parts acted on i y gravity ; to find the accelerat- 
ing force at any point O. 

Let m , in', *»" be any number of bodies connected together. Sup- 
pose them all to be projected perpendicularly upon a plane which 
passes through G their centre of gravity, and is perpendicular to the axis 
of suspension passing through C; then, as each particle is thus kept 
at the same distance from the axis, the accelerating force at any point 
O will be the same as before. Now, the moving forces are the weights* 



256 


DYNAMIC?* 


m, ml, &c. ; and the distances at which 
they act from the axis are Cp, Cp\ Cp ", 
&c. And, from the property of the lever, 
the effective moving forces at the point 0 , 

perpendicular to CO,*te , 

&c. Also, the quantity of matter which , placed 
at 0, will have the same inertia as the system, 

* s mi* tn!r n mV ' 2 

CO* + ClP + ~C(F + &c ’ 



Hence it may be shewn, in the same manner as in art. 264, that the 

accelerating force at 0 = ^ A+ +.«* • jV + &4 ™ , 

mr 2 + mV 2 4 - mV ' 2 4 - &c. 


And, since m . Cp 4- ml . C// + m " . C/' + &c. = (m + /;/+ &c.) C# 
= M • £70 sin therefore the 


accelerating force at O = 


AT . C 6 r . CO ^ sin 0 
mr 2 4 - ///V 2 -f. wV ' 2 + &c. * 


324. Prop. VI.— To find the centre of oscillation of any system of 
material points moveable about an horizontal a<vh. (See the last figure.) 

Let 0 be the centre of oscillation, then, from the last article, the ac- 
celerating force of a body AT, placed at 0, = — — ^ l£ =- # B [ n 0 . 

Al . CO 2 s 

And since the same angular velocity is generated in both cases, these 
accelerating forces must be equal. Hence 

M . CG . CO . g sin 6 
mi* 4 - mV 2 4- mV' 2 4- &c. ~~ & S * n ® 5 
. ^ »/ir 2 4- iwV 2 4- mV' 2 + &c. 

ji/.TJc 

325. Cor. 1 . — If JfiT be the centre of gyration of the system, then 
M .CG. CO = mi* + mV 2 4- »V* + &c. = jl/ . CK\ 

Hence CG . CO = CK % \ or Cif is a masm proportional between 
CG and CO. 


326. Cor. 2 . — Since the accelerating force of this system at the point 
O is the same as the accelerating force of a single particle placed at O, 
the time of oscillation of the system will be the sail e as that of a simple 
pendulum whose length is CO. Hence, if CO = /, the time of a very 

/l J 

small oscillation = % y — . 


327. Prop. VII .— If the centre rf oscillation be made the centre of sue* 
pension, the former centre of suspension will become the centime of os- 
cillation. J 


From art* 324* CO 


. Cm* 4- ml . Cm' 2 4- &c. 

“ m ln + wt + &c)<7<? ; 8ls °' ilom “*• 319 ’ 
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m . Cm* + m' . Cm 1 * + See. 

rns (m + ml + &c.) CG* + m . Gm* + m' . 6ml* + &c. 

Put m + iu' + &c = M, and m . Gm * +• «*'. Gm'* -f &c. = Mk*; then 


M.CG * CG ’ 

__ * 

'• GO ~ CG’ * 


CG x GO - 


which is a constant quantity for the same body. Suppose the body to 
be suspended at any other point C\ and 0' to be the centre of oscilla- 
tion in this case, then 

/ CG X GO = 1c 1 = C'G x GO'; 
and if C’ coincide with 0 , or C'G = <70, thou CG = (7 O', or 0 * 
coincides with C. 


328. Cor .— The time of oscillation is a mini mi m when CO or 

p 

CG — - is the least. Put CG = k -f x , then 

(sir 


CO “ k -f- X -f* 


__ 2/r* -f ‘2 Are -f- .?» 2 

A: ^ A + 


— 2A -f* 


CO 


And this is evidently the least when x — 0, in which c«i*» the length 
of the pendulum = 2k. 


& 


Prop. VIII . — To determine the length of the wo iA 
experimentally. 

329. Borda's Method. — The principle of this 
method consists in emplo}in£ a body whose pro- 
perties approach as near a*, possible to those of the 
simple pendulum, and which cm be reduced to this 
ideal case bv very easy corret tions. The pendulum ^ — - 
is formed of a ball of plitinutn, made exactly spite- y 
rical, and attached to a fine metallic thread. The 
lower extremity of the wire is screwed into a sphe- 
rical cap of copper, of the same radius as the ball, 
and the cap, being smeared with a little tallow, ad- 
heres firmly to the ball. The other end of the 
• wire is attached to * unife-ed^c or prism, which 
vibrates on a plane of agate, furnished with adjust- 
ing screws, by which it can be made perfectly hori- 
zontal (the plane of agate is represented in the next 
figure). The mass of the knife-edge is previously 
adjusted by means of a small ring v f netal A, 
which screws round a metallic rod B , s shat the 
vibrations of the knife shall be isochronous with 
those of the pendulum. The wire and ball arc 
then suspended from the knife-edge ; and it may 
easily be proved, either experimentally or by cal- 
culation, that the mass of the knife exerts no sen- 
sible influence on the vibrations of the pendulum. 

The pendulum is now enclosed with the clock, 
in a glass-case, so that it may not be affected by 

VOL. II. 
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the motion of the air. As the length of the wire is regulated in such 
a manner that thfc platinum ball and the pendulum of the clock vibrate 
in times not exactly but nearly equal, one gains upon the other, and 
after some time they will be seen, through a telescope, to be moving exactly 
together. They wi^then separate, and, after an interval of time, they 
will be together a garni Between two consecutive coincidences the pen- 
dulum gains or loses two oscillations upon the clock; and, iherefoie, l>y 
a simple proportion, we may obtain the whole gain or loss in a day. 
The coincidences of the two pendulums must not be very near to each 
other, for that would multiply unnecessarily the trouble of the observer ; 
but neither must they he made too distant, for, in that case, the pieci*e 
instant of coincidence would be very dillicult to observe. 

Let k be the distance fioin the knife-edge to the centre of\fhe sphere, 
and a the radius of the spLac . then it will be seen, in the examples 

2 a 1 

afterwards given, that the length ot the pendulum is equal to k 4 . 

There is a correction to be made on account of the amplitude of the aic 
of vibration (art. 2fc<l), ami another on account of the weight of the wire 
and th© copper cap ; but, for these and other details, we must refer the 
student to the third volume of the llnse da Sysltmc M&triqnc Diurnal. 


v_ 


tV 


kv -- 


A 


.330 Captain Hater's 3/dJ'OiL — This me- 
thod is founded upon the them cm proved in 
art. 327, that f lie centres of os< illation o.il sus- 
pension are recipio. jl. \ pendul i»n is ( ho ( n 
of such a foim that the cenlie o( osulkiho.i 
could easily he clot* i mined hy i I’cul iliou. Thi 
consisted of a i octangular hai of phic hiass, 

1*6 inches wide, and J of in bull thick. The 
length of the bar, fiom tli ‘ knife-edge to the 
extremity, was about five feet ; and the weight 
of the whole pendulum 13 lbs. 2o/. Tlnough 
this bar two triangular Iiolos were made, at the 
distance of 39*1 inches ftom each other, to 
admit the knife-edges that vveie to serve for the 
axes of suspension in the two opposite positions 
of the pendulum. A c)Hndrit<tl. weight, 3} 
inches in diameter, and weighing about 21hs.7o'., 
was firmly fixed a little no tier <o one end of 
the pendulum than the knlte-edge. A second 

weight, of about 1\ ounces, was made to slide on the bar at the opposite 
end; and it was moved to diflcient positions, until the oscillations about 
the two knife-cdg *5 were neailv equal, and then it was firmly lived. A 
third weight, or slider, of only tour ounces, was moveable along the bar, 
and it was placed near the middle of the rod, where any change in its posi- 
tion produces the least eitect upon the oscillations. It was capable of 
nice adjustment, by means of a screw and clasp, and it was shifted until 
the times of oscillation were exactly equal. 

331. Improvement of the pendulum .— The construction of this pen- 
r dulum has been simplified in some of the later experiments. In two of 
those taken out bj Captain Forster, we are told by Mr. Bailey, that 
** the pendulum consisted merely of a plain straight bar, 2 inches wide, 
£ m inch thick) and about 62} inches long. The property of converts 


H 
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bility in these pendulums, instead of being effected by moveable dr 
sliding weights, is produced by filing away one of tKe ends of the 
dul urn until the number of vibrations on the two knife-edges lire itx a 
given time equal to each other, or nearly so, after the proper corrections 
are made. At the distance of five inches fronyone end of the bar is 
placed the apex of one of the knife-edges A ; ana at the distance of 89*4 
inches therefrom is placed the apex of the other knife-edge S, 

“ If it should be found (as probably will be the case) that the knife- 
edge B makes a less number of vibrations in a day than the knife-edge 
A , we must file away a portion of the bar at the end jB, Until the vibra- 
tions on the two knife-edges are synchronous, or nearly so.” To 
m ike the adjustment perfect, a small hole C was made in the bar, about 
1] inch fjjm the end 75, and about \ an inch in diameter. This hole 
is fitted by two screws, drawing towards each other, leaving a small 
bp ace in the centres which enables the exp^ii mental is t to place between 
the m a small piece of sheet-lead, or other substance ; by means of 
\\ Inch contrivance the adjustment may be carried to any required 
degiee of accuracy. 

The form and construction of this pendulum appear to possess advan- 
tages whit h do not attach to the pendulum a9 usually constructed; 
w nether we consider it as a convertible pendulum for determining the 
i ii| ortaiit problem fust piactically illustrated by Captain Kater; or 
whether it be viewed only as a travelling instiument for ascertaining 
the figuic of the eaith. In the founer case, it is preferable, on amount 
of its simplicity and compactness : none of the parts slide over another; 
tb ic* are no sliding weights, no lnoveible screws, no wooden tail-pieces. 
In the latter ca*e there are several advantages, which Mr. Bailey enu- 
iin rates ; lie then concludes thus : M But were I to construct another 
p< nciulum of this kiud, I should not make the distance between the 
knife-edges more Ilian 3.9 inches. This would be a very convenient 
distance ; since we need not employ any other fractional part of the 
inch than what would be compuscd within the run of the microscope. 
A biass pendulum of tin-, sort would weigh about 25 pounds Troy ; and 
its vibrations would continue 3 hours, commencing with an arc of 1° 
and terminating with an arc of 0 n, 10. 


332. Prop. IX . — To explain the prim iple of compensation pendulum** 

. Since all bodies v 1 '/ their dimensions by an increase or diminution 
of temperature, theie is a continual c hange in the po- j “ 

sit ion of the centre of oscilLi on of anj ' r.dulum m ide '•' * I 

ot simple materials, and, consequently i»i the time of 
its vibration. To obviate this inconvenience, several 
methods have been devised; we shall explain two of 
them which are m^pfein use. 

1 . Harrison's Gridiron Pendulum . — The principle 
of this will easily be understood, from the accompany- 
ing diagram. Different metals expand in different 
degrees by an increase of temperature. AF repre- 
sents one-half of a pendulum, suspended at A> the 
other half being omitted, to render the explanation 
more distinct. Aa is a rod of ateel ; at .the bottom 
ia the bar aB> to tvhich ia affixed ^the rod p t copper 
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Jib • Again, Cc is a rod of steel, affixed to the bar bC ; Dd a rod of 
copper ; and, lastly, Ke is a rod of stool which carries the boh F. Now, 
suppose there to be an increase of temperature ; the rod Aa will 
expand downwards, because it is fixed at A . But, for the same reason, 
J3b will expand upwattU, because it is fixed to the bar a/I. In like 
manner, Cc will exjrand downwards, Dd upwards ; and, finally, tie, 
which cairies the bob F, will have its expansion downward-.. Let a, /9, 
7, e be the respective expulsions of these rods; then the whole ex- 
pansion of the steel rods down cauls will evidently be c* -| -yd-*; and 
the whole expansion of the copper roils upwards will be p 4* I* l! * 
manifest, also, that the sum of the lengths of the steel rods exceeds the 
lengths of the copper rods by the length of the pendulum. But, as 
copper expands in a gieater degioe than steel, their lengths' may be so 
adjusted that the centre of ost illation shall neither rise nor fall; in which 
case, the times of \ filiation will all be equal to each other. 

2. Graham's mo cm ini pendulum. — The rod CD of this 
pendulum is usually made of steel, and about 32 inches 
long. This canies a frame or stirrup FF, on which is 
supported a glass cylinder A containing mcrcurv. The 
cylinder is generally about 2 inches wide and S deep, Inn- 
ing 6*8 ini lies ot t hi> depth filled with the fluid , hut the 
C|uantitv of merciuv is dependent on the weight and ex- 
pansibility of the ether mateiials. \\ lien the temperature 
increases, the steel rod is lengthened, whilst ihe mercuiy 
rises in the cylinder fiom the same cause. Bv a piopcr 
adjustment, therefoie, of the quantity of inoicmy, these 
two effects may he made to neutralise each other, and the 
centre of oscillation ho kept in an invaiiible position. As 
the great mass of men my is not aflei ted In the changes 
of temperature so rapidly as the metall e ind, Capt. Kater had the 
cylinder and rod made in one piece of glas>, without any other fume. 
On the other hand, the cylinder is sometimes made of iron or brass, 
and varnished inside to pio\ent the action of the ineicury. 

333. Piiue. X. — To Jtnd the < nitre oj pt n nssion of any sysUm of 
material paints. 

Let ACG lie a jdane passing throi gli ul(\ A Jt __ C 

the axis of lotalion, and G the centre of gia\ity f 

of the system ; draw GC perpendicular to *l (\ ^ / 

Lei m be any paiticlc without this plane ; draw / 

mA perpendicular to AL\ and *1Q parallel to / 

CG. Also diaw m/i peipendic ular to slm in A\^ ^ 

the plane m*/Q, and mp perpendicular to AQ . % " 2 H 

Let Am =■ r, and let w he the angular velocity 

of the body at the in-fant of impact, or the \o- q p — () 

locity of a point whose distance from the axis siC 

is 1. Then the ccloiity of m = ru y and as it is evidently moving in the 
direction m L, its momentum or force in that direction = mru. We may 
suppose this force to act at the point L. Now, if the effect of all these 
forces to turn the body about a fixed obstacle P> when the body strikes 
auamst it, be nothing, their effect in turning the body about an\ fixed 
line PQ, or Pll , passing through J\ will ewdently also be nothing. Wo 
will tiist estimate their effect about the line /^/parallel to AC . 
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(l). Draw mp, Lq perpendicular to AQ. Because CA is perpendi- 
cular to Am and AQ, it is perpendicular to the plane* mAQ; therefore, 
the planes ALG and mA Q are at iii»lit angle*, to each other (Geom. 
prop. 100). Hence mp and Lq a re peipendicular to the plane ACG. 
Lit mL lcpresent the force miu, and lot it bo rcj&hed into the foiees 
pL y qL . The force pL has no effect in turnin^lie body about PQ; 
but the force qL is cntiiely effective. 

Now, the whole force at L in the direction mL is to the elfictive 
foice in the direction qLy as 

mL : qL : : Am : Ap : : mru : mu . Ap ; 
and since the force mL is equi\alent to miu. therefore the effective force 
qL is equi\alcut to mu . ulp. Also, the energy of this force to turn the 
body about the line PQ is equal to 

mu . Ap . QL = mu . Ap . {+1Q—AL) = mu x *lp X Pit — mui 2 , 
since Ap x AL = Am 2 = C. Hence, the energy of the whole system 
to turn the body round the line PQ is equal to 

u . Pit (m . Ap + m ! . Ap ' 4- &c.) — u («m 2 4- mV 2 + 
and when P is the centre of peicussion, the stun of all these forces = 0 ; 
therefoie, 

mi 2 -1- m 1 )' 2 4* m"* 1 ' 2 + &c. mi 2 + » iV 2 + 

m . Ap -f m f . ^ Ip' -f A c . (in 4- m! -f A c.) CG * 

(2). Again, the eneigy of the foice qL to turn the body about the 
line RPy parallel to CG y is equal to 

mu x Ap X IfL = mu X Ap x {CA — Clt). 

Hence the energy of the whole system to turn the body about the line 
IIP is equal to 

u(w .+ip. CA+tn 1 . Ap ' . 6Vi'4- Ac.) — u . CH(m . Ap \-m' . Ap 1 4* Ac.) 
and since the sum ot all these tones = 0, we Iia>e 

n m . jAp •( A + m 1 . Ap r CA 1 ~\ &c. 

C/ it ~ " - ~~ f ~ ————— # 

. +/p 4- w* • -/// f* tec. 

331. Cor . 1. — The distance of the cetitie of peicussion from the axis 
*1C is equal to the distance CO of the centio of oscillation from this 
axi-. Ami if the body be symmetrical with respect to the line CGy the 
point P will evidently coincide with O 

. Cor . 2. — The rectangle CG X GO (from art. 327) is a constant 
quantity, and therefore the point O is always faither from the axis of 
ic tat ion than G . 

33(3. Coi\ 3. — The energy of the toice qL to turn the body about 
the axis AC is mu.Ap. AL = mu .Am 2 * Therefore the energy of 
the whole system to turn the body about *1C = u {mi 2 4* in'i' 2 4- Ac.) 

337. Scholium.— Since the leaction of the obstacle P destroys all the 
motion of the body, if we conceive a foiec at P equal to this icactioii to 
act iq on the body at rest, it is manifest that it would produce a motion 
in the body equal to that which was destroyed; and, therefore, the bbdy 
would begin to mo\e precisely in the same manner, and with the same 
velocity, as that with which its motion was stopped ; that is, it would 
begin to move about the axis AC • in this case, AC is called the ox is 
of spontaneous rotation . 
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THE BALLISTIC PENDULUM AND THE EPROUVETTE. 


338. Prop. XT. — To determine the velocity with which a ball strikes 
ballistic pendulum , g)hen the pendulum is made to vibrate through a 
given angle . 

The ballistic pendulum consist? of a 
heavy block of wood suspended vertically 
by a strong horizontal iron axis, to which 
t is c omiected by a firm iron stem. When 
this is at rest, a ball is fired in the block, 
which causes the pendulum to vibrate 
through an angle ACB . The extent of 
the vibration is known by means of a sharp 
needle, which, proceeding from the bot- 
tom of the pendulum, just enters and 
scratches a soft composition laid in a 
groove of the arc AB . 

The centre of gravity of the body 
was found, by Dr. Hutton, either bv 
balancing it on the edge of a triangu- 
lar prism laid parallel to the axis of rotation, or by supporting the 
extremities of the axis on fixed uprights, and attaching the lower 
end of the block to a cord passing over a fixed pulley, and fastened to 
such a weight as made the pendulum perfectly horizontal. A slight 
calculation will then give the place ot the eonlie ol gravity. The ccnire 
of oscillation was found by making 1 lie pendulum vibrate in small arcs 
for 5 or 10 minutes, and observing the number of vibrations in that 
time. The distance of the centre of oscillation would then be found 
from crt. 326. The centre of gyration is determined from art. 325, its 
distance fiom the axis of suspension being a mean proportional between 
the distances of the ccnire of guvily and the centre of oscillation. 

Let K be the centre of gyration of the pendulum, P the point where 
the hall strikes the pendulum. Let the whole weight of the pendulum 
= M, the weight of the ball = P , ( 7v = A, mil CP = a* 

Since Kit the centre of gyration, the same motion will he communi- 
cated to the pendulum as if all the matter were collected at that point. 

Also, if the mass be placed at P , the pendulum would receive the same 

motion as when the mass M is placed at K (art. 314). Wemaj, there- 
fore, consider the body P to impinge directly with a velocity V upon 
Mk* 

the body — - - at rest, and the two bodies will move on together after 

impact in the same manner as if they were inelastic. Let ,r be their 
common velocity aftei the stroke; then, since the momentum is the same 
befoie and after impact (art. 231), we have 



a 



PVa* 

* “/»«• + HP* 


I.et G and 0 be the centres of gravity and oscillation of the pendu- 
lum, including the ball ; then the motion of the pendulum afte ct, 
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when left to itself, will be the same as if all the matter were collected at 
0. And the arc NO , through which 0 will ascend,, will be the arc down 
which it will acquire the same velocity as that with which it began to 
ascend ; and this velocity is equal to that which a body would acquirn 
n falling freely by the force of gravity through 3IN 9 the versed sine of 
this arc. Let CO = /, then MN = / vers 0 .=a*2Zsin a £0 ; and 

vel. at O = V(2g . MN) = 2 sin J-0 V{gl)» 

But vel. at D : vel. at P (<r) :: CO : CP ; 


or, 


2 sin ✓, '$! 


PVd 3 

7v + aJF- : a - 


Henco PVnl — 2 sin J3 V n! (Pn l t Mb?) 

= 2 sin J9 Vgl U* + M) /tl (art. 324) ; 
r=2shil^A^ 0 . 

The value of 2 sin £9 is found by dividing the chord AB by the 
radius CA . ^ 

339. Cor . 1 — If the pendulum, after being struck by the ball, makes 
n oscillations in a minute, wo have * 

... 4 -** 


— = time of oscillation = — ; 

n V R 


nrn 


V = 2 sin 


0 P + M C)i)gh 


<nna 


310. Scholium . — There are several circumstances that have been neg- 
lected in this solution, which Dr. Hutton has noticed in the second volume 
of his Tracts : 1st, The resistance of the air. 2nd, The fiiction on the 
axis. 3rd, The time employed by the ball in communicating its motion 
to the pendulum. All these errors, however, ha\c been shown by him 
to be of such a trifling nature, that they do not aifect the result mo e 
than half a foot. The quantities i> and / may also be taken for the 
eentic of gravity and oscillation of the pendulum alone, without any 
sensible error. 

341. The Epronvettc . — In many of his experiments. Dr. Hutton sus- 
pended a small brass gun, about 2] feet long, and then observed the arc 
through which it was driven by the recoil. The same formula is like- 
wise applicable to this case, A now representing the weight of the 
cannon and its apendages. Also, lie momentum communicated at the 
axis of the cannon will be PV 9 Krause it is equal to the momentum 
communicated by the ball in the opposite direction. A cannon sus*pende 1 
in this manner is called an epronvettc ; it has an index attached to it, 
which moves along a graduated arc, to indicate the angle of the recoil. 


Examples, 

1. Let the weight of the pendulum = 5701bs., the weight of the ball 
= 1*131 lbs., h = 78*5 in., I = 84*78 in., a = 94*3 in., and chord 
described by O = 18*73 in. ; to find the velocity of the .ball. 

Ans, 1401 feet. 
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2 . Let the weight of the pendulum = 740*8 lbs., the weight of the ball 

= 6*1 lbs., a = / =c 1 1*6 feet, h = 1 0 feet, and the angle 0 = 3° 34' 5 
required the velocity of the hall. Ans. 126*97 feet. 

3 . The weight of the pendulum = fid^lbs., the weight of the ball 

= ^lb., the chord described by the steel point = 17} in., and the 
radius of this arc =71} in., I = 62§in., k = 52 in., a= 66 in.; re- 
quired the velocity of the ball. Ans. 1673*2 feet. 

THE MOMENT OP INERTIA. 

342. As the expressions for the moment of inertia continually occur 
in problems on rotatory motion, we insert the following results in this 
place. The method for determining them will be given in the Integral 
Calculus. 

1 . The moment of inertia of a straight line CA (= a), re\ohing 
about an axis perpendicular to it at C = PM = ^a 2 AL 

2 . In a circle revolving about its centre in its own plane (radius = a), 
the moment of ineitia = PM — \a l M. 

3 . In a circle moving about an axis tying in its own plane, at a dis- 
tance c from its ct litre, PM = (a 2 -f jt 2 ) 31, 

4 . In a cylinder re\ol\ing dbnut ils axis, PM = \a 2 M, 

5. In a cone revohing about its axis (rad. of base =«), PM= a l M . 

6 . In a coup revohing about its vortex, iW = ]M (*« 2 + P ). 

7 . In a .sphere revolving about a diameter, A 2 J/ = \PM. 

2 a' — P 

8 . In a hollow sphere, PM = — — M . 

,) P — o' 

9. In a paraboloid about its axis, PM = 3 PM. 

PROBLEMS ON ROTATORY MOtlON. 

1. Suppose a cylinder that weighs lOOlbs. to turn upon a hoiuontal 

axis, and suppose motion to be communicated bv u weight of lOlbs. at- 
tached to a cord which coik upon the suiface of the cv Under; how far 
will that weight descend in 10 seconds? Ans. 268J feet. 

2. Required the actuating weight, such that, when attached in the 
same way to the same cylinder, it shall descend 16*1 feet in 3 seconds. 

Ans. Weight = 6 ^ lbs. 

3. Another cylinder, which weighs 2001bs ; , is actuated in like man- 

ner by a weight of 30lbs. ; how far will the weight dcsccud in 6 se- 
conds? Ans. 133*76 feet. 

4. Suppose the actuating weight to be 301bs., and that it descends 
through 48 feet in 2 seconds; what is the weight of the cylinder? 

Ans. 20}lbs. 

5. Suppose a c) Under that weighs 201bs. to have a weight of 30lbs. 

actuating it, by means of a cord coiled about the surface of the cylinder ; 
what velocity will the descending weight have acquired at the end of 
the first second? Ans. 24*15 feet. 
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6. A sphere whose radius is 3 feet, and weight 5001bs., turns 
upon a horizontal axis, and is put in motion by a weight of 201bs. acting 
by means of a string that goes over a wheel whose radius is half a foot ; 
how long will the weight be in descending 50 feet? Ans. 33*483". 

7. if, in the last example, the radius of the wheel be equal to that of 
the sphere, what ratio will the accelerating force bear to that of gravity ?„ 

8. A paraboloid JV^ whose weight is 200lbs. and radius of' base 20 

inches, is put in motion upon a horizontal axis by a weight P of 151bs., 
acting by a cord that passes over a wheel whose radius is 6 inches. 
After P has descended for 10 seconds, suppose it to reach a horizontal 
piano and cease to act, then how many revolutions would the paraboloid 
make in a minute ? Ans. 122*3. 


PART III.— HYDROSTATICS. 


343. Hydrostatics is that branch of the science of mechanics which 
treats of the equilibrium of fluids 

314: fluid body is a collection of extremely minute particles, which 

yield without resistance to the smallest foiro impressed. In treating of 
fluids ye shall suppose them to possess this state of perfect fluidity, 
although there are many which are endowed with a certain quality of 
coherence, termed viscocity or tenacity , and which, therefore, have been 
called imperfect fluids. 

345. Fluids are divided into elastic and inelastic fluids. An elastic 
fluid is one whose dimensions are diminished by increasing the pressure, 
and increased hy diminishing the pressuic; of which description are 
common air, and the different kinds of vapours and gases. An inelastic 
fluid Js one whose dimensions c*ro but very slightly affected by any 
pressure, however great, such as ' ater, mercuiy, alcohol, &c. These 
are also called liquids . 

346. It was generally believed, for some time, that water, mercury, 
and other liquids, could not be made to occupy a smaller space by the 
application of any external force. This opinion was principally founded 
on an experiment made by the Florence Academy, in which a sphere 
of gold was filled with water, and being then closed up, was subjected to 
vciy great pressure. The water, however, parsed through the pores of 
the metal, and stood on its surface like dew. Now, as the content of a 
sphere is greater than that of any other figure of equal surface, it was 
inferred that, when the figure of the gtobe was changed, the water, being 
incompressible, forced its way through the pores of the gold. But, un- 
less a comparison could be made between the diminution of the content 



266 


HYDROSTATICS* 


of the sphere and the quantity of water forced through the pores, it is 
evident that no conclusion could be drawn from this experiment, 

347* Canton proved the incorrectness of this inference by a very 
simple experiment. He took a glass tube, of small diameter, with a 
hrge bulb at the bottom, and filled it to a certain height with water. 
When this was placed under the receiver of an air-pump, and the air 
exhausted, the water rose in the graduated tube, and it sunk again to 
its original position when the air was re-admitted. Also, when it was 
placed in the receiver of a condenser, and subjected to an increased 
pressure, the water fell in the tube. From the experiments of Colladon 
and Sturm, it appears that the amount of compression due to a pressure 
equivalent to that of one atmosphere is 0*00004965 in water, 0*00009165 
in alcohol, and 0*00000338 in mercury. % 


'chap, l— pressure of fluids 

348. Prop. I. — Ann pressure rommtmU tried to a fluid in equilibrium 
is equally transmitted through the whole fluid. 

This propo ition, which i» generally made the foundation of the doc- 
trine of hydrostatics, is pioved from cxpoiimcut. 

Let AB represent a closed box full of water; /*, 

Q two vertical pistons, of equal transverse section, 
fitted into the upper face of the box, and illowed to 
mo\c as freely as possible. Then, if a weight be 
placed on P , an equal weight must he placed on 
Q, to preserve the equilibrium, showing that the 
weight on P is transmitted through the fluid to the 
under surface of Q , and also with equal foice, since 
it requires an equal weight on Q to balance this pressure. Also, if a 
piston equal to P be fitted at It, it is found that a pressure must be* 
exerted at R to preSen e the? equilibrium, before* an) piessure is applied 
at P ; and when Mie equilibrium exists, if a weight be placed on P or 
Q, an additional pressure, equal to the weight P, must act at J{ to 
preserve the equilibuum ; which proves that the pressure upon the sur- 
face at P is transmitted with equal force through evei) part of the fluid. 

349. Scholium*— That an) pressure should be transmitted in evei> 

diiection is one of the most extraordinary properties of fluids, and can 
be conceived to arise only from the perfect freedom with which the 
pai tides move amongst each other. This is the characteiistic distinc- 
tion between them and solids: a solid transmits pressure only in the 
direction in which the foice is exerted ; a fluid transmits pressure in all 
directions. ^ 

360. Prop. II. — The pressure at any point m in the interior of a fluid 
whose density is uniform, ind which is acted upon by no forces but 
gravity, is equal to the weight of the vertical column mp. 

Let us suppose all the fluid in the vessel, except the column mp, to 
become solid ; then, since no new forces are introduced, by congealing 
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the fluid, it is obvious that the particle at m will be pre- 
cisely in the same state as before. But, in this cascyit is 
evident that the pressure upon the particle m is equal 
to the pressure of the column above it mp. Hence, 
when the whole is fluid, the particlo is equally pressed 
in all directions, by a force equal to the weight of the 
vertical column above it. 

„ If the point n be not directly under tho surface of the fluid, draw nm 
parallel and tup perpendicul.tr to tne surface. Now, by the la9t pro- 
position, tho pressure at the point m is transmitted along the line mn , 
and, therefore, the pressure at n must be equal to the pressure at m, 
otherwise the equilibrium would be destroyed. Hence the pressure at n 
is equal to the weight of the vertical column mp. 

35 1 . Pnor. III . — The surface of ever/ fluid at rest is horizontal, or 
petpcndicular to the direction of gravity. 



If the surface *AJ) be not horizontal, chaw AE 
parrllel to the Horizon, and any two lines mp, nq per- 
pendicular to it. Now, by the last proposition, the 
pressures at m a*id n aie as mp arid nq; and these 
pressures are transmitted in the directions mn and nm. 
And since the pressure in the direction mn is greater 
than that in the direction nm, the particles in tho line 



mn will held liven towards A, and the fluid will not bo at rest. But, 


when the becomes horizontal, these pressures will be equal, 

and the iftKTl will* be in equilibrium. 


352. Cor. 1 . — In like manner it appears that, if there be two fluids of 
different densities in the same vessel which do not mix, their common 
surfaoe will be horizontal. 


35 1. Vor 2. — Since the surface of a fluid at rest is horizontal, it fol- 
lows that a fluid* in a system of vessels in free c oinmunication with each 
other cmhot be at vest unless the surface of the fluid in these different 


vessel be^u the same level. 


151. (hr. 3.-t-In suifaces of small extent, gravity may be supposed 
to at t in parallel lines ; and, in this case, the suiface of every fluid at res* 
i , a ptmu .perpendicular to the direction of gravity. But, in surfaces of 
gi t'.it extfyit, such as the surfice of i lake, ora sea, the directions of 
inavity converge to a point near the centre of the earth, and, in this case, 
the sui f uc of the fluid is a portit n of a spherical surface having that 
point for a centre. 


I^iop. IV . — To explain T tv principles of levelling. 

* hnyttffag may be defined to be the art cf drawing a line 
on the surface of the earth, to cut the directions of gravity 
evoVywhjjre at right angles. And since the figure of the 
earth is->p early a sphere, this line may be considered as 
the arc of a circle, having the centre of the earth for its 
cepfcre. Let All be a small portion of the surface of 
tho earth, C the centre, and CA the radius. Let 
AT) be a horizontal line perpendicular to CA ; join 
CR and produce it to D . Now, the point D is ap- 
parently on the same level with A, but B is irreality 
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on a true level with A . The line BD is called the depression , and 
may lie calculated as follows : — 

Put CA = r t sltcAB = d = tangent very nearly ; since 
never exceeds a few miles in length, or a few minutes of a degree. 
A No, pul the depression BD = h ; then (Geom. prop. 79), 

d* = h (2r + h) = 2r/i, verj nearly; 


and, since the mean \alue of 2r = 7912 miles, 


or, 


h = 

A = 
k = 




miles = 


7912 
|d 2 , nearly, 
8d>, 


5280d 2 

7912 


feet = 


2 x 2G1 
3 x 263 


d 2 ; 


h being measured in feet, and d in miles ; 
h being measured in inches, and d in miles. 


356. Cor . — Let d = 1 mile, then the depression = § of a foot 
= 8 inches. 

Let d = $ of a mile, the depression = % of ^ of a foot = £ of an 
inch ; that is, tin? depiession for ^ of a mile is ^ of an inch. 


357* Prop. V. — If the fluid contained in any vessel he at rest 9 and 
subjected to no f bices hut gravity, the ptessurc on an indefinitely small 
men mn, at any point of the bottom or sides , is perpendicular to the plane 
of that aiea, and equal to the weight of a vertical column , whose base is 
mn, and altitude mp. 

For the number of particles in contact with 
mn is pioportional to the area mn . Also, fluids 
pi ess equally in all directions and in propoition 
to their depths ; therefoie, the pressure of each 
panicle perpendicular to mn is equal to a column 
of fluid whose height is mp. Hence the whole 
piessiue perpendicular to mn is equal to the weight of a column of fluid 
whose bdse i» mn and altitude mp. 

358. Cor . — The pressure exerted upon mn in the dir ection^of gravity 
i* equal to the weight of the fluid pn. Let p repiesent tho pressure 
upon mn in the direction of gravity, and w the weight of the fluid pn; 
aUo, take md = mp, to repiesent the perpendicular pressure of any par- 
ticle figainst mn. r lhen this presume may be resolved into the two, nn, 
Jm\ and im is that pait which acts in the direction of, gravity. Now, 
since mn is indefinitely small, we have, by this pioposition, 

p : to : : area mn x me : area mr x mp . 

But area mn : area mr : : md : me ; therefore, 

urea mn x me = area mr x mp ; and, consequently p =y w. 

3/59. Prop. VI. — The pressure of a fluid on any surface is equal to 
the weight of a column of the Jiuid , whose base is the surface p jessed , and 
height equal to the depth of the centre of gravity of that surface below 
the surface of the fluid. (S|ee the last figure.) 

Let the surface M be divided into an ^definite number of elementary 
portions m, ml, &c. whose distances from the surface of the fluid are 
< 1 *, 'f', &c. ; then the pressure of the fluid against the indefinitely small 
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area m is equal to the weight of a column of fluid, whose base is m and 
height t r, (art. .357); and if p be the density of this’fluid, or the weight 
of e«icli unit of bulk, the pressure on tn will be *nx x pi and the sum 
of all the pressures will be (mv mV -f w".r" 4- &c.) x p. But, by 
art. 71, + mV + &c. = Mh , 3/ being equal to w + »*' + &c., 

atid h equal to the distance of the centre of gravity of M from the 
surface of the fluid. Hence the whole pressure against the surface M 
= Mhp ; that is, it is equal to a column of the fluid whose base is M 
and altitude h. . 

360. Cor. l.— Hence the pressure against the side of a cubical vessel 
filled with fluid is equal to half the pressure against the bottom, or is 
equal to half the weight of the fluid. 

361? Cor . 2. — If a be the altitude of a cylinder, and r the radius of 
the base, the pressure against the bise = mr l X a X p = nrar^p. Also, 
the pressure against the upright surf ice = 2ntnr X ]a X p = irrt 2 rp. 
Therefore, the pressure against the base is to the pressure against the 
npnght surface as r to a. 

362. Cor. 3. — The pressure against the base of a cone filled with fluid 
is equal to three times the weight of the fluid. In this case there is a 
presume downwauL ugiinst the bise equil to three time-, the weight of 
the fluid, and a pressure up \ards against the sides of the cone equal to 
twice the weight of the fluid, so that the resultant of the pressures down- 
wards is equal to the weight of the fluid. 

* 363. Scholium. — It is upon this principle that the « ^ - 

experiment called the hydtostatiuil parade r may be T ' 
explained. */F is an apparatus c tiled the hydiostatic I t I 

bellows; A, B are two flat hoards united b> leather; I J 

7JF is a tube communicating with the interior of the 
bellows. The upper board A is loaded with liLa\y 
weights and pressed a^iinst the low r er board B. If 
water be now poured into the funnel F % it will enter ^ 
between the boards aud raise the weights, the small 
weight of water in the tube b dancing the euoimous piesaurc W. bince 
the fluid at E> the bottom of the tube, ispiessed witli a foice proportional 
to the altitude EF % this pressure is transmitted horizontally in the di- 
rection EB f and the pressure upward against the board A is equal to 
the weight of a column of fluid whose base is A and altitude AC. 
Hence the weight TV upon A is equal to the weight of the column of 
water AC. 

36-1. Prop. VII . — If two fiwi * communicate in d ’h* tube, they 
will be in equilibrium when their perpendicular altitudes above the hot i- 
zontal plane where they meet are inversely as their densities. 

Let ABCD be the tube, B the place 
where the fluids meet, EF a horizontal 
plane passing through B . Let p be the 
density of the fluid in the tujje A By / the 
density of the fluid in BCD , and B the 
area of the transverse section at B. Then 
the pressure of the fluid in AB downwards 
upon the section B = B X AE x py and the pressure of the fluid in 



I W 

m 




270 


HYDROSTATICS. 


BD upwards upon this section = B x DF X p 1 ; and since this fluid 
is at rest, B X AE x p = B x DF x therefore, 

: DF :: p* : p . 

365. Prop. VIII .— To find the centre of pressure of a plane surface* 

The centre of pressure is that point of a surface pressed by any fluid, 
to which, if the whole pressure were applied, the effect would be the s ime 
as when the pressure was distributed over the whole surface. Heine, 
if a force equal to the total pressure be applied at this point in the con- 
trary direction, it would keep the surface at re^t. 

Let AB be the horizontal surface of the fluid p g 

which piesses upon the plane OF; Cll the 
common intersection of these planes, and P the 
ccntie of pressure. Conceive the whole aiea A 
OP to be di\ided into an indefinite number of 
elemental y portions m 9 /#/', &c. Draw mp, pi / 
perpendicular to CIO and mi/ perpenduul ir to 
pq. Because CR is peiponilkulai to pnupq, it 
is perp mdicular to the plane mpq y therelore the 
planes AB, mpq are at right angle to each other. 

Hence the line mq is \eiti<«d (Geom. pi op. 103). Let 0 -= the 
angle mpq = the inclination of the planes AH , (ll\ Now, the pressure 
on the indefinitely small aiea in is piopoilional to 

tn . mq = m . ?np ^in 9 = mv smO; putting mp = r. 

And the effect of this force to turn the plane about the line CR ig as 
mr sin 6 X r = mr 1 sin 0. I Jem e the effect of all the pressures to turn 
the plane about CH is propoitional to 

(?nt l 4 m'r n 4 wi'V' 4 - Sic.) sin 3. 

Also, if M= M + 9n'+7» n + K' . = area OP, the pressuieon OP is as 
M (fK = Mh sin 0, putting OH - h. And the effect of this pressme 
at P to turn the plane about ( 11 js propoitional to Mh sin 5 x Pit. 

I fence 

Mh sin 0 X PR = (mP 4- m ' z 4 m"C u 4 &c.) ‘in 0; 

nr* — U) ' 4 , Are. 

» j7£ • 

Again, the effect of the fo»*cc mr sin 0 to turn the piano about GII is 
as mr sin 3 , lip. And the effect of the force Mh sin 9 at P to turn 
the plane about OH is as Mh sin 9 x 1/R Hence, as befoie, 

Mh sin 0 X lilt = mr siu^ . Up 4 - wV sin 9 . lip' 4 - &c ; 

rrn _ mr . Up 4 «/»' . Up* 4 - m"r” . Up" 4 Ac. 

HR - m . 

Hence it appears that the centre of pressure of the plane OP coincides 
with the centre of percussion of this plane when it moves about the axis 
CR (art. 333). 

366. Co''. 1 . — The centre of pressure against the rectangular side 
BP is at $ds of the depth from the surface. Let BD = a, DF~ h ; 
and let BD be divided into n equal parts, each equal to *, so that 
a = na; and suppose lines to be drawn through these divisions parallel 
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to DF, the area BF will be divided into n rectangles, each equal to 6*. 
If now we suppose every point in each of these rectangles to be at the 
same distance from the surface of the fluid as tho base of this rectangle, 
we shall manifestly have 

mr 2 + mV 3 + = 6u x oP + hot x (2<x) 3 + b% x (»*) a 

= bo?(V + 2* + 3 * + »*) 


= u "<"+ l K !; »+ l > + J )(, + I) 

b 3 \ )) / \ 2 nf 


Lot ea^h of these parts a be diminished indefinitely, or the number of 
divisions n be increased without limit ; then tin* pressure, in this case, 
will be the same as the pressure of tho fluid upon BF. And since 

— , arc indefinitely small, the oxpiession above becomes 
n In 


mi' + nh r 1 -{- 

W/j 2 a 

Hence the value of Pli is>, in this case, — = — • 

ub X ]a 3 

307. Cor. 2. — If B/> = a 9 JtC = a\ tho distance of tho centre of 
pressure of the rectangle fJF from the surface is equal to 

— \tt n h l n { — 


(o — a')fj X + a') 3 tr — tf** 


SthdUim. 

308. The laws of equilibrium of fluids, which wo have explained in 
this chapter, are subject to a remarkable exception, in the case of tubes 
of a very small bore. When the internal diameter does not exceed ^th 
of an inch, tho water within the tube will rise to a greater height than 
its level on the outside, and this height is nearly in the inverse ratio of 
the diameter of the tube. 

Tubes of this description are colled capillaiy tubes, and the power by 
which the water is elevated is called rapUlary attraction, from the Latin 
word capillus, a hair. Many attempts have been made to account for 
the elevation of the water within the tube ; but that which appears to be 
most successful in explaining all ibe different phenomena, is the theory 
of Laplace. When a capillary tub is immersed in the water, the sur- 
face of the water is concave upwams, and if, by taking the tube out of 
the water and inclining it, the fluid be made to move along it, the con- 
cavity appears at both ends of the column, and has the same figure, 
whatever be the position in which the tube is held. From this fact 
Laplace infers, that a narrow ring or 7011 c of glass immediately above 
the water exerts its force on the water, while tlj^c water exerts its own 
attraction on the particles of the column imrfSedialely underneath, by 
which means the gravity of those particles is diminished, and the water' 
rises in the tube above its level on the outside, to supply their deficiency 
of weight. # 

If a capillary tube be immersed in mercury, the mercury is depressed 
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within the tube below its level on the outside, and its surface within is 
convex, as it is likewise without all round the tube. In this case there 
is an attraction between mercury and glass, but the mutual attraction 
between the particles of mercury is considerably greater. 

If two plates of glass be kept parallel and near to one another, and if 
their cnd9 be immersed in water, the water will ascend jfyjtween them to 
half the height to which it would rise in a tube, haviitg its diameter 
equal to the distance of the plates; for, in this case, the quantity of the 
attracting zone is diminished ncaily in this proportion. When the 
platen of glass make an angle with one another, and are immersed with 
the line of their intersection vertical, the water will ascend between 
them, and form at its surface a hyperbolic curve. We can merely allude 
to this subject, and refer the student for an explanation of the various 
phenomena to Laplace, and also to Porsbon, Nouvclte Thtorie de 
1' Action Capillauc, 


CHAP. IL — SPECIFIC GRAVITIES, AND THE 
EQUILIBRIUM OF FLOATING BODIES. 


369. Dhf. — The specific gravity of a bod} is the relation of its weight 
compared with the weight of some other bod} of the same magnitude. 
Thus, brass is said to have 8 times the speuhe gravity of water, because 
a cubic inch of brubS contains 8 times the quantity of matter, or is 
8 times heavier thin a cubic inch of water. Hence the specific grauty 
of a body is proportional to its density . 

It is usual to consider the specific giavity of distilled water at a tem- 
perature of f 0° as the unit of comparison, or 1, for all solids and liquids ; 
and the specific gravity of diy atmospheric air, when the thermometer is 
at 60° and the barometer at 30 inches, as the unit of comparison for all 
vapours and gases. 

370. Prop. I. — JVhen a body is cither partly or wholly immersed in a 
fluid, it is pressed upwards by a force equal to the weight of the fluid 
displaced . 

hetAB be the horizontal surface of a fluid in 
the vessel AD; and EF& hca\y bod} suspended 
in it. Any indefinitely small portion tun of the 
upper surface of this body is pressed downwaids 
by the column of fluid mvsn, and tho similar por- 
tion pq of the surface immediately under it is 
pressed upwards with a force equal to a column 
of fluid prsq (art 358). Therefore, the differ- 
ence of these forces, or the resulting force, which 
presses upwards against pq, is the weight of a column of fluid equal in 
bulk to mpqn. In the same way it may be shown that the pressures 
upwards against the whole body EF exceed the pres-urd* downwards 
by the weight of fluid cqtial in bulk to the body Ep t and, conseiuenily, 
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the body is pressed upwards by a force equal to 
the weight of the fluid displaced. 

When the body floats in the fluid, the pressure 
upwardjtarainst pq is equal to the column of fluid 
prsq , aitc)v%erefofi|^be sum of atf the pressures 
upwards is eirafflgnt of^j^^jftual in hulk to 
EF\ that is, fljrbody is preS&ff upwards also 
in this case by a force equal to the weight of the 
fluid displaced,** < 

371. Cor . 1 . — The weight which a body lose? token wholly immersed 
in a fluid is equal to th'* weight of an equal hath of fluid. For, since the 
body is pressed upwards with a force equal to th * weight of the fluid 
displace^ the weight of the body must be diminished by this quantity. 
The weight lost is communicate 1 to the fluid. 

* 372. Cor. 2. — When a both/ fl> its in a fluid \ the weight of the quan- 
tify of fluid displace l is equal to t l >r weight of (he flxitnig body. For, 
since the body is at rest, the pleasure upwards miht be equil to the 
pressure down wa nK , but the presume upu nd> U equal to the weight 
of the fluid dUpl it ed, and the piessuie downw mis, is equilto the weight 
of the body, and tliciefore those weights are equal to each other. 



373. Co). 3. —A solid immersed in a flui ! will sink, if its specific gra- 
\ itv exceed that of the fluid; it will 11 rat on the surface, putly im- 
mersed, if ils specific giawty be les* thin tint of the fluid; and it will 
remiin wholly immersed, in an\ position if the specific gravities of the 
solid and fluid are cqtnl. In the fir-t else, the wiiglit of the solid ex- 
ceeds the pressuic upwards, and, therefore, it mils' sink. In the second 
case, the pressure upvvatds evceo Is the weight of the both, and there- 
fore, the bodv must rise and floit on the suifice. In the third ca^e, 
the-ic forces being equal to eatli other, the solid will remain at rest in 
any position. 


3 74. Prop. If. — To detennine the specific gravities of bodies . 

(1). A solid lu ai in than its ball, of uatn\ The specific grant) of a 
solid hod\ is \cm> ejsih found b) the /n/dt osfrrtic balam*, which is a 
common |>au of scales, with a line siher thread attached to the under 
surf >e. f one of the scales. The substance whose sj ecific giavity is 
r i » tiist weighed in air, and then being attached to the thiead is 

» i i in distilled water, at tl ' temperature of 60°, and again 

W < 1 » . I 

Li t H be the weight of the body b air, and w its weight in water; 
then// — iv is the weight lost, t winch is equal to the weight of the 
fluid displaced (ait. 371); theiefoie, — to is the weight of water 
equal in bulk to the body whose weight is W. Ilcnce 

W : W — to :: weight of the body : weight of an equal bulk of water 
: : specific giant) of the b >dy : ditto of witer. 

And since the specific gravity of water at the standard temperature is 1 
(art. 36‘)) ; therefore, the 

. IF 

specific grant) of the body = . 
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If the body is soluble in water, or so porous as to absorb water, it 
should be well covered with varnish. 

£2). A solid lighter than it*t hulk of water . — Fasten to it another 
solid heavier than water, so that the) may sink together. Let H be the 
weight of the heavy body in air, h its weight in wate^L^so, let C be the 
weight of the compound body in air, and c its weight iiH^per. Then the 

weight of water equal in bulk to the compound body = C — c , 

weight of water equal in bulk to the heavy body -= H — h, 

weight of water equal in bulk to the given body = (6'— c)— (//— A). 
Hence W : (6 r — <) — (//—/*) : : spec. grav. of the body : do. of water; 
and, therefore, we have, 

JV W 

«pec‘lic gra.it) of tin body = = ^ - + — 

(3) . A powder or ht/uid . — Weigh a vial when empty,— when filled 
with the powder,-— and when tilled with distilled water. The weight of 
the powder divided by the weight of the water will be the specific 
gravity required. The same method is used in finding the specific 
gravities of fluids. 

(4) . Air , or any gas . — A large flask, containing about two quarts, is 
formed of thin copper, with a nanow neck, in which is placed a stop- 
cock, that may he opened or closed at pleasure. The air is then ex- 
hausted, as far as can be done, In means of the air-pump, and the vessel 
weighed. Now, let the vessel communicate with a gasometer or bladder 
containing the gas whose specific gravity we wish to find. After having 
filled the flask, and turned the stop-cock to prevent an) communication 
with the atmosphere, the vosnoI is again weighed. The difference of 
these weights will be the weight of the gas. And, as the content of the 
bottle is known, the specific giavity of the gas is found as before. 

I IIE ITYDROME1CR. 

375. The hydrometer is a simple instrument, invented for the purpose 
of determining the specific gravities of spirituous liquors with great ex- 
pedition. ATI U a graduated stem, fixed to the hollow globe. 

C ; D is a ball loaded with weights. In order to giaduatc 
the scale, immerse the hydiometer in distilled water of the 
temperature of 60% and load the ball so that it may stand 
at the point Ji near the bottom of the stem. At J3 place 
the number 1*000, the specific gravity of water. The hydro- 
meter is then to be plunged in another flui4 loss dense than 
water; suppose oil, whose specific gravity may be ’900, and 
the point A marked to which it sinks. If, then, the scale 
AB be divided into 100 equal parts, and marked from *900 
to 1*000, the hydrometer will at once give the specific gravity 
of any fluid between these limits. And in the same manner 
it may be extended to determine the specific gravities beyond 
these limits. 

376. Sykes 9 hydrometer is another form of this instrument, used by 
the government for collecting the revenue on ardent spirits. The stem 
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AR is made of brass, and 3*4 inches long. It is marked by 11 divi- 
sions, at equal distances, numbered 0, 1, 2,. . , . . .D, 10; and each of 
these parts is subdivided into two. There are several additional Jjflightfl 
which accompany this instrument, numbered 10, 20, 30, &c. Bjfinaeans 
of these weights the specific gravities of all spirituous liquors can easily 
be found. v 

The specific gravity of alcohol, or pure spirit, varies, according to 
different chemists, from 0*701 to 0*798, at the temperature of 60°. 
Proof spirit consists of nearly equal bulks of alcohol and water, and its 
specific gravity, according to the recommendation of the committee of 
the Royal Society, is 0*92, at the temperature of 62°. 


iO 


377. Nicholsons hydrometer is an improvement of this instrument* 
and segues to determine the specific gravity both of solids and fluids. 
C is a hollow globe, attached to the cup A by a stern of hard- 
ened steel. To the lower extremity of the ball is affixed 
another stem, carrying the cup D. This instrument is so ad- 
justed, that when the lower cup D is empty, and the upper 
cup A contains 1000 grains, it will sink in distilled water to 
a given point P . Let the hydrometer be immersed to the 
point P in any other fluid of the same temperature, which 
may be done by increasing or diminishing the weights in the 
cup A . Let \V he the weight of the instrument, and to the 
weight placed in the upper cup requisite to sink it to the 
point P in the fluid F* Then, since 1000 grains will sink 
it to P in distilled water, 

the weight of the water displaced = W + 1000 ; 
also, the weight of the fluid F displaced = fV + 
and the bulk is the same in each case, since the instrument is sunk to 
the same point. Hence 

W + to : W + 1000 :: specific gravity of F : do. of water ; 

TF+w 

specific gravity of the fluid F = — . 



378. To determine the specific gravity of a solid body by this instru- 
ment. — Immerse the instrument in distilled water, and load the cup A 
until the surface of the water is at P ; then, if the temperature of the 
water be 60°, the weight in the cup will be 1000 grains. Remove now 
this weight, and place the solid the. o whose specific gravity is required, 
and load the cup A again until the : i*trument sinks to P . Let IV be 
the weight of the body, and a the ght necessary to sink the instru- 
ment to the point P ; then W + * = 1000, and W = 1000 — «. 
Place the solid in the cup4f>, and add weights in the upper cup until 
the hydrometer again sinks to P. Let w be the weight of the solid in 
water, and b the weight added in the cup A, then to + b = 1000, and 
w = 1000 — b . Having now determined the weight of the body, both 
in air and water, the specific gravity will be found, as before, to be 
1000 - a 

5- a # 

379. In the preceding methods of determining the specific gravities 
of bodies, we have supposed that the weight of the body in air was the 
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true weight of the body, or^the same as its weight in a vacuum; but, as 
air itself is a fluid, -the body loses a portion of its weight in air, in the 
same manner as when it is weighed in water. A small correction is, 
therefore, necessary on this account. 


380. Prop. III. — The specific, gravity s of a body being given, as de- 
termined by weighing it in air and water ; it is required to find its true 
specific gravity . 

Let TV be the weight of the body in air, w its weight in water, and 
let x be its true weight, or its weight in a vacuum. Also, let a be the 
specific gravity of air, as compared with water. Now, the weight of an 
equal bulk of waiter = ,r — w, and the weight of an«equal bulk of air 
= x — IV; consequently 

ai — w : ,v — W 1 : «; ,v — IF — a(x — w) ; 


hence x 


TV — aw 

1 —a ’ 


and x — w 


W— w 
l -a # 


Now, the true specific gravity of the body is 
x 

, which, from the two last equations, is equal to 

x — to 


TV — aw 
IF- w 


But 


TV 


W - w 


and 


1F- 


= s-\ 


true specific gravity = s — a{s — 1). 

381. Cor . — The true weight of the body = — — 

1 — a 

— IV + a(IF — ?v), nearly. 

A table of specific gravities will be given at the end of Hydrodynamics. 


Examples, 

1. Apiece of copper weighs 31 grains in air, and 27 A grains in 

water ; required its specific gravity. Ansf 8 , 857. 

2. Suppose that a piece of elui weighs lolbs. in air, and that when a 
piece of copper, which weighs lfilbs. in water, is affixed to it, the com- 
pound weighs Gibs, in water; required the specific gravity of the elm. 

Ans. *6. 

3. A Nicholson’s hydrometer, weighing 250 grains, requires 72 grains 

to sink it to the required depth in water, and 9 grains in alcohol ; what 
is the specific gravity of alcohol ? Ans. *804. 

' V ' 

EQUILIBRIUM OP FLOATING BODIES. 

382. Prop. IV. — If a body float in a fluids the centres of gravity of 
*the body and of the fluid displaced are in the same vertical line . 

The pressure of the body downwards is its weight, which may be 
supposed to be applied at its centre of gravity (art. 6 2). Also^the 
pressure of the fluid upwards is precisely the same as the weight of the 
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fluid downwards, acting in the opposite direction ; and as the resultant 
of all the forces downwards passes through the centre of gravity of the 
fluid, the resultant of all the opposite forces upwards must aW, pass 
through its centre of gravity. And since the body is at rest* the Weight 
of the body downwards, and the pressure of the fluid upwards, must be 
opposite and equal. Hence the centres of gravity are in the -same 
vertical line. 

** 383. Prop. V. — To determine when the equilibrium is stable , un- 
stable, or indifferent . 



Act G be the centre of gravity of a body floating in a fluid whose 
surface is All ; lot the centre of gravity of the fluid displaced be in the 
line GC when the body is in equilibrium, and let II be the centre of 
gravity of the displacement when the body is moved through a small 
angle 9. Let the vertical through II meot GC in 71/. Now, the weight 
of the floating body acts downwards in the direction GL , and the 
pressure of the fluid ads upwards in the direction II F. And, in the 
first figure, where 71/ is situated above G , these two forces evidently tend 
to bring the body back to its original position. But, if M be below G, as 
in the second figure, the weight of the body downwards, and the pressure 
of the fluid upwards, tend to move the body farther from its original 
position, and the equilibrium is therefore unstable . Lastly, if G and H 
be in the same vertical line, or M coincides with G, the forces being 
equal, and being applied at the same point in opposite directions, the 
body is at rest in every position, or the equilibrium is indifferent. 
Hence the equilibrium of a floating body is stable, unstable, or indiffer- 
ent, according as the point M is above, below, or coincident with the 
centre of gravity of the body. 

C 38*1. {for . L— The moment of force tending to bring the body back 
to its original position, or to move the body farther* from it, is the 
weight of the body W x the arm of the 1« ver FG = W X 71/6? X sin 9 
putting the angle GMII = 0. Hence, if /P'and 0 be given, the stability 
of the body is proportionate GAL 

385. Cor . 2. — When a floating body revolves about a given axis, thct^N 
positions of equilibrium through which it passes are alternately those of ^ 
stability and instability. For, between a state in which the body has a 
tendency to remain, and another in which it has also a tendency to re- 
main, as these tendencies are opposite to one another, there must be an 
intermediate position, in which this tendency changes its direction. 
Suppose the body to be in this position, then, whichever way it is 
disturbed, there is a tendency to move from this position ; and, therefore, 
the-equilibrium is unstable. 
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386. PEF.-~-The point of intersection of a vertical line passing 
through the centrq of gravity of the fluid displaced, when the body has- 
been disturbed through a very small angle, and a vertical line passing 
through the centre of gravity of the body when it was at rest, is called 
the metacentre of the body. 

- 387. Prop. VI.— A body immersed in a fluid ascends or descends with 

a force equal to the difference beta ecu its own weight and the weight of 
an equal bulk of fluid ; the resistance of the fluid being neglected . 

Let JV be the weight of the body, w the weight of an equal bulk of 
the fluid. Now, the pressure downwards is // 7 , and the pressure up- 
wards is w (art. 376); theieforo IT — w is the difference of pressures 
which causes the body to descend. Also, IV is the weighfc/noved ; 
hence it may be shown, in the same manner as in article 264, that the 

accelerating force downwards is — — — g . 

vv 

JV — 11 * P 

Let TF i w :: p : p; then — — — = 1 — 

accelerating force downwards = (l — 

\ p / 

If fVis less than w> the body will ascend, and the accelerating force 
upwards is (-^ 1 )g. 

\p / 


PONTOONS. 

388. Pontoons are portable boats carried in the train of an army, 
with light anchors and cables for mooring them, and with a superstruc- 
ture of baulks and planks, or chesses, to form floating military bridges 
over rivers, for the passage of cavalry, infantry, at]d artillery, but not 
usually including battering guns. At the end of the last century, they 
were generally made of copper or tin, with sloping ends, flat bottoms, 
and perpendicular sides ; hut, in the late wars, this form having been 
found inefficient and unsafe for large and rapid rivers, most of the other 
European powers adopted wooden boats, larger, and of a more appropriate 
forgufen the punt-shaped metal pontoons before alluded to ; whilst in the 
BnfJKfr service the open form has been altogether reprobated, and im- 
provements recommended, fir<t by Lieut.-Colonel Sir James Colleton, 
Batt., late of the Iloyal Staff Corps, and afterwards by Major-General 
Psley and Lieut.-Colonel Blanshard, of the Royal Engineers. Sir 
James Colleton proposed cylindrical wooden buoys, with pointed ends, 
gradually tapering from the cylinder to the cone. Major-General Paslcy 
proposed fine-shaped copper canoes, curved at the bottom and at both 
ends, with flat wooden decks; whilst Lieut.-Colonel Blanshard, adopt- 
ing the cylindrical form, proposed very light tin cylinders with conical 
ends, with a new sort ef superstructure and exercise, of a very ingenious 
nature, in which he facilitated the operations of launching and landing 
the pontoons, which had been very troublesome before, by rolling bis 
cylinders like casks. All these plans were allowed to be efficient ; but 
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Lieut.-Colonel Blanshard’s arrangements being approved by a com- 
mittee, held by authority of the Master-General of the Ordnance, have 
been adopted in the British service, as the new pattern pontoon equi- 
page ; but hemispherical ends have been substituted in preference to 
his original cones. 

Each of those new pontoons is of tin, with a number of water-tight 
circular partitions, and measures 22 feet in extreme length, and 2 feet 
8 inches in diameter, weighing 452lbs. The portion of superstructure 
belonging to each pontoon, which is capable of forming 12 feet in length 
of bridge, weighs 109Slbs. ; therefore, the total weight of pontoon and 
superstructure for 12 feet of bridge amounts to I550lbs. The spaces 
between adjacent pontoons are called bays, of which there is one more 
in every bridge thin the number of pontoons. Hence spare superstruc- 
ture* isjjgpes«ary in a pontoon train. 

38k. ' - HI . — To calculate the buoyancy of open pontoons . 

£ $ , 

The or. ' *1 open copper or tin pontoons, and all boats used as such, 
must not be depressed too near to the surface, lest they should fill with 
water. Their whole buoyancy cannot, therefore, be available, as in the 
cylindrical or decked pontoons. Generally, in calculating the buoyancy 
of boats for military budges, about l foot of the sides should stand out 
of water in the passage of troops, guns, & c. Even in water-tight pon- 
toons it is proper to allow some little excess of this sort, which, in the 
new cylindrical pontoons, may be from 1 to 6 inches, but in the decked 
canoes less than one-half of the above will suffice. 

To calculate the buoyancy of a boat used as a portion of a military 
bridge, allow 1 foot out of the water, and compute the capacity of the 
lower or immersed portion of the boat only in cubic feet, from whence 
estimate the weight of water displaced at 62-J-lbs. to the cubic foot. 
From this deduct the known weight of the whole boat, and of its portion 
of superstructure, and the remainder will be the effective buoyancy or 
weight of men, horses, or guns, that each one-boat portion of the bridge 
can bear with safety. The capacity of the old punt-shaped boat is 
easily calculated ; for its figure is a prism, whose two sides are the bases 
or ends of the prism,, and the breadth of the pontoon is the length or 
height of the prism. Hence, the content of the part immersed may be 
found from Mensuration, prob. 23. 

390 . Prop. VIII. — To calculate the buoyancy of vessels or boats . 

The curves of boats render it diffied* to calculate their capacity with 
accuracy; but a rough estimate, or apu o&imation to the content of the 
part immersed will, in general, be sufficient for practical purposes. 
The following rule is used by eminent surveyors as a tolerably near ap- 
proximation to the truth. If / represent the length, b the breadth, and 
d the depth of the boat iu feet, then, 

For a full body § x 62£ x / X b x d = displacement in lbs. 

^ ~ ^^ acement tons# 
For a moderately full body ^ x 62$ X i$6 X d = displacement in lbs. 
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391. Prop. IX. — To calculate the buoyancy of the ntw cylindrical 
pontoon , 

The whole capacity is equal to that of a cylinder of 19 feet 4 inches 
in length, and 2 feet 8 inches in diameter, added to that of tivo hemi- 
spheres, or of one sphere of the same diameter; the pontoon in this case 
being supposed to he entirely immersed. 

Let 2r he the diameter, and A the area of the common circular sec- 
tion of the hemispheres and c\ Under, and let l he the length of the 
latter; then A (l -f £r) will give the whole capacity, by mensuration, 
prob. 23, and prob. 26. 

But if it be desired to estimate 
the capacity of the immersed part 
only, let JiC be the pontoon, All B f\ 
the common circular section of the 
cylinder and hemisphere. Also, let 
BC = AB = 2s AF = x, and 
A = the area of the immersed part All A. 

Now, the portion of the pontoon immeised in the nsi>ts of 

the segment of a cylinder cut oil* by a horizontal plane j dlel to the 
axis, and the segments of tin* two licmisphtMcs The segment of the 
Cylinder mav he e< nsidoied as a piism, having the .-egtnoui o ' the circle 
J1FKA for each of its emU, anil iis lengih equal to that of the cylinder. 
The segments of the t wo 'hemi-phci » s evidently form together the seg- 
ment of a sphere, whose height is s!F and diameter xiJl. 

Since the diameter AB , and height A F, an* supposed to be given, 
the area AUK of the segment of the circle may be found by mensura- 
tion, prob. 13. Then, 

content of the cylindrical segment = A X /. 

Also, by mensuration, prob. 27* the* content of the spheiical segment 
= ^(G?* — 2c?’) x l = (3r — x) ; 

• *. whole displacement of water = At + (3r — x). 

And since the weight of a cubic foot of water = 1000 ounces 
= 62*Albs. nearly, we have? 

1728 in. : A/-\- (2r — ,c) :: (>2".)lbs. : wt. of water displaced. 

Hence the weight of the displacement of water will be equal to 

■~~j + | A l + 3^ (3r — x) j in pounds avoirdupois 

Al x -030169 + x 2 (3r — . 1 ) x *037876 ; 
each of the dimensions x 9 r, /, &c. being taken in inches. 


^ Examples. 

Ex. 1. — Supposing the new cylindrical pontoon to he of the dimen- 
sions and weight before stated, what additional weight will be required 
to force it under water? Ans. 58l9lbs. 

Ex. 2 . — The dimensions and weight of the new cylindrical pontoon, 
and the weight of superstructure resting upon it when supporting 12 
feet of bridge, having ^already been staled, what additional weight of, 
^cavalry, infantry, or artillery, will depress it to within 4 inched of the 
Surface of the water? Ans. 5305jlbs. 
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The following table will be found useful in finding the depth to which 
any given weight will sink the pontoon : — 


Depth 

sunk. 

Weight of 
water 
displaced. 

1 

1 Depth 
! sunk. 

Weight of 
water 
displaced. 

j Dqpth 
sunk. 

;| 

Weight of 
water 
displaced. 

! Depth 
i sunk. 

Weight of 
water 
displaced. 

Inches 

• lbs. 

! Inches. 

lbs. 

Inches. 

lbs. 

| Inches. 

lbs. 

9 

I67C-1 

1 15 

3387*2 

'! 21 

5145-7 

! 27 

6655-0 

10 

1945-7 

16 

3684*0 

| 2*2 

5423-4 

i 28 

6855-6 

11 

2223-6 i 

! 17 

3982-0 

! 23 

5693*0 

ji 29 

7034-4 

12 

2507-9 ; 

; is 

4275*1 

21 

5932-8 

! 30 

7186-4 

13 

2797-5 ! 

i 1!) 

4571*6 

\ t 25 

6201*1 

i 31 

7304-7 

11 

309M j 

! 

1 20 

I 

4861-3 

26 

6 135-9 

I 32 

1 

7369*2 
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■ CHAP. III.— ELASTIC FLUIDS. 


392. Moj of the preceding propositions apply equally to all fluids, 
both liquids and gases, since tlie properties on which they depend are 
common to all. But air and other elastic fluids have some properties 
peculiar to themselves, which are the necessary consequences of the re- 
pulsive forces that exist between the particles. As atmospheric air is 
the best known of all elasiicjjyids, we shall generally take it in the 
following chapter for the subject of our investigation. 

393. Prop. I .—Air has weight. 

We have already seen, that if a vessel he exhausted of air, it will be 
lighter than when it was full. And we have shown how the weight and 
specific gravity of air may he actually determined by means of the 
hydrostatic balance. Air, therefore, has weight. 

THE BAROMETER. 

394. The weight of a column of the atmosphere is known 
by the barometer.* Lot AB be a glass tube, 32 inches 
long or upwards, open at A and closed at B . Fill the tube 
vviili mercury, and placing the finger firmly on the end A , 
so as to prevent the mercury from escaping out of the tube, 
invert it, and plunge the end A into a -'Sel of mercury. If 
the finger be^now removed, it will be fin. id that the mercury 
will stand at about 29 or 30 indies in the lube above the 
level of the nieicury in the basin. 

That the mercury is sustained by the pressure of the air 
upon the surface of the mercury in the basin, is clearly ^ 
proved by placing the barometer under the receiver of an air- 
pump. As the air is exhausted the mercury sinks in the 
tube, and when the exhaustion is carried as far as possible, so that very 
little pressure is exerted on the surface of the rflercury in the basin, the 



* From B dpos, weight, and u4rpor t measure. 
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mercury in the tube and in the basin aro nearly on the same level. 
When the air is again admitted into the receiver, the mercury rises in 
the tube to its former height. 

Since the pressure of a fluid* on any portion of the surface is the 
weight of the superincumbent column of the fluid, the pressure of the 
mercury upwards against the surface CD is the weight of a column of 
mercury whose base is CJ) and altitude PE\ and this pressure is 
balanced by the pressure of the air downwards on the surface CD. 

395. Prop. II. — The density of the air is proportional to the force 
that compresses it. 

Let A BCD be a bent cylindrical glass tube, having one 
end open and the other closed. Let the communication 
between the two branches be cut oflf by a small quantity of 
mercury poured in at A until it just fills the base DC. Then 
the air in CD will be of the same density as the air in AD . 

Pour in mercury at A . and it will force the mercury to rise 
in DC and continue this until the mercury stands at P 9 as 
high above the point t0 which it. lias risen in DC, as the 
altitude of the mercury in the barometer ; then that column 
of mercury (art. 394) is equivalent to the weight of the co- 
lumn of air incumbent upon it. Hence the pressure against 
the air in DQ, arising from the pressure of the atmosphere 
and the mercury in PJl. is twice as great as it was against 
the air in CD; and it is observed that IJQ— \CD ; there- 
fore, the air being compressed into half the space, the density is doubled. 
In like manner, if another column of mercury he added, so that the alti- 
tude of the mercury in AD. ahovt the mercury in CD , shall be twice 
the altitude of the mercury in the barometer, the pressure on the air in 
DQ, arising from the weight of the atmosphere and the mercury in Pq, 
will now be three times as great as it was against the air in CP. Also, 
D(£ will be found to be = ^CD, and, therefore, the density in CQ is = 

3 times the density of the atmosphere. In this manner the density is 
found in all cases, within a moderate extent, to be proportional to the 
compressing force. 

Cor. — Since the force which compresses the air is balanced by the air's 
elasticity, the elastic force of the air is equal to the compiessing 
force, and may be measured by it. Hence, also, the air’s elasticity is 
proportional* to its density. 

396. Prop. III. — When the density of any gas remains the same , its 
elastic force increases in proportion to the increase of temperature. 

From the experiments of Dalton and Gay Lussac** it appears : 
1st. That all gases, under the same pressure, expand uniformly for equal 
increments of temperature, at least this is true from the freezing to the 
boiling point of the thermometer; 2d. That the expansion cfeie to the 
lame increase of temperature is exactly the same for all gases ; and 3d. 
That this expansion for a unit of bulk is 0*375, or § from the freezing 
to the boiling points ; and, therefore, the expansion for each degree of 
Fahrenheit is of g , or 

Bence* if V be the volume or solid content of any gas at tem- ’ 
perature of 32°, and * = ; its volume at the temperature at t 

r4fj iptees will be 
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V [1 + *(* - 32°y] = r (1 + *r), 

putting r = t — 32°. Lot 7 J be Ihe pressure orr a unit of surface, 
when the gas occupies the space V (l + <*r), and/> its pressure when it 
is reduced to the volume V ; we have then, from art. 395, 

P : P : : V(1 + ocr) : V; 

p == P (1 4- ar), 

consequently the increase of pressure p — P, is proportional to r, the 
increase of temperature, when the density is constant. 


397. Piiop. TV. — The density and elastic force of any gas at a tem- 
perature of 32° being given; to find the elastic force for any other 
temperature and density . 

be the pressure on a unit of surface for a given density It, at 
the temperature of 32°; and p the pressure when the density is £, and 
the tempeiature is t degrees. T\lso, lot //be the pressure when the 
density is and the temperature 32°. Now, Mince (art. 395) the 
pressure is proportional to the density when the temperature is the same, 

p 

therefore // = P — . And because the increase of pressure is pro- 
portional to the increase of temperature, when the density is constant, 
p = p’ ( 1 -far). Hence, eliminating // from these two equations, 
we get 

P 

p — 77 ?0 + aT ) = M 1 + « r )> 


putting the constant quantity - j 


398. Prop. V. — 7 a determine the law by which the density and elas- 
ticity of the air diminish as the height oh*, re the surface of the earth in- 
creases ; supposing the temperature of the atmosphere to be constant • 

Suppose AZ to be a column of the atmosphere resting on 
the base All, whose area is l; and suppose this column to 
be divided into an indefinite number of strata, of equal thick- 
ness, parallel to the horizon. Then, since each stratum of 
air is compressed by the weight of those above it, the lowiyf 
strata will be more compressed, and, therefore, will be 
denser than those above them. Let AZ = z> n = the 
number of strata in AZ, and f = thick. :ss of each of these 
strata, then|^.=- Let;> = pressure on the base AB, 

p x = the pressure a; a , p 2 = pressure at h, p n = 

pressure at Z ; and put p — p x = n. Also, let g = density 
of the air at A, = density at a, f n = density at Z. 

Now tsr = p p i = weight of the column Ba. 

And, since Ba or f is indefinitely small, the density of the air r wfSta 
may be supposed to bo uniform and equal to the density at A x there- 
fore, 9 = 1 X f X f. In this expression f is measured by the'Weight 
of a unit of bulk. But, if the force of gravity varies, the. weight tartfill 
vary in the same proportion, when the bulk and the density f continue 
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the same. It is necessary, therefore, to take this into consideration. 
Let g be the ratio of the force of gravity at A to the force of gravity 
at -some given place, which maybe considered as the unit of, force. 
We shall then have 


ht = 1 x£XfXg- = £ - 


PS 


(art. 397) ; 


k ( 1 + ar) 

'• >'• = r--r 

= K . In like manner, if g be supposed constant in 


S 


putting _j_ bt) 
the column AZ, we have 

p a = 7^(1 - KK) =/>(! — KZT- • • • and p H = ;; (1 ^ - 

Let H be the altitude of the barometer at A , and h its altitude at z> 
then p : p n • l B • h\ hence • 

ii = = 

= i -nKZ+ — - I} AX 2 
1.2 


n (n — 1 )(n — 2) 
1.2.3 


K*?+ &c. 


-D-SVDe-l)-- 

And since « is indefinitely great, and = z, this series becomes 


h 

B 


1 — - 


Kz Kh 


1 


+ F72‘ 


1.2.3 


4- &c. = c Kx (Alg. art. 399) ; 


— Kz = Nap. log A ; or> K z — Nap. log ~ = ~ log 

these logarithms being taken from the ordinary tables, and M being the 
modulus of the system. Hence, substituting for K its value, we finally 
get* 

k(\ + ttr) , // 

2 = — W ~ log T' 


* This expression may more easily be found by means of the Integral Calculus. 

Let z be the height ot any thin stratum of air above the surface of the earth, f its 
thickness, g its density, and p, p — the pressures of a column of atmosphere at the 
altitudes z and z — ?. Then the weight of this sti atiini is eviOqpdy But its 
weight is also 1 x f :< g x ff, y being the ratio of the force of graviton Az t which is 
supposed to be constant, to this force at some given place taken as a unit of force, 
lienee 


<ar = t x g x ff ■■= }-, 


1’ff 


< art - 397 )> 

add, therefore, from the principles of the differential calculus, 

— dp = dz % ; and dz = & L±Z) 


*(1 + ar) ' 
/. Z a= 




p~ 
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399. Prop. VI .— To determine the heights of mountains by the ba- 
rometer. 

In the last proposition we have found a general expression for deter- 
mining the relation between the elasticity of the air and the height above 
the surface of the earth ; but, in the application of this formula, there are 
certain corrections necessary, which we will now explain. 

(1) . We have supposed the temperature of the air to be constant, 

whereas it always decreases as we ascend higher from the surface of the 
earth. But as we are ignorant of the law of this chmgc, and as the 
correction is always small, we may approximate to the true value of z 
by taking r a mean between the values at the two stations, and con- 
sidering it constant. Let t , t' be the temperatures at the two stations 
W Fa hren heit’s thermometer, then the two values of rare t — 32°, 
l and, therefore, the mean value of r is \ (t -f t'— 6* 1°). 

(2) . The value of a is when the composition of the air is uniform, 

whether it be perfectly dry, or it%>ntain a certain proportion of vapour. 
But when the temperature increases, there is generally a greater quantity 
of moisture in the atmosphere; and, since the density of vapour is to 
that of air (the barometer standing at 30 in.) as 10 to Hi, it follows that 
the air will become rarer on this account, or it will expand in a higher 
ratio than to 1. Laplace, therefore, proposes that a should be 

increased to To- °f t4«t in the centigrade thermometer, which, in that 
scale, is a very convenient number in practice ; or to^ of in Fah- 
renheit’s thermometer. 

(3) . The temperature of the mercury has been supposed to be the 


0 


b> s-jr+c. 


Let p T, when z — 0, then 

k ( 1 + ar) 

" Mg 

Subtracting this equation from the preceding one, we get the expression in the text, 
*(l + ar), P k( l\ar). If 

* - ~ m , 1 os j - =;"j/r l0S T- 

If g he not constant, hut vary inversely ns the square of the distance ; let // be the 
ratio of the force of gravity at the altitude z, to the unit of force, and g this ratio 
at A, then 

g } = g ^ ;yo> r being the radius of the earth, lienee, in this case, 




M 


and, as above. 


(r + ~) 2 £(1 + ar) ( r + z)* * 

r 2 dz ___ k ( I + «t) - dp 

( r + *) 2 7 J f ~ ’ 

Taking these i^egrals from z = 0, and p = P f 

\ r r + z / Mg ® p 

And since the pressures are evidently proportional to the height of the mercury in 
the barometer multiplied by its gravitation, 


P :p :i H x g i hug* : ; - f - s 


H _ 

r* ‘(r + *) a ' 

Hence we get, by substitution in the last equation and reduction, 
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same at both stations, whereas it must be affected to a certain extent by 
the temperature outlie air. Let T \ T f be the temperature of the mer- 
cury at the two stations, which are known by means of a thermometer 
attached to the barometer. These are not necessarily the same as the 
temperature of the atmosphere, because it requires some time before the 
mercury acquires the temperature of the surrounding air. Now, it has 
been proved that mercury expands T th part of its bulk for each 
degree of Fahrenheit’s thermometer ; we may consider this, without 
sensible error, as *000 1 . If, then, the temperature of the mercury at the 
upper station, whose altitude is h , should be increased from T f to T> its 
altitude in the tube would be increased from h to A[l 4 - •0001(7’-— 7*)], 
which quantity, therefore, must be used instead of A in the preceding 
formula. 

(4). The force of gravity, in the proposition, has been suppuSc^ to 
bo constant, but in the note we have investigated a formula, in which it 
varies inversely as the square of the*distanee from the centre of the 
earth. The effect of this change, however, is so trilling, that it may he 
safely neglected. Again, the force of gravity varies in different latitudes 
at A the surface of the earth ; so that, if this force, at the latitude of 45 °, 
be taken as the unit of force, the value of ^ at the latitude L will be 
1 — 0‘002695 cos 2L = 1 — A, putting 0’002(i9o cos 2 L = A. Hence, 
if the value of z be calculated for the latitude of 45°, it must be divided 
by 1 — a, or, since A is extremely small, multiplied by J + A, for any 
other latitude L . 


(5). The constant quantity - can only be obtained from 


h 

can on, y be obtained trom expe- 
riment. From several observations of Rarnond, Laplace has determined 
that, in the latitude of 45°, this co-efficient is 18336 metres j but, if the 
force of gravity be supposed to be constant in the column AZ, Poisson 
finds that 18393 metres (equal to 0034.5 English feet) will agree 
better with these observations. Hence, introducing these several cor- 
rections into the value of z , given in the last proposition, we get 


* = 60346 | 1 + 
and, by reduction, 


*rl- 


*— fif- 


WO 


•J 


n 


A[1 + -0001 (T— 7’')] 


feet; 


s — 6/^05 (83 G “f* t 4" 

where N = log // — log h — log [1 4 - *0001 (T — 5P)]. 

If it be considered necessary to introduce the correction on account of 
the latitude, this may easily be done by multiplying the preceding value 
of z by 0*0026,95 cos 2 L, and adding the product to z for its true value. 


Examples. 

Ex. I .—To find the height of Mount Etna, when the altitudes of the 
barometer and thermometers were as follows : — 


Level of the sea , . . „ . , 
Top of Mount Etna . * . 

Here T 


Height of b 
B arometer. ’ 


42 i 


30-024 
20-146 

and 836 + t 


Attached 

Thermometer. 


77-5 

36-6 


Detached 

Thermometer. 


77-5 
32-5 

946. 



ELASTIC FLUIDS. 


28 ? 


log 1*0042 0*001820 

log h 1*304188 


1*306008 


ar. co. . , 

log#... 

N.., 


8*693992 

1*4774(39 

0*171461 


Const, log ..... . 1*826399 

log2V...... 1*234165^ 

log 946 2*975891 

10875 4 036455 

Therefore, the height of Mount 
Etna is 10875 feet. 


. j Ex. 2. — By the observations of Humboldt on the mountain of Quin* 
diu, the altitudes of the barometer and thermometers, reduced to Eng* 
lish measure, were as follows : to find the height of Quindiu. 



Height of | 
Haromcter. j 

Attached 

Thermometer. 

Detached 

Thermometer. 

Answer. 

^evSTof the Pacific Ocean 
Upper station 

Inch. | 

30*036 
2(H)7J3 1 

77*34 

68* 

1 77*54 

65*75 

Feet. 

11469*5 


Ejl\ 3. — To find the height of a mountain when the altitudes of the 
barometer and thermometers are as follows : — 


Lower station . 
Upper station . 


Barometer. , .^“ter. 


Detucjied 

Thermometer. 


Inch. 

30 

15 


G8 

42*4 


70 

36 


Answer. 


Feet. 

18943 


Ejp, 4. — By observations made at Addiscombc, the altitudes of the 
barometer and thermometers were as follows : — 



Height of 
Raroineter. 

1 Attached 
| Thermometer. 

Detached 

Thermometer. 

Addiscombc House 

29*812 

63 

63 

Top of Addington Hills 

29-530 

60 

58 


400. Prop. VII . — To find the height of a homogeneous atmosphere . 

The mercury in the tube of a barometer is sustained by the pressure 
of the air; and when two fluids communicate by means of a glass tube, 
the altitudes at which they stand are inversely as their densities (art. 
364). Let 2 = the altitude of a homogeneous atmosphere; then, since 
13*568 is the specific gravity of pure mercury, and *001225 of air when 
the barometer stands at 30 inches or 2*5 feet, we have 

z : 2*5 ft. :: 13*568 : 001225, 

13*568 x 2*5 , ... 

2 = "*001225 = 27690 feGt = 5 ' 24 m,leS * 


401. Cor. — Since the weight of a cubn * rich of pure water = 252*818 
grains at the temperature of 60°, the pressure of a column of mercury, 

, 30 x 13*5(38 x 252*818 

30 inches m height, on a square inch = * 

6 1 7000 

14*70 avoirdupois pounds. This, therefore, is the mean value of the 
pressure of the atmosphere on the square inch. 


402. Prop. VIII.*— To find the altitude of the mercury in the hare* 
meter when a portion of the air has been allowed to remain in the tubt^ 
(See fig. at page 281.) 

Suppose that as much air is left in the tube as in the natural state ofthe~ 
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atmosphere would occupy the space BP ; and when the tube is immersed 
in the basin, let thte mercury stand at Q ; then the air, which before 
occupied the space BP , now fills the space BQ. And since the elasti- 
city of the air is proportional to its density, and the density is inversely 
as the space occupied by the same quantity, we have 

elasticity of air in BP : elasticity in BQ :: BQ : BP . 

Let R be the point at which the mercury would stand if there were no 
air in BP; also, let BE =.«, BP=b 9 Eli — h , EQ—,r. Then the elas- 
ticity of the air, when it occupies the space JRP 9 or the elasticity of the 
air in its natural state, would support a column of mercury h ; and the 
elasticity of the air, when it occupies the space BQ + mercury in QE, 
are also balanced by the pressure of the atmosphere, and, therefore, 
would support a column of mercury' A ; hence the elasticity rflht fl : j „Wr 
BQ would support a column of mercury = h — QE = h — t v. Hence, 
therefore, 

elasticity of air in BP : do. in BQ : : h : h — 

We have, therefore, from the preceding proportion, 

h : li — a 1 : : BQ : BP : : a — : b, 

( k — tv) (a — ,r) = bh ; 

and, from the solution of this quadratic, the value of^ may be determined. 

403. Cor . — Both the roots in this equation (Alg. art. 108) are posi- 
tive ; but it is only the less root which will satisfy the conditions of the 
problem. The other root being greater than h , is evidently inapplicable 
in this case. 

404. Scholium . — The altitude in the barometer varies according to the 
state of the weather from 28 to 31 inches, and, therefore, this instru- 
ment is in very general use as a weather-glass. Many rules have been 
given to determine the changes of the weather from the barometer, and 
even the words rain, fair , changeable , &e., have been engraved at dif- 
ferent altitudes of the barometer; but they arc not entitled to much 
attention. The changes of weather appear to be indicated not so much * 
by the absolute height of the mercury as by its variations iu height. 
The following rules have been given by Dr. Dalton, in his work on 
Meteorology : — 

(1) . The barometer is highest of all during a long frost, and generally 
rises with a N.B. wind. It is lowest of all during a thaw following a 
long frost, and is often brought down by a S.W. wind. 

(2) . When the barometer is near the high extreme for the season of 
the year, there is very little probability of immediate rain. 

(3) . When the barometer is low for the season, there is seldom a 
great weight of rain, though a fair day in such a case is rare. 'Die 
general tenor of the weather at such times is short, heavy, anil sudden 
showers, with squalls of wind from the S.W., W., or N.W. 

(4) . In summer, after a long continuance of fair weather, with the 
barometer high, it generally falls gradually, and for one, two, or more?* 
days before there is much appearance of rain. 

"if the fall be sudden and great for the season, it will probably be fol- • 
lowed by thunder. 

(o). When the appearances of the sky are very promising for fair, and 
the baiometer at the same time low, it may be depended upon that the 
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appearances will not continue long. The face of he sky changes very 
suddenly on such occasions. * 

(6) . Very dark and dense clouds pass over without rain when the 
barometer is high ; whereas, when the barometer is low, it sometimes 
rains almost without any appearance of clouds. * 

(7) . All appearances being the same, the higher the barometer the 
greater the probability of fair weather. 


CHAP. IV. — HYDROSTATIC MACHINES. 


THE AIR-PUMP. 


405. The air-pump is a machine constructed for exhausting the air 
from a close vessel, which is called a receiver. We shall not attempt to 
give an account of all the various contrivances which are used in con- 
structing this and other inachues, but coniine ourselves to explain the 
general principles on which tihey depend. 

A glass receiver R is set 
on a metal plate, and is 
made air-light, by grinding 
the plate and the edge of 
the receiver perfectly plain. 

A pipe communicates with 
the receiver and with two 
cylindrical barrels, by means 
of two valves, E and A T , 
opening upwards. In these 
barrels are two air-tight 
pistons, also furnished with 
valves opening upwards, 

#'hich are worked up and 
down by means of a rack- 
wheel. Suppose the piston 
// to be at the bottom and 
K at the top of tho barrel; 
then, as //ascends, a par- 
tial vacuum is formed below 
the piston, and the elastic force of tue air in A and R t pressing upon 
the valve, opens it and fills the barn. EH. Now, let the wheel be 
turned back, and the piston H be made to descend : then tho valve E 
is closed by the pressure of the air upon it, and H is opened, and the 
air in tho barrel is forced out. Tho wheel acts in the same manner 
upon the piston K, so that a barrel of air is expelled at each turn of the 
wheel, until tho elastic force of tho air remaining in the receiver and 
pipe is insufficient to open the valves E and F, and then all the action 
of the pump must cease. 

406. Prop. I. — To find the density of the air in a receiver after any 
number of turns in the wheel. 

Let R be the content of the receiver and pipe, and b the content of 

VOL. II. v 
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each barrel. Then the air which occupied the space j?, when H was at 
the bottom of the barrel, fills the space R + b when II ascends to the 
top. If, therefore, p was the density before the stroke, and p x the 
density afterwards, we shall have 

R + 4 • R • • p : Pi ; pi == ^ ^ • 

In the same manner it will he found, if p 2 be the density after 2 
turns, .... p n the density after n turns, that 

_ Hu _ 

Pa R + b (II + bf' fn (R + b)» ’ 

Thus it appears that the density of the air decreases in a geometrical 
progression; and, therefore, the air in the receiver can nnr 1 i rtn* 
pletelv exhausted. 

407. Scholium. — To ascertain the density of the air left in the re- 
ceiver, there is a sjphon gauge O connected with the pipe. The portion 
UP is filled with mercury, and it is kept suspended in the tube by the 
pressure of the air in the receive* 1 . When the elasticity of the air be- 
comes less than the difference of the altitudes of the mercury in this 
gauge, the mercury will descend in the lube, and if the exhaustion were 
Complete, the mercury would stand at the same height in both tubes. 
The difference of the altitudes in the two tubes will accurately measure 
the clastic force of the air which remains in the receiver. 

Besides the syphon gauge, there is also a barometer, open at tho top 
IS, communicating with the lcceiver, which is used for tho same purpose. 

THE CONDENSER. 

408. A condenser is an instrument constructed for tho purpose of 
forcing a large quantity of air into a given space. 

R is a strong vessel called a receiver. AB is a cylin- 
drical barrel furnished with a valve E opening inwards. 

D is a solid piston, which is either air-tight or lias a valve 
also opening inwards. C is a small orifice near the top of 
llie cylinder. When tho piston I) is forced from si to B , 
the air in the c> linder opens the valve at E, iv \ a barrel 
of common air i « forced into the receiver. U; . raising 
the pi-ton again, die valve E is closed, and when :e piston 
rises above C the air rushes in and fills the barrel again, 
which is again forced into the receiver by the descent of 
the piston ; and thus the operation may be continued as 
far as we please. 

409. Prop. II. — To find the density of the air in the re- 
ceiver after any number of descents of the piston . 

Let 11 be the content of the receiver, and h the content of the barrel ; 
then, since a barrel of common air is forced into the receiver at every 
descent, a quantity of air represented by nb will be forced into the re- 
ceiver after n descents. Let p be tho density of the atmosphere, p n tlfo 
density of the air in the receiver after n descents, then 

pn • p . • R + nb . R» 
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There is a gauge connected with the receiver similar to that ftt tho 
air-pump, for the purpose of measuring the density 0 / the air. 

THE DIVING BELL. 

410. If a vessel bo inverted in water, and let down to anj 
air will occupy the upper part of tho vessel, and diminish in 
vessel sinks deeper in the water. 

Let AB represent the surface of the water, CEF 
the diving-bell, 7£jl/thc height to which tho water 
rises in the bell. Let V be. the content of CEF, 

V 7 the content of CMN> the space occupied by the 
air. Let h = 33 feet, the weight of a column of 
Wru^i^i^iiose pressure is equal to that of the atmo- 
sphere; also, \}\\iAC = a> and CM = j\ When 
the air in the bell occupied the space CEF, it was 
in its natural state, and its elasticity was measured by 
the height of a column of water h; but when it oc- 
cupies the space CN, the pressure of the atmo- 
sphere is proportional to / )> and the pressure of the 
water is proportional to the depth AM = a -f- ,v, therefore the whole 
pressure upon the air is equal to the weight of a column of water whose 
height is h + a + lhit tho clastic force of the air is as its density, 
or inversely as the space occupied when the quantity remains the same ; 
therefore, 

h : h + a + v :: V : V. 

411. Cor . — Let the bell be a prismatic chest, whose height is c. Then 

c : v : : V : V' :: h + a + #: k; 

<v 2 + (a + h) a v = ah. 

And from the solution of this quadratic equation the value of x may be 
found. 



THE COMMON SUCTION PUMP. 

412. The common suction pump is thus constructed. 
AB is a cylindrical barrel, and BC a pipe having its lower 
end in the water. B is a fixed valve opening upwards. D 
is an air-tight piston or sucker, noveable by means of a 
handle fixed to the rod, and havin'* also a valve opening 
upwards. Suppose the sucker D to descend as low as it 
can, and each valve to be shut : when D ascends, the air no 
longer pressing upon the valve B , the valve is opened by 
the pressure upwards of the air in tho pipe, and the air 
will follow tho sucker and fill the empty space DB. 
Thus the air in the pipe becomes rarefied, and therefore 
the pressure of the air upon the surfuce of the water with- 
out the pump will be greater than the pressure of the air 
«vithin it, and, consequently, the water will be forced a 
little way up the pump until the equilibrium is restored. 
Again, when D descends, it will condense the air in AB$ 
and when this becomes denser than the air without, the 


& 



3 


f 

P 
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pressure upwards against the valve D will be greater than the pressure 
downwards; the valve, therefore, will be opened, and the air in BD will 
be forced out. When D ascends again, the pressure of the air in BC 
will again open the valve B , and the air in BG will become further 
rarefied, and the water again ascends. Thus, at each ascent of D % the 
water will rise, until at last it reaches the sucker D ; it will then force 
its way through the valve, and at the next rise of the piston will be 
thrown out at the spout. 

413. Cor . — In this pump the height of the valve B above the water 
must be rather less than 32 feet ; because, in the rarest state of the 
atmosphere, the pressure of the air will not raise the water in a vacuum 
above that altitude. 


414. Prop. III . — To find the height through which the nftrte* ill 
rise after any stroke . 

Suppose that, after any number of strokes, the water stands at P , 
and that after the next stroke it rises to p. Let C7/ = 33 feet = h , 
the height of a column of water equivalent to the pressure of the at- 
mosphere; let AB = ft, BP = 6, HP = c, and Pp = ,v. Also, let 
K. = the area of a section of the barrel AB y k — area of a section of 
the suction-pipe BC , and K = vik. Suppose the piston to be at B , then 
the elasticity of the air in BP, together with the weight of a column 
of water CP, is equal to the pressure of the atmosphere, or is equal to 
the column of water CII ; hence 

elasticity of the air in BP = column of water HP = c , 
after the next stroke let the water ascend to p, we shall then have 
elasticity of the air in Bp = column of water Hp = c — <r. 

Now, the air which occupied the space BP before the rise of the piston, 
will, after its ascent, expand itself and occupy the space Ap ; therefore, 

density of air in BP : density of air in Ap : : space Ap : space BP 
: : (b — x) k 4 - aK : bJe ; : b — x + : b . 

And, since the density of air is as its elastic force ** 

f 

c : c — *v : : b — x 4 - : b ; 


we have, therefore, (e — a 1 ) ( b — .r + ma) = be, and, consequently, 
w ' 1 — (ma 4 - c )d‘ 4 - mac = 0 . 

And from the solution of this quadratic equation the value 
of x may be found. j s r 

TIIE LIFTING PUMP. 


415. By the suction pump the water can only be raised to 
the height of 32 feet, but by means of the lifting pump the 
water can be raised several hundred feet. In this case 
the barrel is closed, and the piston-rod works through an air- 
tight collar at A . And the spout E , through which the 
water would be discharged in the common pump, has a valve 
opening upwards into the pipe EF. When the piston de- 
scends, the valve at E closes and prevents the return of the 
ifater into the barrel ; and when the piston ascends, it lifts up 
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a quantity of water, equal to the content of the barrel, into the pipe 
EF through the valve at E. • 


TIIE FORCING PUMP. 




I A 


D 


i* 


416. The forcing pump is another variety, by means of 
which water may be raised to a greater height than by 
the common suction pump. 

In this case the piston I) is solid, and the barrel Ali 
open to the atmosphere. The water follows the ascent of 
the piston and fills the barrel, but the piston in its descent 
forces the water through the valve E into the pipe EF. 

The return of the water again, during the ascent of the v 
pisiu'iifls prevented by the valve at E , which only opens 
upwards. 

The piston of this pump is frequently a solid cylinder, 
of metal, called a plunger, of rather less diameter than 
the barrel AIL This cylinder is of the same dimensions 
from 1) upwards above A , and works through a stuffing 
box at A, which is water-tight. This contrivance has 
great practical advantages, and dispenses with the neces- 
sity of having the barrel and the piston made perfectly true to each 
other ; and even when they arc made so, they are continually subject lo 
wear. A view of this force-pump may be seen in Bramah’s Hydrosta- 
tic Press (art. 420). 

417. Scholium. — There is an air-vessel connected both with lifting 
and forcing pumps, which is of great advantage, both in keeping a con- 
tinued supply of water, and also in preventing any injurious strain or 
jerk, by means of the elasticity of the air condensed in this vessel. 


THE SYPHON. 

418. If one end of a bent tube bo put into a vessel 
of water, and the other end without be lower than the 
surface of the water, then, if the air be extracted out 
of the tube, or the tube bo tilled with water, the water 
will flow through the tube in a continued stream, until 
the surface of the water in the vessel is on a level with ^ 
the extremity F. 

For when the air is drawn out of the syphon, the 
water will rise in it to E by the pu >sure of the air 
upon the surface of the water AC, ami then it will de- 
scend to Fhy its own grauty. The syphon being full 
of water, the forces w'hich act upon the water in the 
tube are the pressure of the atmosphere upon the sur- 
face AC, and the weight of the column of w r ater EF, acting in the di- 
rection DEF ; and the pressure of the air at F, and the weight of the 
column of water EH, acting in the opposite direction FED . The 
pressure of the air on /'’and an equal surface of AC, may be considered 
equal to each other, for the difference of the altitudes of AC&m\F is 
too small to produce any appreciable eftect on the pressure of the 
air; these pressures on the tube DEF will therefore balance each 
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other. But the weight of the column of water EF being greater than 
the weight of the Column of water EH, the sum of the pressures in the 
direction DEFis greater than the sum of the pressures in the direction 
FED, the fluid, therefore, will continue to flow in the direction DEF 
until the surface of the fluid AC is on a level with F. 

Cor . 1. — The syphon will not act if the height HE be greater than 
33 feet, for then the pressure of the atmosphere on the surface AB 
will not be sufficient to raise the water to the highest point E. 


419. Scholium . — The action of intermittent 
springs, or springs which run and stop alter- 
nately, depends on the principle of the syphon. 

Water is collected from various rills in the 
cavern All, and the only outlet by which it can 
escape is the channel BCD, bent like a syphon. 

When the cavern is so full that the water stands 
at the level AC, the water will run out and continue to flow until it is 
either exhausted, or on a level wiih I). 



TIIE HYDROSTATIC PRESS. 


c 


f r \ 


' , V,.' 




420. This machine was invented by Bramah, for the purpose of apply- 
ing enormous forces in various departments of the arts, and is founded 
upon the principle of the equal transmission of pressure through fluids. 

A is a strong cast- 
iron cylinder, firmly 
fixed in a vertical 
position ; B a move- 
able piston, rendered 
water-tight by a lea- 
ther collar at a. This 
pi 9 ton carries a table 
C, on which is placed 
any body that is to 
be crushed or pressed. 

DG is a conduit pipe 
by which the water is 
conveyed from the 
injecting pump to A. 

GK is a plunger 
pump, made also per- 
fectly water-tight by means of a leather collar at I\ ; and 7 is thewater- 
cistern below. G is the forcing valve, which opens towards A, L the 
safety valve, and E the discharge valve. 

When the plunger K descends, a quantity of water is forced through 
the valve at G , which closes after the piston's descent, and prevents the 
from returning* The wafer, therefore, in A continually increases, 
causes the piston H to rise. When the required effect lias been 
produced, the discharge valve E is opened, by means of a screw, and the 
water in A returns to the cistern /. 

If P be the force applied at the pump-hnndlc, a the length of the 
handle, h the distance of the plunger from the fulcrum of the handle, 


TT 


) 
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then the pressure upon the plunger Kk P — . Also, since the pressure 

is transmitted with equal force through the pipe (tD 9 the pressure upon 
the bottom of the piston B will he proportional to the area of its base. 
Hence, if R and r be the radii of the bases of these cylinders, 

pressure upwards on B : pressure of plunger : : R % : r a ; 


pressure on the table C 


P 


a IP 


Ex\ — If P = 1 cwt., a = 3 feet, h = 3 inches, R = 5 inches, 
r = an inch, then 

W = l X 12 X 10 - .-= 1200 cwt. = 00 tons. 

Scholium* — There is scarcely any department of the arts 
where pressure h required, in which this piv.-s is not applied. It is 
used in packing hay and cotton, when huge bulks are to be reduced to 
small c in pass, to be 'owed on shipboard, it is med in extracting 
oil from .ddes, in pr vr paper, and in the in.inufn’ ure of sugar and 
gunpowder. It is r sometime’, applied to e\wv t piles, and to 
try the strength of iro , »alde*. It i< the simplest, anu the most easily 
applicable, of nil contrivances for increasing human power; and the 
only limit to this force, is the want of materials of sufficient strength to 
resist the enormous strain upon it. 


rrili TIIE KM OM KT F.R. 

422. It docs not enter into the plan of this work to ex- 
plain the properties of heat or caloric, but the thermome- 
ter is au instrument of such general use, and so immediately 
connected with every department of natural philosophy, 
that we could not omit explaining the principles on which 
it is constructed. 

423. All bodies (with only one or two exceptions) ex- 
pand on being heated, ami contract ji'jraiu as they become 
cold. We may, therefore, take the expansion of some 
known substance as a measure of the variations of heat. 

Mercury has generally been selected for this purpose, be- 
cause its expansion is sensible and uniform. If may be 
exposed to very great heat before it boils, and is not subject 
to be frozen, unless at a very low t -porature. 

424. The thermometer is a glass tube with a thin bulb 
at the bottom. The bulb and lower part of the tube are 
filled with mercury ; the air is then driven out from the 
upper part by boiling thj? mercury, and the upper extremity is hermetically 
sealed. To graduate the thermometer, it is immersed in melting ice or 
snow, and opposite to the point where the mercury stands the number 
32 is marked. This is the freezing point. Afterwards the instrument 
is put in boiling water, and against the point where the mercury stands 
let the number 212 bo marked. Divide the interval into 180 equal 
parts, Or degrees, and also continue equal divisions both above and be- 
low these points, and the instrument is properly graduated,,. 
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This is called Fahrenheit s scale, and is generally used in this country, 
In the centigrade stale, the freezing point is 0, or the zero of thc-scale, 
and the distance between the freezing and boiling points is divided into 
100 degrees. This thermometer is generally used in France. In 
Reaumur’s thermometer the freezing point is also the zero of the scale, 
but the distance between the freezing and boiling points is divided into 
80 degrees. Ileucc a degree of Fahrenheit’s, of the centigrade, and of 
Reaumur's thermometer, will be inversely as the numbers 180, 100, 80, 
or inversely as the numbers 9, 5, 4. 

425. Meycury freezes at — 40° Fahrenheit, and boils at + G40°. 
When, therefore, any intense degree of cold is to he measured, a ther- 
mometer filled with spirits of nine instead of mercury is used ; for pure 
alcohol has never yet been congealed by the greatest degree of jjold to 
which it has been possible to expose it. When intense beat is to be 
measured, Daniell's pyrometer is now generally used. It consists of a 
small rod of platinum GJ inches long, and ^ of an inch diameter, 
which is placed in a tube of black lead earthenware, nearly of the same 
diameter, and an inch deeper. The metallic bar rests at one end 
against the bottom of this tube, ami at its upper extremity there rests 
upon it a cylindrical piece of porcelain, which is so adjusted as to be 
pressed forward and retain its situation when the bar within has been 
expanded by beat. The exact amount of this expansion is then mea- 
sured by means of a scale, when the instrument is cold. A degree of 
this pyrometer corresponds to seven degrees of Fahrenheit. 


PART IV.— HYDRODYNAMICS. 


426. Def.— -Hydrodynamics is that branch of the science of me- 
chanics which treats of the motion of fluids. 

427« Puor. I .- — If a fluid ran through any tube kept continually fill, 
and the velocity of the fluid he uniform in every part of the same trans- 
verse section ; the velocities in the different sections will be inversely as 
the areas of the section. 

For the same quantity of fluid runs through evefy section in the same 
time. But the quantify running through any section is evidently in 
proportion to the area of the section x velocity ; and as this quantity is 
constant, the velocity varies inversely as the area of the section. 

Cor . — If A be the area of the transverse section, and v the uniform 
velocity, the quantity of fluid which runs through the section in the 
Jtime t = A X t X v. 
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428. Prop. It— The velocity of a fluid issuing from ah indefinitely 
mall orifice in the bottom of a vessel kept constantly fully i*. equal to 
that which a heavy body toould acquire in falling through a spdbe equal 
to the depth of the orifice below the surface of the fluid • 

Let AB be the surface of the fluid, and F the indefi- 
nitely small orifice. Suppose the fluid to be divided into 
an indefinite number of laminee, which, during their de- 
scent, continue parallel. Then, because the area is inde- 
finitely small compared with the sections of the fluid in 
the vessel, the velocity of the descending laminae in the 
vessel will be indefinitely small. Hence the tendency of 
the laminae to descend by the force of gravity will he 
counteracted, and whatever moving force is lost by the descending fluid 
will be communicated to the fluid at the orifice. Let Fd be the small 
column which is discharged in the indefinitely small time t by the pressure 
of the column EF\ and let Fb be the column which would have been 
discharged by its own weight, or by gravity alone, in the same time t • 
Also, let V and v be the velocities generated in the columns Fd, Fb , 
by the moving forces or pressures EF, Fa\ Now, the moving forces 
are proportional to the momenta or quantities of motion generated in a 
given time (arts. 224, 230) ; therefore 

EF : Fa : : column I'd X V : column Fb x v 

V 2 v 2 

: : Fc x V : Fa x v : : — : — ; 

H r 

since the spaces described by constant forces in equal times are pro- 
portional to the velocities acquired. And because v is the velocity ac- 

quired in falling through Fa by the force of gravity, Fa = — . Henco 


EF 


V * 




- — , and, therefore, V is the velocity acquired in falling through 

EF by the force of gravity (art. 255). 

429. Cor. 1 . — Hence, if % be the depth of the fluid, and g = 32*2, 
the velocity with which the water issues = V 2gz . 

430. Cor • 2. — The pressure of the air at the orifice F has been 
supposed equal to its pressure on an equal surface at E . If the fluid is 
projected into a vacuum, or into a vessel in which the air i9 partly 
exhausted, the difference of pressur es at the surface and the orifice must 
be added to the pressure of the watt *. Thus, if the difference of pres- 
sures at the surface and the orifice be equal to that of a column of 
water whose height is h feet, the velocity of the issuing fluid will 

be = V 2g (A -f #)• 

431. Cor . 3.— ‘If the direction of the orifice be turned directly up- 
wards, the velocity with which the fluid issues will carry it to the level 
of the surface of the fluid. 

• Examples . 

1. To find the velocity with whiefi^water issues out of a small orifice 
at the bottom of a vessel 10 feet hi'gh. / 
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2. To find the same when the water issues into a vacuum, its upper 
surface being exposed to the pressure of the atmosphere. 

3. To find the velocity with which water issues into a vessel in which 
the density of the air is -J- that of the atmosphere ; the barometer stand- 
ing at 30 inches. 

4. To find the velocity with which air is impelled by the atmosphere 
into an exhausted receiver. 


Scholium . 

432. The determination of the motion of fluids is a subject involved in 
the greatest difficulty. M. D* Alembert and D. llenioidli luue attempted, 
by the aid of analysis, and on particular hypotheses, to find the relation 
between the udocit) of the fluid at the orifice and the altiludiweLthc 
surface above it; but the <jenoi.il equation which they have obtained 
can only be integrated in particular eases. 

When a vessel, nearly cylindrical, empties itself, it is observed that 
the particles of the fluid at first descend in vortical linos; but when they 
have readied within a diort distance from the hollow, they incline on 
every side towards the orili«*o, forming curves which are convex towards 
the axis of the \e?sel. If the thickness of the bottom ic inconsiderable, 
the issuing si ream continues lo contract externally through a small space 
in the same converging direction, so that the figure of t he fluid without 
the vessel is a species of conoid, whose altitude is nearly equal to the 
radius of the orifice. The lower base of this conoid, or the section of 
the greatest contraction, was called by Sir f. Newton the vena contractu, 
and its area has been found, by careful experiment, to be about .62h, or 
neatly §A\ It is this area which must be substituted for the area of the 
orifice, either in finding the velocity with which the fluid issues out of 
the vessel, or the quantity of fluid discharged. 

433. Prop. III. — To find the distance to which jin ids will spout, 
through a van/ small orifice, from the side of a vessel placed upon a ho- 
rizontal plane . 

Lot VA be a vessel filled with water, 
and let M he a very small orifice in the 
side All, which is perpendicular to the 
horizontal plane All, Upon AJl de- 
scribe the semicircle HD A ; and draw 
the ordinate MN . From the last ar- 
ticle, the velocity at the vena conlraeta, 
which is very near the orifice J\l, is 
equal to that which n body would ac- 
quire in falling down Hl\f; we must, 
therefore, consider this as the velocity 
with which the fluid is projected, and 
n#J^!the velocity at the orifice. Now, the curve Mil, described by the 
Mti, is a parabola, and MB is a fourth of the parameter belonging to 
the point M (art. 288) ; anti as the fluid is supposed to spout horizon- 
tally, M is e\idcntly the vertex of the parabola. Hence MA is the axis 
of the parabola, and AH an ordinate; therefore (Par. art. 196), 
A IP = 4 MB X MA = 4 MN 2 , by the properly of the circle; and, 
'^Consequently, AH = 2MN* ' 
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434. Cor. — When the orifice is at C bisecting AB% the distance to 
which the fluid will spout = 2 CD = AB, the depth of the fluid. 
This is manifestly tho greatest distance to which the fluid can*spout on 
the horizontal plane AIL 


435. Prop. IV. — To find the lime that a cylinder requires to empty 
itself by a small orifice at the bottom . 

Let the cylinder A V be filled with water to tho point /?. Lei the fluid 
empty itself by a small orifice at A ; and let the surface descend to tho 
point i! /. Put AB = a, AM — z ; K = the area of the descending 
surface, and Jc = the area of a transverse section at the vena contraeta. 
Then the velocity of the fluid at the vena contraeta, when the surface of 

the fluid is at M =V 'Jgz, Also, the velocity of the descending sur- 
face k*to the velocity of tin 1 contraeta as h to K ; therefore the velocity 


of the surface of the fluid = 



Let ah = AB } and suppose a constant accelerating force f =: 


& 

In? 


to act at the point b, in the direction ab . Then, if a ball bo projected 
from b, in the direction bn, with a \eloeity = V'2f X ah, the body will 
be continually retarded by the force /! and at the point a tho velocity will 
all bo destroyed (art. 253). Also, if am m z, tlio velocity of the ball at 

the point m will be vA'/cr, which is equal to tho velocity of the descend- 
ing fluid at M. Hence, since t!ie velocity of the ball, and that of the 
descending fluid, are always equal to one another, and they commence 
their motion together at h and />, it is evident that the times of describ- 
ing any equal spaces but, LM/w ill he equal ; and also the whole times of 
describing the spaces ab, AB . Hut 


t . but = t • ab — t . am = V'lf X ab — V 2 f x am 


t . BM — V'ijX Vti — Vs). 

136, Cor . — Hence a clepsydra, or water-clock, may easily be con- 
structed. Suppose the cylinder to he filled to such a height with water 
that it shall just ho discharged in 12 hours; that is, lot the height of 
ho water 

a = }J'f = 12 x GO x GO) 8 ; 


then, if tho distances measured froM A bo proportional to 

1, 4, 9, 10, 144, 

these will represent the heights of the water in tho cylinder at 

L 2, 3, 4, 12 

hours from the end of the time. 


CONDUIT PIPES AND OPEN CANALS. 

437* Prop. V. — When the tea ter from a reservoir is conveyed in long 
> horizontal pipes of the same aperture , the discharges made in equal 
times are inversely proportional to the square roots of the lengths . 

This proposition is derived from several experiments m^de by Bossut 
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on the actual discharges of water-pipes of different lengths, as far as 
2340 toiscs, or 14930 English feet in length ; and he found that this rule 
was nearly true when the lengths of the pipes were not very unequal. 


438. Prop, Vl.—JVhen water runs in rivers or in open canals, it is 
required to determine the mean velocity with which it runs . 

This proposition also can be determined only from actual experiment. 
When water runs in an open canal, it is accelerated in consequence of 
its depth and of the declivity on which it runs* until the resistance 
increasing with the velocity becomes equal to the acceleration, and then 
the motion of the stream is uniform. But, as we have no means of 
determining the amount of the resisting forces from principles already 
established, it becomes necessary to have recourse to experiment. With 
this view, M. Du I3uat made numerous experiments, and he has given 
a formula for computing the velocity of running water either in close 
pipes, open canals, or rivers, which appears to agree vemarkably well 
with experience. 

Let V represent the mean velocity of the stream in inches per second, 
r the quotient obtained from dividing the transverse section of the 
stream in square inches by its perimeter (omitting the breadth at the 
surface) in linear inches ; this is called by M. Du Buat the moan radius ; 
s the length of the slope of the pipe, or of the surface of the current, 
whose height is unity ; this is manifestly equal to the cosecant of the 
angle of the slope. Then 


oi) + ^ - «) • 

439. M. Du Buat has also proved that the greatest velocity is at the 
surface in the middle of the stream ; from which point it diminishes 
toward the bottom and the sides, where it is least. If the greatest 
velocity be called v. then the 

velocity at the bottom = ( */v — l) 2 = v — 2 X 1, 

mean velocity V =. £[’t? -r ( Vv — 1 ) 2 ] = v — */v -f- •£>. 

For an account of these experiments, we nuiM refer the student to his 
Prmcipes d' ily dr aulique, and to Dr. Robison’s Mechanical Philosophy. 

Ex. — According to Sir A. Burnes, the velocity at the surface of the 
river Indus in the middle of the stream, at Tatta, is 2-£- miles per hour; 
the breadth of the river is 6/0 yards, and its mean depth 15 feet: re- 
quired the quantity of water discharged per second. 

Ans. 67892 cubic feet. 


PERCUSSION AND RESISTANCE OF FLUIDS. 

440. Prop. VII.- — r lhe force with which a stream impels a plane , 
when it strikes the plane perpendicularly , is as Agy 2 ; where A is the 
area of the plane, g the density of the fluid, and v its velocity. 

For the impulsive force of the stream must be proportional to the 
number of particles which strike against the plane iu a given time, mul- * 
tiplied into the force of each. But the number of particles which strike 
against the plane hi a given time is manifestly as A X g X v ; also, the 
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force of each particle is as v ; therefore, the force of all the particles 
against the plane is proportional to Aqv % . 

We have hero supposed that, after the particles strike the plane, the 
action of these particles immediately ceases ; whereas in reality they 
diverge, and acting upon those which are behind, affect their velocity. 
Hence, therefore, a difference will arise between theory and experiment. 

441. Cor. 1. — If f be the impulsive force of the stream against the 
plane, and k a constant coefficient to be determined by experiment, we 
have/= kA$v % . 

44 2. Cor . 2. — If h be the height due to the velocity v, so that 
v % = 2gh, then f = 2 kAqgh. 


443. #Prop. VIII. — If a stream impinges perpendicularly on a plane 
which is itself in motion , the impulsive force is as Ag (v — u) 2 ; where 
u is the velocity of the plane . 

For it is evident that both the number of particles which strike the 
plane, and the force of each particle (art. 242), must be proportional to 
the relative velocity, or to the difference of their absolute velocites ; and, 
therefore, the impulsive force will be as (v — «) 2 . 

444. Cor . 1. — If u be opposed to v, then the force is = 

If v = 0, the force = kA$\iK The plane, therefore, moving against a 
fluid at rest, suffers the same impulse as if the fluid were to move with 
the same velocity, and the plane to remain at rest. 

445. Cor . 2.— Hence the resistance of a fluid to a body in motion is 
the same with the percussion of a fluid moving with the same velocity 
against the body at rest. 

44G. Scholium . — Although this reasoning may be very satisfactory, 
it appears, from experiment, that the resistance is less than the per- 
cussion in the proportion of 5 to (j. This arises, no doubt, from the 
action of the fluid on the posterior part of the body moving through it, 
by which the resistance is in some degree counteracted. 

We have, in the previous propositions, supposed that the resistance 
arises only from the inertia, of the particles. There is, however, a re- 
sistance arising from the cohesion of these particles which must be pro- 
portional to the quantity of that cohesion overcome in a given time, that 
is, to the velocity simpl)\ This resistance is only perceived in slow 
motions, and is small compared to the other resistance, except in fluids 
of much viscidity. 

447. Prop. IX. — If a plane m obliquely in a resisting medium , 
with a uniform velocity, the effective distance to the plane in the direc- 
tion of the motion is as sin* 9 ; 0 being the inclination of the plane to the 
direction in which it moves . 


Let AB be the plane moving in the me- 
dium PQ , in the direction MN; let Ma re- 
present the force with which the plane strikes 
against any particle of the fluid ; resolve 
^ this into the two forces Mb, Me; the one 
perpendicular and the other parallel to the 
plane. Then the force Me, acting in the 
direction of the plane, will have no effect in 




302 


HYDRODYNAMICS* 


retarding its motion ; but the force Mb will bo entirely effective, in a 
direction perpeudifiular to AB . Again, resolve the effective force^ Mb 
into the two forces Md, db ; the part Md only is effective in the direc- 
tion of the piano’s motion. The force db will tend to turn the plane 
about an axis, unless it be counteracted by some other force. Now, 

Mb = Ma cos a Mb = Ma sin 0, 

Md = Mb cos a Mb = Ma sin 2 0 ; 

therefore, the effective force of each particle — Ma sin 2 0. But the 
number of particles which oppose the plane’s motion is evidently pro- 
portional to AC or (o AB sin (3. Hence the whole force of resistance 
against the plane being as the number of particles multiplied by the 
force of each, is proportional to AJldiu 0 x Mu sin 2 0, or is proportional 
to sin 3 0, since AB and Ma are supposed to be constant. 

448. Cor. — If the letters A, v, L denote the same quantities as in 
art. 4 10, the effective resistance in the direction of the plane’s motion 

* = AkfV 1 sin 3 0. 

449. Puop. X. — The resistance on a semicircle ADD, moving in its 
own plane, in a direction perpendicular to the diameter AB, is two - 
thirds of the resistance on AB. 

Let Mm be an indefinitely small arc of the semi- 
circumference, which may ultimately be considered 
as an inclined plane. Let Ma represent the force 
with. which Mm strikes against any particle at M. 

The force Ma may be resolved, as in the last pro- 
position, into the two forces Mb, Me, of which Mb 
only is effective in a direction perpendicular to Mm. 

Again, the force Mb may be resolved into the two 
forces Md, db; of which db, being perpendicular to 
the direction of the plane’s motion, will have no effect in resisting it; 
and it will be counteracted by an opposite force in the arc DB. 
Hence Md is the only effective force in the direction of the plane’s 
motion. Now, # 

Ma : Md :: Ma m : Ma x Md :: Md 3, ; MU 1 

: : CilP : PM 2 : : AC . CB : AP . PB; 

and if ANDB be a parabola, described with the axis DC, vertex D , 
and double ordinate AB , 

AC . CB : AP . PB : : CD : PN. 

Hence, whole force of a particle at M : effective force CD : PN. 

Also, since the number of particles which impinge upon Mm is pro- 
portional to Pp, we have 

resistance on Pp : effective resistance on Mm : : CD x Pp : PNxPp ; 
whole resistance on AB : effective resistance on ADB 

: : sum of all (CD , Pp) : sum of all (PN. Pp). 
vBut the sum of all the rectangles PN x Pp, is equal to the parabolic* 
area ANDB (Con. Sec. art. 220), and the sum of all the rectangles 
CD X Pp, ii evidently the rectangle CD x AB . And since the 
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area of the parabola ANDB is § of the circumscribing parallelogram • 
CD x AB % ' the effective resistance of the fluid* on the semicircle 
AMDB is equal to % of the resistance on the diameter AB . 

450, Cor. — If the semicircle be supposed to revolve round CD as an 
axis, it will generate a hemisphere, the rectangle AB X CD will generate 
a cylinder, and the parabola ANDB a paraboloid. And as the content 
of the paraboloid is half that of the circumscribing cylinder, the resist- 
ance on the hemisphere is half the resistance on the cylinder, or half 
that on the great circle AJi . 

MISCELLANEOUS QUESTIONS IN IIYDKOSTATICS. 

1. Required the pressure of sea- water on the cork in an criiply bottle, 
supposing that its diameter is £ of an inch, and that it is sunk to the 

► depth of 600 feet. Ans, 134 lbs. 

2. A sluice-gate 10 feet square is placed vertically in water, the upper 
side coinciding with the surface of the fluid ; required the pressures on the 
upper and lower halves of the gate. Ans. 7812*5 and 23437*5 lbs. 

3. Required the pressures on the two triangles formed by drawing 

one of the diagonals. Ans. 10417 and 20833 lbs. 

4. A given rectangle is immersed vertically in a fluid, with one side 
coinciding with the surface ; to draw from one of the angles to the base 
a straight line, so that the pressures on the two parts into which the 
rectangle is divided may he as m : n. 

5. The concave surface of a cylinder filled with fluid is divided into 
3 annuli, in such a manner that the pressure on each annulus is equal to 
the pressure on the base. Given the radius of the cylinder to find its 
height, and also the breadth of each annulus. 

6. To find the thickness of an upright wall, necessary to support a 

body of water; the water being 10 feet deep, and the wall 12 feet high; 
also, the specific gravity of the wall to that of the water being as 11 
to 7. Ans. 4*204 feet. 

7. The weight of. a body in air is J00 grains, and its weight in water 
is 800 grains; find its true v^Sight, or its weight in a vacuum. 

8. A cubical iceberg is 100 feet above the level of the sea, its sides 
being vortical. Required its dimensions. 

.9. Mow deep will a globe of oak unk in water, the diameter being 
1 foot ? Ans. 10*089 inches. 

10. Required the greatest weight 1 ich a small cylindrical pontoon, 

with conical ends, will cany; the Rugth of the cylinder being 12 feet 
and its diameter 1 ft. 7 in^ also, the height of each cone being 1 ft. 7 in., 
and the weight of the portion 1 12 lbs. Ans. 1494*6 lbs. 

11. A piece of lead is dropped into the sea, and, after 5 seconds, it is 
observed to strike the bottom ; required the depth of the water. 

12. With what velocity will water issue out of a small orifice 20 feet 
below the surface of the fluid into another vessel iu which \ of the air 

‘has been exhausted? Ans. 44-j- feet* 

13* In a large vessel 10 feet high, kept constantly full of water, 9 
small circular holes, each ^ of an inch diameter, are made at every foot 
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of the depth ; to determine the several distances to which they will 
spout on the horizontal plane of the base, and the quantity of water dis- 
charged by them all in 10 minutes, taking into consideration the vena 
contracta. Ans. Water discharged = 78*35 imp. gallons. 

14. If a spherical balloon of copper of Tffo of an inch thick, have 
its cavity of 100 feet diameter, and be filled with hydrogen gas, whose 
specific gravity is . tV of that of common air ; how high will it rise in 
the atmosphere, the weight of the car, &c., below it, being 500 lbs. ? 

Ans. 14123 feet. 

15. What must be the form of a clepsydra, that the water may descend 
through equal depths in equal portions of time ? 

16. If a diving-bell of the form of a cone be let down into the sea to 
the depths of 10 and 20 fathoms ; to find the heights to which t^e water 
will rise within it, its axis and the diameter of its base being each 10 feet, 
and the barometer standing at 30 inches. Ans. 2*844 and 3*947 feet. 

17. Supposing equal lengths of two fluids, whose specific gravities arc 
as 2 : 1, to be poured into a circular tube; prove that, if ,v be the 
length of the tube from the surface of the heavier fluid to the lowest 
point in the tube, and a the length of each’ portion of fluid, then 

2 — cos a — cos 2 a 

tan x = : : — ■ — . 

sin a + sin 2 a 

J8. Hicro, king of Syracuse, having employed a goldsmith to make 
him a crown containing 63 ounces of gold, suspected that silver had 
been mixed with the gold ; and Archimedes being appointed to examine 
it, he found that the crown raised the water in a vessel 8*2246 cubic 
inches; and that an inch of gold weighed 10*36 ounces, and an inch 
of silver 5*85 ounces. It is required to find how much gold had been 
changed for silver. Ans. 28-8 ounces. 

19. How long will it take a cork to rise from the bottom of the sea, 

100 feet deep, to the surface? Ans. 1*37 seconds. 

20. A hollow cone, whose vertical angle is 2a, is filled with water, and 
is placed with its base downwards ; to determine the distance from the 
vertex where a small orifice must be mad^in its side so that the issuing 
fluid may just strike the bottom of the cone. 


Table of Specific Gravities . 

Thermometer 60° Fahrenheit. Barometer 30 inches. 

A cubic inch of water, at the temperature of 60S, weighs 252*508 grains in air, and 
252*818 grains in a vacuum. A cubic inch of air weighs *3101 grains. 


Metals, 


Platinum, purified 19*500 

> 5 hammered 20*'337 

—— wire 21*042 

Pure gold, cast 1 9*258 


— hammered. . . . 19*362 
Gold, 22 carats fine of the 
' standard of London, cast 1 7*486 


Mercury 13*568 

Lead, cast 1 1*352 

Pure silver, cast 10*474 

— , hammered ... 10*5 1 1 

Bismuth, cast 9*823 

Copper, cast 8*788 

Cobalt, cast •. 7*8rJ 

Nickel, cast 7*807 

Iron, cast 7*207 
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Bar iron . * 7*788 

Steel, hard 7*810 

, soft 7*833 

Tin, cast 7*201 

Zinc, cast 7*191 

Antimony, cast 0*702 

Arsenic, cast 5*703 

Mineral Productions . 

Ponderous spar 4*430 

Jargon of Ceylon 4*410 

Oriental ruby 4*283 

Oriental sapphire 3*994 

jQjiental topaz 4 011 

Oriental beryl 3*549 

Diamoud 3*501 to 3*531 

Fluor, red 3*191 

White Parian marble 2*838 

Green marble 2*742 

White marble of Carrara . . 2*724 

Crysolith 2*782 

Peruvian emerald 2*775 

Red porphyry 2*705 

Jasper 2*601 to 2*761 

Red Egyptian granite .... 2*654 

Pare rock crystal 2*653 

Amorphous quartz 2*647 

Agate onyx 2*637 

Purbeck stone 2*601 

White flint 2*594 

Oriental agate 2*590 

Portland stone 2*580 

Plumbago 1*860 

Newcastle coal 1*270 

Staffordshire coal 1*2^0 

Pumice stone *914 


Flint glass 3*329 

White glass 2*892 

Green glass 2*642 

Alabaster 2*000 

Brick 2 000 


The preceding Table of Specif 
extracted from Dr. Young’s Natural 


Gunpowder, about *937 

Ice, probably *930 

Woods* 

Lignum vitae * 1*333 

Box, Dutch 1*328 

*, French *912 

Heart of oak (60 years old) 1*170 

Dry oak *932 

Mahogany 1*063 

Beech *852 

Fir, white *569 

Poplar *383 

Cork *240 

Liquids. 

Sulphuric acid 1*841 

Nitric acid 1*217 

Water from the Dead Sea 1*210 

Human blood 1*053 

Cow’s milk .... I 1*032 

Malmsey Madeira 1*038 

Cider 1*018 

Seawater 1*026 

Water at 60° 1*000 

Bourdeaux wine *994 

Burgundy wine *991 

Olive oil *915 

Pure alcohol *792 

Muriatic ether *730 

Naphtha *708 

Gases . 

Atmospheric air 1*000 

Compared with water *001225 

Oxygen 1*111 

Chiorinc 2*500 

Hydrogen 0*069 

Nitrous oxide 1*524 

Ca« »r.nic acid 1*527 

Coal gas *450 to *650 


ic Gravities has been principally 
Philosophy. 


Note . — Since a cubic foot of pure water, at the temperature of 60°, 
weighs 998*559, or nearly 1000 ounces avoirdupois, in a\acuum ; if the 
decimal point be removed from the numbers in this table, the number 
opposite to each substance will nearly represent the weight of a cubic 
foot in ounces. 


VOL. II, 


X 



306 


THE 

DIFFERENTIAL AND INTEGRAL CALCULUS. 


PART I.— THE DIFFERENTIAL CALCULUS. 


CHAP. I.— DEFINITIONS AND PRINCIPLES. 

1. In Algebra all quantities are supposed to be fixed and determinate 
in magnitude ; but, in the Differential and Integral Calculus , quantity is 
conceived to pass through different slates of magnitude, and it is the 
object of this branch of analysis to investigate the corresponding changes 
which take place in quantities dependent on each other. 

2. Constant quantities are those which have always the same magni- 
tude, such as the radius of a circle, the parameter of a parabola, Ac. ; 
and variable quantities are those which may he supposed to change 
their value, such as the sine and tangent of a circular arc, the abscissa 
and ordinate of a curve, &c. 

Constant quantities are usually denoted by the first letters of the 
alphabet, a, b , c, e,f &c. ; and variable quantities by the last letters, 
«r, y, z, v , u, &c. 

3. Any expression of calculation containing constant and variables 
quantities is called a function of the variable quantities; thus, if 

y = a<v 2 + b, y = a x , y = log (cut* + c ) , 

y is said to be a function of When the variable quantities are not 
separated from each other, as in the equation- aa^ + bay -f cy 1 = 0, 
since the value of y depends on that of x, y is still said to be a 
function of a* ; aud the quantity may also be considered a function 
of y* 

4. If a variable quantity be supposed to change its value, a correspond- 
ing change will take place in the value of any function of that quantity. 
We will examine the nature of this change that takes place In the dif- 
ferent functions which have been considered in the previous parts of 
this work. 

5. Let us first suppose that # denoting any variable quantity, u is 
equal to any power of that quantity, such as # 4 . Then w being sup- 
posed to be increased by an indefinite quantity h , and to become a* + h 9 
the function .r 4 will become (a* + h ) 4 , or 

,r 4 + 4a ,8 A + 6«r 2 A 3 + 4«r/i 8 + A 4 . 
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If we compare the now value of this function with its former value, WO 
perceive that the first term is the original value of the function, and, 
therefore, the remaining part 

Ax 2 h 6# 2 h 2 4 - 4 «rA 3 4- 

is the increment which the function has received in consequence of the 
change in the value of the variable quantity x. It also appears that tho 
first term of the increment is the indefinite quantity A, multiplied by 
4.r\ a function of the variable quantity x ; the second term of the incre- 
ment is h 2 , multiplied by the function G«r 2 ; and so on, 

6. Suppose, now, that u represents any power whatever x* of the v.\ri-a 
able quantity x. Then x becoming x 4- A, x n will become ( x 4* A)* , 
and (Alg. art, .388) this binomial expanded into a series is 


d v n 4 - nx 1l -'h + 


."±rD.^v + , ±. 




where it appears that the first term of the series is the original function 
x n , and the following terms are the first, second, and higher powers of 
h 9 each multiplied by a new function of x that is independent of A. Let 

us denote the functions nx n ~~ l , — ^ &c , hyp, q 9 & c., respec- 

tively. Then, according to this notation, when x becomes x + 
x n changes its value and becomes 

x n 4- ph + qh 2 4- rA 3 4- &c. 

7. We will now take a function of the form 

Ax* 4“ ftx& 4 - Cx"* 4“ &c.j 

which is called a rational and integral function of x; A 9 B, C, &c., a, ft 
y, &c. being supposed to denote constant quantities. And, to be more 
distinct, wc will suppose the function to consist only of two of these 
terms Ax* + Bafi . Then, x being supposed to become x 4 * A, we 
have already seen that x* is changed into the form 

x a 4“ ph 4" (jh 2 4~ ?'A 3 + &c. 

And a 1 ^ is also changed into a similar form, 

«|P 4 - p’h 4 “ yVi* + rVi* 4 - &c., 

where p , y, &c., p\ y', &c. denote functions of x independent of A. And, 
therefore, the function Ax* -f BoP becomes 

Ax* 4- 4* + Bp f ) + (dq + Bq f ) h 2 4- &c., 

and since p, p 1 are functions of .r, Ap . Bp ' is a function of x which 
we may denote by ft; and, for the same reason, Aq 4- Bq\ Ar 4 - Br\ 
&c. are functions of x 9 and may be denoted by Q , R , &c. ; thus the ex- 
pression, for the new value of Ax* 4 * BxP is 

Ax* 4 - BxP 4 - Ph + Qh 2 4 - Rh z 4- &c , 

in which expression the first part Ax * 4 * Bx& is the original value of 
the function, and the other is a series, the terms of which are the suc- 
cessive powers of A, each multiplied by a function of the variable 
Quantity x. 

Ilcncc, if u denote any rational and integral function of x 9 and x be 
conceived to change its magnitude and become x + h\ then, if u' de- 
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note the new value which the function u acquires, in consequence of the 
change in the valye of x 9 we shall have 

vi = u 4 ph 4 qP 4- rP 4 &c., 

where p 9 q 9 r, &c. denote certain functions of x independent of the in- 
crement k. 

8, Let us next suppose the function u to be of the form 
{Ax 0 - + 4 Cxy -f- &c.) w , 

the polynomial within the brackets consisting of any number of terms 
whatever. Put this polynomial = v ; we have then u = v n . Now, 
from the last article, it appears that, when x becomes x 4 h 9 v becomes 

v 4 ph 4 qP 4- rP 4 &c., 

which may be put =04 A/Zt, by substituting M for ]) 4 qh 4 r P 4* &c. 
Hence v n will become (/; 4 Mh ) n ; and this expression, when expanded •« 
into a scries by the binomial theorem, is equal to 

V n + nv n - 1 J\fh 4 ±n( n — 1) v n-1 M 2 P 4 &C. 

ff, now, we substitute for A/, A/ 2 , &c., their values in the preceding 
expression, we shall evidently obtain a series of the form 

v n 4 Ph 4 Qh 2 4 BP 4 &c., 

where P , Q, &c. denote functions of x independent of h . Hence, if u ' 
be the now value of u , when x becomes x 4 h> we have 

v! =. u 4 Ph 4 QP 4 BP 4 &c., 
a series of the same nature as before. 

1 ). Let us now suppose u equal to the fractional function 
Ax 0 - 4 fit# 4 Cxy 4 &c. 

A'x*' 4 BUP 4 C'xy' 4 &c.’ 

where A . A\ B 9 li\ &c.; also a, a', ft, ft' 9 &c. denote constant quantities. 
Put v for the numerator of the fraction and to for its denominator, then 
v 

this function is — or vw ~“ 1 . Now, when x becomes x 4 h 9 vw ~ l 
to 

becomes (art. 8 ) 

(w 4 ph 4 qP 4- &c.) (w ~ 1 4 p } h 4 q f P 4 &c.), 
and the product of these two factors, by actual multiplication, is 
vw — 1 4 ( vp ' 4 io~ l p) h 4 (vq 4 pp* 4 w— x q) P 4 &c. 

Now, here, as before, it appears that the coefficients of h 9 P, &c. are 
functions of x ; therefore, denoting these functions by P 9 Q, R 9 &c., and 

t) 

observing that vw ~ 1 is — or u 9 we have, in putting u' for the value 
0 w 

which u acquires when x becomes x h 9 

v! — u 4 Ph 4 QP 4 BP 4 &c., 
a series exactly similar to those which we have found for the other 
functions of x • 

t 

10 . We will now consider the exponential function u -= <**,111 which 
the exponent is the variable quantity x. 
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When x becomes x + h, the function «■* becomes a* + * = a* a h \ and 
(Alg. art. 395), 


«* = l+Ah + A* + 


A* 

1.2.3 


A s + &c., 


where A = (o — 1) — |(« — 1)* + ^(a — l) 3 — &c. Hence 

a x+h z=: a x + Aa x h + - A 2 + &c. ; 

1 ■ 2 


therefore, putting ?$' for a* +A , the new value of «, we have 
u 1 = w + }yh -f- yA 3 -f- rA 3 -f- &c., 
which is a scries of the same form as the others. 


11. Lfet us next take the logarithmic function u = log #. When # 
w becomes # + A, the function log x will become 

l°g(<*' + h) - log|.r(l + -^) } = log .1' + log (l + -jj 

= lo " - r + ;/(t - S5 + S3 - &c - ) <■ A1 «- art - 400 > ; 

so that, putting w' for the value that w acquires when x becomes x + A, 
u' = u + pit + qlP + rA 3 + &c., 
a series of the same form as the others. 


12, Wo will now suppose n to be equal to the circular function sin x; 
then x becoming x + A, sin x will become 

sin (# + A) = sin x cos h + cos x sin h ; and (Trig. art. 85) 

A* , K q . j> j A 8 
c°s /, = i - — + 172^4 - &<=•> ■*» = nrn + * c - ; 

therefore, substituting these values in the equation above, 

cos a 

h* — . 

2 


, , . cos# f sin x y „ 

sin (# + A) = sm x H - — h — - — - Jr — 


1 


1 


1-2.3 


A 3 + 8cc. 


Hence, if u f be put for sin (# -f- A), the new value of u, we obtain 
i*' =s u -f* ph + #A 3 + rA 3 + &c„ 

a series, in all respects, analogous to those already found for the other 
functions of #. 


13. Lastly, suppose u = cos#, the 

u r =s cos (# + A) = cos # cos A — sin # sin A 


sm # , cos 

= — ‘“TTa 


P + 


sin# 

1 .2.3 


A 3 + &c . ; 


. • . t*' = u -f ph + qbP + rA 3 -f &c., 
a series of the same form as the others. 

14. From a due consideration of all that has been said, we may con- 
clude, generally, That if u denote any Junction oJ'x> and x + h be sub- 
stituted for x in this junction , then u', the new value of u, may always be 
expressed thus , 
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u' ea U -f ph + qh* + rh s + &c., 
takers p, q, r, &c. denote Junctions ofx entirely independent of h. 

15. Having examined the general form that any function of a variable 
quantity «r acquires by the subslitution of x -f h for x , and having found 
it to be a series, the first term of which is always the function itself, it is 
evident that the remaining terms, ph + tjh 2 -f rfp + &c. will express 
the increment which the function receives in consequence of this sub- 
stitution. And, since 


u* — u = ph + <]W + rh? 4- 

this increment is called the difference of u, being the difference between 
two succeeding values of u. The first term ph of this difference is called 
the differential of u, and it is denoted by du, where the letter d is not 
to be considered as a coefficient, but as a symbol of operation. The 
coefficient p is called the differential coefficient of the function ti. 00 

Id. Since du = ph, the first term of the difference of «, wo have dx, 
by the same notation, equal to the first term of the difference of x. lint 
x' — x = A, therefore, the difference and the differential of a simple 
variable x signify the same thing, namely //. lienee we have dr = Ji ; 
substituting, therefore, dx for h in the equation du — ph, in order to 
preserve a uniformity of notation, and also to indicate more distinctly the 
variable quantity on which the function u depends, we have 


du = pdr, and 


1 > 


du 

dx' 


17. If we divide the difference of u by (he difference of <r, we have 
h - = p + qh + r/i 1 + &c. ; 

yf — U 

and when h is diminished indefinitely, the ratio of the increments — - — 

will continually approach towards p as its limit. Many writers, there- 
fore, on this subject, define the differential coefficient to be the limiting 
ratio of the increments , that is, a quantity to which the ratio may ap- 
proach nearer than by any assignable difference, but to which it can 
never be considered as becoming absolutely equal. 


18. This branch of analysis naturally divides itself into two parts s 
Having given u any Junction oj' x, to determine p the coefficient trf h in 
the second term oj' the expansion ; and the other is the comerse of this : 
Having given p, the coefficient of h in the second term of the expansion, 
to find the value of u, the function from which it was derived \ The first 
Df these is called the differential calculus , and the second the integral 
calculus . 


Scholium. 

19. In the investigation of many of the properties of the circle and 
Dther curve lines, the a.ndent Geometers were often obliged to havy 
recourse to indirect demonstrations, and to prove their propositions from 
the consideration of limits. Thus, since a curve maybe conceived to be 
the limit between all inscribed and circumscribed polygons, they inferred 
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that whatever was proved to be generally true of 'the po ygotis must also be 
true of the curve. But not satisfied with an inference drawn from these 
principles, they endeavoured in all cases to show tha't any supposition 
to the contrary was necessarily absurd. The demonstration of proposi- 
tions 87, 89, &t\, in the Geometry, will give the student a correct idea 
of this method of proof, 

20. About fifty years before the time of Newton, Cavalieri pub- 
lished his work on (ieomciria Indivisibilibus, Arc.; in which he supposed 
all quantity to be composed of an infinite number of small indivisible 
elements. Thus, lines were supposed to be made up of an infinite 
number of points, surfaces of an infinite number of lines, and solids of 
an infinite number of piano surfaces. We have given an example of 
this method in the 132nd proposition in the Geometry, and wo have 
shown ifi the scholium that, however easy and concise this theory may 

«bc in practice, it is altogether defective in logical accuracy. 

21. Geometry was nearly in this state when Sir I. Newton invented his 
method of Fluxions.* According to his view, all quantity is considered as 
generated by motion ; a line by the motion of a point ; a surface by the 
motion of a line ; and a solid by the motion of a surface. The quantity 
thus generated he called the fluent or flowing quantity ; and the velocity 
with which the flowing quantity increased or decreased at any point of 
lime is called the Jliuvion of the quantity at that instant. Having 
adopted the theory of morion for the foundation of the doctrine of 
fluxions, he then proceeds to prove that the ratio of the fluxions is the 
same as the limiting ratio of the increments 

generated in the same time. Thus, if wc , , , 

suppose the line to represent any flowing a m n 

quantity <r ; anil the line AM to represent u, 

any function of x ; then, if wc take mn = h, A- L., — 

the increment of t r, and MN = the corrc- ^ ^ ^ 

sponding increment of it, it appears, from 
what we have shown in art. 15, that 

mn : MN : : k : jjh -f (pi 2 + rh* + &c. 

Sill p “h (pi -f- v/t 2 -j- Arc. 

If, now r , wo suppose the line am to be described with a uniform velocity v , 
and the line AM with a variable motion, the line il/iVwill not represent 
the \elocity at M , but will be too great if the motion was accelerated, 
and too little if the motion was retarded. Suppose the motion to be 
continually accelerated, and let V bo the velocity at M 9 and V + to the 
velocity at N, then it is evident that 

V . MN , V 4- w , \MN 
— is < , and is > * . 

v mn v mn 


* In speaking of tlic preceding methods he soys, in the scholium to the Lemma 
in his Principia, “ JPrscmisi, vero hrnc lemmata, ut eflugerem t tedium dcducend 
perplexas demonstratiofles, more veterum gcoinetraruni, ad absurdum. Contractiore 
enim redduntur deraonstrationes per methodum iudivisibiiium. Sed quouiam dur 
test, indivisibiliura hypothesis et propterea minus geometrica censetur; malui 
monstrationes rcrum sequentium ad ultimas quautitatum evanescentium suinma 
ct rationes, primas que nascentium id est, ad limitea summarum et rationum 
deducere . . . 99 
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Now, if we conceive the corresponding increments mn and MN to be 
continually diminished, the augmentation of velocity w from M to N 
will also be continually diminished, and will at length become less than 
any assignable quantity, but v and V remain constant. Hence it is 

MN V 

evident that the ratio being always between the values of — and 

mn v 


V tv . V 

— - — must ultimately be equal to — . 


But — = p + qh + r/i s 
mn 


+ &c., and when h is diminished indefinitely, this is ultimately equal 

y ^ ^ 

to p. It follows, therefore, that — = limit of the ratio — ; — = p . 

v h 1 

This was the method adopted by Sir. I. Newton ; and it is clear, from 
this statement, that the doctrine of fluxions is founded on the theory of 
limits, and that the theory of motion can only bo considered as an illus- 
tration of the subject. It is the opinion, therefore, of many mathema-^ 
ticians, that the consideration of motion was introduced into the subject 
unnecessarily; and several succeeding writers, such as D’Alembert, 
Euler, Ac., have established the theory upon the principles of limiting 
ratios alone, independently of all ideas of time and velocity, both of which 
seem foreign to investigations relating to abstract quantity. 


22. Nearly about the same time that Newton invented the method of 
fluxions, Leibnitz published his short tract on the differential calculus, 
in the first volume of the Acta Eruditovnm. According to his method, 
every quantity such as a is composed of an infinite number of infinitely 
small quantities, which he called differentials. Tile true value of each 
of these is evidently^// -f q/r -f r)i h -f Arc. ; but as h is supposed to be 
infinitely small, r/Ji z is infinitely smaller than ph , r/t 3 infinitely smaller 
than qhf and so on. Hence (jii 1 + rli A + Ac., is infinitely smaller than 
ph, and therefore may be neglected without sensible error. This 
method of reasoning is now generally considered to be unsatisfactory ; 
and there always remains a latent feeling with the student that it is 
merely a convenient method of approximation. 

23. Since it appears, from what has been stated, that tho ratio of the 

fluxions, or the limiting ratio of t hr increments , nr the ratio of the infi- 
nitely small differences of x and n any function of x, is no other than p> 
the coefficient of h , when x -f* h is substituted for x in the function u, 
Lagrange conceived the idea of defining the differential of a quantity to 
be the first term ph of the entire difference ph -f- + Ac. By this 

means the whole theory is reduced to the ordiuary principles of Algebra, 
and is independent of every consideration of limits, infinitely small dif- 
ferences, or evanescent quantities.* 

24. Before we conclude this scholium, we would say a few words on 
the algorithm or notation which lias been used to denote the process 
termed differentiation. Sir I. Newton employed different symbols at 
different times to denote the fluxions of variable quantities; but his 


* II est done plus natural et plus simple de considerer immediatement le deve- 
loppement des functions sans employer 1c circuit indtaplivsique dcs infinimenfc petits 
cm des limites ; et e’est ramener lc calcul ditferentiel a une origine purement algd- 
brique qtie le faire dependre uriiquement de ce d£veloppement . — Lagrange , Calcul 
des Fonctions . 
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successors generally expressed the fluxion of a quantity by placing a dot 
over it. Thus a — z e 

%h a x , 

are denoted by 

• • 

«, a* , 

and this was the notation universally adopted in this country, until a 
very few years ago. 

The method adopted by Leibnitz and his followers, was to place the 
letter d before a function to denote its differential. According to this 
notation, the differentials of the preceding functions will be denoted thus, 


i, tne nuxions or me quantities 
sin & 9 V^l + <yS ) 


(i +**)»’ 


sin ,r, f (V* 1 + d :l ), 


((l + **)») ’ 


du t d . n x , d . sin t r 9 d . 1 + & % ) 9 


d . 


1 

(1 + **)» ' 


In simple cases these two methods are perhaps equally clear and distinct, 
but in complicated calculations the notation of Leibnitz is far superior to 
the other. Thus, the » lh differential d n . (1 + x 2 ) m is both awkward 

and indistinct when expressed in the (luxional notation ^ (1 -J- ,v 2 ) m 

There are also several very elegant and important theorems in the cal- 
culus of finite differences and the calculus of variations, which can only 
be expressed in a notation where the symbol of operation may be re- 
moved from the quantity to which it is applied. On these accounts the 
fluxionary notation is now nearly abandoned in this country, and the 
notation of Leibnitz adopted in its place. 

Besides these two methods of denoting the differential of a function, 
Lacroix has given six others, which have been adopted by various 
writers ; but as they are very rarely used, it is not necessary to notice 
them further. 


CHAP. II.— DIFFERENTIATION OF FUNCTIONS 
OF ONE VARIABLE. 


25. Def. — The differential coeffr ent of u, any function of x, is the 
coefficient of h in the second term of the expansion of #, when x -f h is 
substituted for a?. And the differential of u is the differential coefficient 
multiplied by the differential of 

26 . Prop. I. — To find the differential of any power of x as x n , n being 
any constant quantity . 

Let us suppose u = and that u becomes w' when # + h is substi- 
tuted for «r, we have then (Alg. art. 387) 

»' = (<r + h) n = x n -f nx* 1 — 1 h + qh % + rh 8 + &c. 
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Hence, by the definition of the differential of a quantity (art. 25), 

dti * 

-r- = nx n ~ l the coefficient of h ; .*• du = nx n ~ l dx, 

dx 

To find the differential, therefore, of any power of a variable quan- 
tity, we have the following 

Rule . — Multiply the differential of the variable quantity itself by the 
index, and by a power of the quantity whose index is less by unity than 
the given index, the product will be the differential required, 

27 . Prop. II . — To find the differential of u =s Ax* + Bx^ . 

Substitute x + h for x and the function u becomes 
u f as A(x + h) a -f B(x + h)P 

s=s (Ax* 4* Aax*~ l h 4- qh 2 + &c *) + (J3xP + J3/3afl mml A+j , tP-£&c.') 

= it + (Acur*— 1 + + {q + q r ) h 2 4- &c. 

Hence, according to the definition (art. 25 ), 

— = Aa<r*~ l -\- J3[3x^ 1 ; du = Aax*~~ l dx 4- j Bf3x&~ l dx» 

dx 

The first term Aax*~ x dx is the differential of Ax*; and the second 
term Jifh’P— 1 dx is the differential of . 


28 . Prop. III . — To find the differential of u = c + v, c being a con- 
stant quantity and v an if Junction oj’x whose differential is known . 

When x becomes x 4- h y suppose v to become v f or v + ph 4 - qh 2 4 - 
&C.J and u to become u\ then 

v! = c + v' = c -f- v 4- ph 4* qW 4- &c., 
or, u r = u 4- ph 4- qh 2 4- &c. 


Hence 



But, according] to the definition of a differential, 


— = p, therefore, 
dx 


— = ; and du = d (c + v) = du , 

dx dx 

that is, the differential of any variable function is the same as the diffe- 
rential of the same function increased or diminished by any constant 
quantity. 

Cor.— The differential of a constant quantity = 0 ; for, as it under- 
goes no change, its increment = 0, and therefore its differential = 0* 


29 . Prop. IV. — To find the differential of 11 which is equal to the sum 
of v and w, two other Junctions oj * x, when the differentials of v and w 
are given . 

Suppose ?/, o', to' to be the new values of u, v, tv, when x becomes 
x 4- A ; then it appears, from art. 14 , that v r and to' are of the form 

v 1 = v + ph 4- qh 2 4- rh? + <fcc. 
tv* =3 w 4 - p 1 h + q'h 2 + r'A 3 + &c. ; 
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or, 

lienee 


tl ss t/ 4 - uf s= v 4 - w 4 - (p + p f ) h + (q + q 1 ) A* + &c, 
«' ss u + (p + p') h + (g + g') h 2 + &c, 

dw 


du , , „ . 

— - = jo 4 - /)'. 13ut o = 

U(P 




and // 


r/*r 


(art. 25) ; 


rfo dv dw 

d.v dx d,v 9 


and du = dv + dw , 


.30. Cor , — In the same manner, if u =s av + hiv 4* cy + &c., where 
a 9 h, a, <Xrc. are constant quantities, and v, to, y, &c. are functions of 
jc, it may easily be shown, by reasoning as above, that 

da = adv + bdw + cdy + &c. 


31. Prop. V. — To find the differential of u = vw, where v and w arc 
functions of x ; supposing the differentials of v rrwr/ w to be given. 

Let ,v change its value and become x 4- h } and let the corresponding 
values of v and tv be ?/= v 4- ph + qld 4- <Src. ; id = w+p'h + q'h 2 + &c. » 

/. n r = = (w 4- p/i -f qli 1 4- &c.) ( w 4- p'h 4- q f h 2 4- &c.) 

= viv 4- (vp r trp) h 4- (vt/ 4- wq 4- pp r ) h 2 4- &c. 

= « 4~ ( l p r “b * f v0^*4* “b 

„ du , __ , f/m , dv 

Hence ~ = tyr 4- wp t But (art. 25) y ss — , and p =c — , 


du dw dv 

s='s + "s i 


and = vdw 4 - «Wu. 


— To find the differential of the product of any two functions, 
multiply the differential of each function by the other function, and tho 
sum of these products is the differential required. 

.32. Cor . — If we divide tho differential equation du = wdv 4* vdw by 
the corresponding terms of t lie equation n = vw, we obtain the diffe- 
rential in this form,' 


du 

u 




(h 

v 


dw 


w 


33. Prop. VI. — To find the differential of the product (f three func- 
tions of x, or of u — stv. 

. t,i, . . du dv dw 

Put st ss w , then « =s vw , and, by tho last article, — = 4 . 

u v to 

But because to = st, wo have also — = — + ~ . Hence, there-* 

wet 

fore, we obtain 

du ds dt dv 

« t ~~ 8 7 " V 

And, multiplying by the corresponding terms of the equation u =s stv, 
du = tvds 4* svdt 4- stdv. 
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34. Cor *—. In like manner, to find the differential of the product of 
any number of functions 8 , t 9 v, w 9 &c., we obtain, by reasoning in the 
same manner as in the last article, 


du 

u 



dv dw 



4 - • • • • 


and, if we multiply by the corresponding terms of the equation 
n s= stvvo ... we shall have this 

Rule . — The differential of the product of any number of functions is 
equal to the sum of the products of the differential of each function 
multiplied by all the other functions. 


v 

35. Prop. VII. — To find the differential of the fraction — , thedjffe - 

w 

rentials of v and w being given . 
v 

Put u = — , then v = uiv , and (art. 31) dv = wdu 4 - udw; there- 
to 

fore du = — — , and substituting — for u 

to to* iv 

j _ dv vdiv __ wdv — 

/e w l w 2 

Hence, to find the differential of a fraction, we have the following 
/?«//<?. — Multiply the differential of the numerator by the denominator, 
and from the product subtract the differential of the denominator mul- 
tiplied by the numerator; the remainder, divided by the square of the 
denominator, will be the differential required. 


36. Prop. VIII. — To find the differential of u a function of v, v itself 
being a function of the independent variable x. 

Let x change its value and become x -f- h 9 and let the corresponding 
value of v be 

v' = v + ph 4- qh 2 -f- &c. 

Put ph + gh* + &c. = k , and when v becomes v 4- k 9 suppose u 
to become 

= m -f Ph -f* -f- &c. 

Substituting for k its value ph 4- qh 2 -f- &c., wo obtain 

u* = u -b Pph + (Pq + (gp 2 ) h 2 + &c. 

Hence, according to the definition (art. 25), Pp is the differential coeffi- 
cient of ft, considered as a function of x 9 or Pp = — ; but P is the 

dt v 

differential coefficient of u 9 considered as a function of v 9 therefore 
du dv 

P ss also p = — ; we have, therefore, 
dv dx 


du 

dx 


du dv , 

— = ~r t » and du — 
dv dx 


du dv 
dv dx 


dx . 


lienee, to differentiate u f a function of v f v being a function of x 9 we 
jiave this 
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Multiply the differential coefficient of w, considered as a func- 
of v, by the differential of v, considered as a function, of x, tho product 
will be the differential required. 

We will now proceed to apply the preceding rules to some particu- 
lar examples. 

Ex. 1. 
c 

Let u = a •+■ b . To find the differential of u . 

x 

Taking the differential of each term separately (art 29), the differen- 
tial of a = 0, because a is constant (art. 28). 

The differential of b a/x =zd . bxi = \lxfc~ x civ = —y- ( art * 26). 

2 <y tl* 

c cdx 

» The differential of =d ( — ex * 1 ) = cx~ 2 dx = — — „ 

x <v* 

__ , _ bdx cdx 

Hence we have du — H — • 

2 */ x x- 


Ex. 2. 

Let u - a + , r */j, + ,r> * _ 

If we put this function into the form 

u = a + — c<r~i + ex '- 2 , 

the application of the preceding rules will give us 

9 

du = — (/a* + 3<7c?’~a cfo* — 2ex~~ 3 

which becomes, by reduction, 

2 bdx t 4 cdx 2edx 

— . — 


du = — 




3«H 


3. 

Let « = («•}• bx m ) n . 

We may bring this form under the preceding rules by putting 
a -f b& m = v, we then have 

w = v n and da = wr; w — 1 dv. 

Hut v = a bx m , therefore dv — mox ,n ~~ l dx and v n ~ l = (a -f )*—' ; 
substituting these values in the equate i du = tw Ummml e/v, we obtain 

du = mnb (a + 0x M ) n '~ l x m - 1 dx\ 

Ex. 4. 

Let et = + a** 2 ). 

By proceeding as in the last example, and putting v = a + bx + cx? t , 

l—i dv dv 

we have u = >v/v = vi > therefore du == jW L dv = ~~ = 




2a/v 


Again, since t> = a + -f ca?, we find dy = bdx + 2cxdx ; and 
substituting for dv and */v in the value of du, wo obtain 
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du 


bdx + 2 cxdx 
2 a /( o , + bx + cx % ) * 

Ex. 5 • 


Let u =z x (a 2 + x 2 ) \/ a 2 — «r 2 . 

Here n is the product of three factors, x 9 a 2 + x 2 , and a 2 — x% and 
therefore its differential will be found by art. 3 i. Now, 
d ( a 2 4- **) — d . x 2 = 2xdx ; 

i 5 d(a 2 — x 2 ) —xdx 

also, « v a- — ,sr = — =5= — •• — • 

2y a 2 — <r 2 V a 2 — «r 2 

Hence, multiplying the differential of each factor by the product of the 
other two factors, ami taking the sum of all these products, we obtain 

du = (o® + **) vV - ** </.t’ + rf* - -- - -- - *** — , ‘ 

/ a 2 — <r 2 

or, reducing all the terms to a common denominator, 

(« 4 + a 2 x 2 - 4x')dx 


du = 


V a* 


Let « = 


X/ (a 2 + x 2 ) 


Ex. 6. 


V(u — x) 

Put v = %/ (a 2 + x 2 ) = (a 2 + , 

and to = a/(« — x) =(a — x)* , we have then 


v wdv — vdiv 

u = — and era = 5 , 

w wr 


But efo = d . (a 2 + x 2 )$ = J X 2crtAr x (a 3 + x 2 ) $ = 
A Iso, dta = d . (a — !?•)* = 


2xdx 


3 (a 2 + x 2 )i * 


2(« — x)i 

2 xdx (a — .?')* dx (a 2 4- x 2 )i 

wdv — vdtu = : — 4- — 

3 (a 2 4* **)» 2 

_ 4^c?a» (a — *) 4- 3f/.r (a 2 4- ^ 2 ) 

(i (a — (a 2 4- 

__ (3a 2 4- 4 ax — j» 2 ) dip 
C(a — x)i ( a 2 +a 2 )f 

_ (3a 2 4- 4a# — x 1 ) dx 

da bs — ■ — . 

6 (a — #)tf (a 2 -f # 2 )£ 


Examples for Practice. 

1. Let « =3 a 4- bap 4- cx* t to find the differential ofw. 

2. Let (i s= a + b */x 4- c #x* 
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3. Let u = «r 3 (a 4 #)*• 

4. Let « = #(1 4 «*) (1 4 #*)• 

/I 

5. Let « = 
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{<* — «2 > ) 8 


0. Let » = 

7. Let u = 

8. Let w = 

9. Let w 
10. Let m = 


1 4«r * 

1 4 .r a 


1 - *xt 

cV 


1' 


(l + x) n 

0 + *Y 

(i - .»■)* ‘ 

,2’ 2 — t V -I- 1 
«r 2 4- .r + l 


Ans. die = 
Ans. (to = 
Ans. du = 


rf«r 


(1 4 *) 4 * 
A.vd.v 

TU‘ u ~ l dr 


(1 + *)“ +l 

0 4 .r) 2 

Ans. (to = — rj (7 4 &) dxm 

( 1 — x) 

2 dr Or 2 — 1 ) 


Ans. du 


1 1 . Let u = \/ a 4 »t' • 


Ans. <to = 


(** 4 •*’ 4 I)*" 
d.v 


2 V a+x 

(l — 3x) dx 


12. Let « = (1 + .v) /l — x. Ans. du = 

2 / 1 -.* 

13. Let u = -/(l/— <*’) a/(1 + <**)• 

, , - d.r (3j- 2 — 2.v + 1 ) 

Ans. du = — — — — — ■ — j-. 

dr 

(1 — .*>*)$ 
3x 2 dx 

dx 


14. Let « == 

15. Let » = 
10. Let u s= 

17. Let « = 

18. Let t* = 


V(1 -**) 

a? 3 

(i z >)V‘ 

*/(l 4 £) 
V'CI - *) * 
.r 2 

,/(a 4 4 *i’ 4 ) ‘ 

x 


Ans. du = 
Ans. (to sb 
Ans. (to = 


(1-*) V(1 -* 2 )' 

. _ 2 a*xdx 

Ans. du = . 

(a 4 4 

c/«r( 1 4 2j? 2 ) 

Ans. cto = • — ttt— — — 2*r(to . 
V(l4^) 


r 414^)-^ 

!9, Let « v(l +**) + * 


Ans. (to = 


— 2dx 


\ / 1 4 <*' 2 (V 1 -- # 2 4 

A , __ — rf«2* (to* 

^ VMWM ' s# *V0-**) y • 


_ „ . 414 ^) 441-0 

20. Let u ss 
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DIFFERENTIATION OF LOGARITHMIC FUNCTIONS. 


37. Prop. IX. — To find the differential of the function u = , 

a being considered constant and x variable . 

Let x become x + K and let %i be the new value that u acquires by 
the change in the magnitude of We have then 

u ' — u = a x+h — a 9 == a 1 a h — a 1 = a* (a h — 1). 

Now, if we substitute 1 + b for a in a h , and expand this by the bino- 

mial theorem, we obtain 

, > ,vi. , , , h — 1,_ , h — 1 h — 2 

a h = (1 + b) h = 1 + hb + h — — A* + h — — /> 3 + &f . 


= i + aa 


/ A* A \ ,, /A 1 A* A \ , 

+ (ir-¥) J ’ + (7r-2- + T) 4 


And, arranging this series by powers of A, we shall have a series of the 
form 


a A — 1 -f- 4" Bh? -f* Ch^ -j- &c. { 

where A = A — |A 2 4- JA 3 — 4- &c. 

= (« - 1) - K« - l) 2 + J(fl O’ ~i(« “ O 4 + 

and J5, C> &e. are also quantities composed of the powers of h, and con- 
sequently are independent of h. Hence 

u r = a x a h = a x (1 4- Ah 4- Bh 2 4- &c.) 

= a* 4- Aa*h + Jla'h 2 4* &c. 

= « 4- Aa x h 4- fit 1 4- At? 4- &c. 
du 

Hence — = Aa x , and du = A a 1 dt . 

OcT 


It appears, from Algebra, art. 399, that = Nap. log«: hence, 
therefore, we have the following 

Rule . — The differential of the exponential quantity a 1 is equal to the 
continued product of the given exponential, the differential of its expo- 
nent and the Naperian logarithm of the root. 

38. Cor . — If a = e } the base of the Naperian system of logarithms, 
then A = 1 ; theiefore d . c 1 = e l dr 


39. Prop. X. — To find the differential of u = logx. 

Let a be the base of the system in which u is equal to log x; then, 
from the nature of logarithms, we have r = a u (Alg. art. 391). Now, 
the differential of u is the same, whether we consider it as a function of 
sty or x aft a function of «.* In this latter case we have, 

* If vbe a function of x , and z a function of m, then ■— ( art * 3G ) * 

and if z = x, —■ = 1 = Hence it appears that u being a function of r, 

dx 41 

is the reciprocal of , x being considered as a function of u ; and, therefore, it 

^indifferent which of these quantities, a, u, betaken as the independent variable. 
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th' = Aa u du = Atfdv ; 


rftf = 


1 </.r 


The quantity — (Alg. art. 397) is the modulus of the system, and is 

equal to ^ . As Naperian logarithms frequently occur in 

Nap. lojj a in j 

analvtic il inquiiies, we shill always underst uid these logarithms to be 

meant in future, unless the conlriry be expressly mentioned; and we 

shall demote them simply by the abbreviation log a. 

Hence, to lind the deferential of the logarithm of a quantity, we have 

the follow ing 

Divide the differential of the quantity by the quantity itself, 
and multiply the quotient by the modulus of the system. 

10. Cor. — In the Nipeiiui system of logarithm**, the modulus = 1; 
therefore, the diffeiential of the N iperian logarithm of a qumtityis 
equal to the differential of the quiutity divided by the quantity itself. 

11. Prop. XI.— To jind the differential of w = y 1 , where y and i are 
functions of x. 

Taking* the logarithms of each member of the equation, we have 
log u = z log ij ; and then differentiating (arts. 31, 40) 


da , . d(t 

- - = dz log y + z — , 

U if 


du 


= a (d: logy + /j) = y*(ii3 logy + s^j 


y 


Hence we have the following 

Jlule. — The differential of an exponential quantity, in which both the 
root and index aie variable, i*. equil to the sum of the differentials 
obtained by considering each separately as variable and the other as 
constant. 


E (ample 9 for Pradiu*. 

1 . Let u = ii' n a x . Ans. du = 1 dr (.rlogcz + n) « 


2. Let u =. c 1 («r — 1). 

3. Let u = e l («r 3 — 2a’ -f 2). 

-* e T 

4. Let u = . Ans. du 

1 -f- <v 

5. Let u = log (a’ + vV* — l) . Ans. du = 

6. Let u = log 'Ll . Ans, du == 

7. Let u = log (a* — 1 — V l — a ;i ) • Ans. du = 


Ans. du = c x ,rdx . 

Ans. du = e x <v*dj ? . 

c* ad# 


0 + 


dx 


a/(a' 9 — 

0 

— da? 


,vV(l - 


_ d<v 
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8. Let u = 'og (v' 1 +a ?+\/ !—.*•*). Ans. du= 

2 dx 


9 . Let u = log 
10. Let u = log 


1 + # 

1 - .r ' 


Ans. tf# = 
Ans. du = 


1 - ** 
2dx 


vV+i)+l ' **/(*• + 1) 

„ , Jf+VXl-**) A , —2djr 

‘'■ u * = k *r4M' An '-* = (2?3TP(r=i3)' 


12. Let u = «r log «r. 

13. Let u s= ** log*?* — £.r 5 . 

14. Let « = .r 4 (log.?*) 3 — J«* 4 log«r + J^ 4 . 

15. Let a = c 1 log j*. 

16. Let w = c l0 «*. 


17. Let « = <v” c'ob* . 

— 1 

18. Let w = r . 

e l f 1 

r J — - 

10. Let u = log — — 

C *7“ 


1 

r 


Ans. du = 


2e*dx 

(>+ l) 2 * 


Ans. c/« = 


2e x dx 

e** — l * 


20. Let « = # 7 *. Ans. e/# = ?/ lz (~ dy +zdcv]ogi/ -f xdzlogyj , 


DIFFERENT IATION OF CIRCULAR FUNCTIONS. 

42. We have already (Trig. art. 85) expanded the functions sin x 
and cos «r in «’ series, b\ means of Demoivre’s formula ; but as we wish 
to find the differentials of circular functions independently of these 
series, we shall first demonstiate the following lemmas : — 

43. Prop. XII. — If sin h he expanded in a scries , it will he of the 
form Ah + BhP -h C’Iiy + whete the exponents (3, y, &c. are po^ 
sitive numbers greatir than 1. 

Suppose sin h to he of the foim Ah* + IMfi -f- &c. Now, it is 
manifest that none of the exponents «, /3, &c. can be negative; for if 
h = 0, then sin h = 0; but any term, such as A a , containing a ne- 
gative index, would in this case be infinite. Neither can there be a term 
such as A independent of h; for if h = 0, sin h would then = A , 
which is absurd. Hence it follows, that when sin h is expanded, the 
series will be of the form 

sin h = Ah* -f Jllfi -f- Chv + &c. 

where «, /3, y, &c. are all positive quantities. Let these indices be 
taken in order of magnitude, » being the least. We have then, fror.i 
Trigonometry, art. 77, 

sin 3 h ss 3 sin h — 4 sin 8 A. 
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Substitute 3A for A in the series above, and we obtain 

sin 3 h = A(3h) a + B(3hy + Sec. ; 

3 sin A - 4 sin Vi = (3 Ah* + 3BW + &c.) - (4^* + Sec.) 

And as these two series are alw<i)s equal to each other, whatever be the 
value of A, they must be identical, and the coefficients of like powers 
of h equal to each other (Alg. art. 3df>); consequently, 

A(3hy = 3 Ah* , 3* = 3 and * = 1. 

Hence, sm A = y7A 4* 7f A0 + CAv 4- &c. 

44. Cor. — Because cos /*= \/(l — sin 9 //) = 1 — A &in 2 A— £ sin 4 A— &c. 
If wo substitute for sin h the explosion obtained in tlie last article, we 
shall liavo cos 4=1-— ]AVi* — jl]ih&+ 1 — &c. 

* 

43. Prop. XIII. — The coefficient A is = 1. 

Since it appears from the not'% vol. i., pige 465, that sin h < A, and 

sin h sin h 

tan h or > h ; wo have, fiom the fust of these formulas — - — < 1, 

cos h h 

and from the second > cos h. Substitute for sin h and cos h the 

h 

expressions obtained in the two last arlicics, and we find 

~ = ^ + J3A3~'+\c. < 1; 

h 

A < 1 — Blfi— 1 — 67iV~ l — &c. < 1 4- & ; by substitution. 

Also, = A •+ Blfi* 1 4- &t, > cos/i > 1 — \A 2 h 2 — &c. ; 

h 

A > 1 — J PA 3 — BIfi— 1 — A.c. > 1 — J 1 , also by substitution. 

Hence, since ^7 is less (Inn 1 4- £ and greater than 1 — S' ; and both $ 
and $ f liny evidentl> become less tTian any assign ible quantity by making 
h sufficiently sm ill, it is manifest that A must be = 1. 

46. Co)\— Hence it follows that 

sin h is of the form h 4- Blfi + Cti* + Sec. 
wheie jS, y, &c., are all positive quantifies greater than 1 ; and 
^ cos h is of the form 1 ’ 2 — 7?A£ +1 — dec. 

47. Prop. XIV . — To find the dtffierenhals of sin \ and cosx. 

(1). Suppose x to change its value and become x 4- A, then, if 
u = sin *r, 

u! = sin (v + h) = sin x cos h + cos x sin k 
=5 sin x ( l — \h 2 — See.) 4- cos x (A 4- Sec.) 

. % = sin x + cos x . k — -J- sin x • A 3 — &c. 

= m 4- cos x . A 4- yA 2 4" Sc c. 

Hence, by the definition, art. 25, 
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du 

— = cos a? ; du = d . sin a 7 = cto cos 4 ?. 

(2). If w = cos a 7 , we have 

ti' = cos (a* + 7i) = cos a cos A — sin «r sin A 
= cos x (1 — — &c.) — sin a* (h + &c ) 

= cos a 7 — sin a* . 7* — l cos A’ . A* — &c. 

= 11 — ain A’ . 4 -f yA 2 + &c. 

cfu 

.*• — = — sin A 7 ; and du = r/ . cos a* = — c/a? sin a. 

dx 


48. Prop. XV. — To difffo entiute tan x, cot x, sec x, coscc x, and 
vers x. , 

x , , , sin ,v cos a* x d . sin a* — sin a ’ x d . cos a 7 / 

( 1 ) u . tan a 7 = d . = . ; 

cos r cos^ a* 

c/r cos 2 a* + rfrsin*p c/a 
a. tan a* = — — — — = (/a 7 sec 2 a*. 


(2). d .cot.r = d.~ = 
7 sin a 


cos 2 ?* COS 2 A* 

sin a X d . cos a 1 — cos v X d . sin .r 


d . cot a* = 


sin 2 v 

— dr sin 2 ,? 1 — dxco^x 


c/a* 


sin 4 A» 


sin 2 a? 


(3). d . sec a* = d . 


1 


c/a’ sin a 


cos A’ cos 2 a> 


= c/a* tan a? sec a*. 


1 — dvtOSX 

(4) . </ . cosec a* = a . — — = — = — d. v cot a 7 cosec a 7 . 

v sin A 7 Sill 2 A' 

(5) . r/.vers.r = d . (1 — cos a) du sin a. 


49. Prop. XVf . — To diff'n cnt'iate the mvene circular functions, 
arc (sin = x), or siir^x 5 aic(ccs = x), or (»»,— *x ; &c. 


( 1 ). Let u = s.n— *a, that is, let u be the arc whoso sine is a 7 , then 
the differential of v is the same, whether we consider u as a function of 
x, or a* as a function of u. Anil because x = sin ?/, dx = du cos u 
(art 47); but cos a = >/( l — sin 2 #) == </( 1 — a >2 ) ; therefore 


du ■= 

I 11 the same manner, if u 
du 


dx __ dr 

COS U //(l — A 2 ) 

= cos -1 a 7 , we shaii find 
- dx 


(2). Let u = tan~ ! a 7 , then 

a? = tan«, and c7.i? = du sec 2 u (ait. 48); 
but sec 2 # = 1 + tan 2 w = 1 +•**; therefore 

dx dx 
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In like manner, if u = cot -1 x, then will 

, — d.i' 

* = TT>- 

(3). Let u = sec- 1 .r, then 

x = secw, and dx =r du fan n sec u (art. 18). 
Rut tan« sec u = see u \/(sec 2 u — 1) = ,v*/(x 2 — 1) ; 

_ _ ^‘ r _ ^‘V 

tan u sec u x \/(a 2 — 1J 
ff u = cosec -1 ^, we shall find, in the same manner, 

d„ = ~ 

• ? v'C ? 2 — l) 

«{4). Let u = veis^ 1 ?», then 

4 r = vers and f??’ = (/*/ ‘‘in « (ait. 18 ). 


Rut sin w — */(l — co*» 2 tf) = V 1 — (1 — a) 2 = — o' 2 ; 

d i (1 v 

. * . (/ft = -7 = • 

sin u r — a *) 


1. Let u 

2. Let u 


Examples for Pmttice. 

sin”.r. Ans. du = ndx siu n — hr cos «r . 

; cos x sin 2«r. A ns. </« = (cos x cos 2«r -f cos 3 x)dx . 


3. Let u = tan M ,r. 

4. Let n = log sin .r. 


Ans. du = 


tan^-hr 


Ans. du = (/or cot x 


5. Let « = log ^ (j^^) • 

a ; ^ 

Ans. du = 

cos «r 


Ans. du = 

sin «r 

7. Let u = .r — sin ,t» cos .r. 

Ans. (/« = 2dx*>\i\ 2 x 

_ sin 72 r A 

8*. Let u = . A^s. 

— w sin (n — 1 ) x . dx 


sin n «r 


sin" 


9. Let « = log (cos a* -f V — 1 sin a). Ans. du = c/.i*v/ — 1 

_ , 1 -f* / — 1 tana* . , . / - ■ 

10. Let w = log . m t Ans. du — 2 d.v V — 1 

1 — V — I tan ,r 

- 2rf.r 


11. Let u = sin* 


sin- 1 (- •) . 

\l + j a J 

12. Let u = cos~ l (4.r 8 — 3,r). 


Ans. = 
Ans. cfo = 


1 4 - *•* 
- 3 dx 
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Ans. du = 


13. Let « = tan -1 . 

/ / 1 — ,a?v dx 

14. Let u = cot— 1 \/ ( ) . Ans. du = y; . 

V \ x / 2 V(x — **) 


2dx 
1 + *» 
dx 


dx 


15. Let # s= sec— 1 V(2r + 1) . Ans. efo = - 

(2v+ l)V2x 

16. Let u = cosec— 1 T i 1 . Ans. ffo = — 3^ — r: ■ 

Lsz/T^r^J 


17* Let u — tan -1 IJ . Ans. du = 

to t . , r* f « fos t -I 

18. Let u = cos -1 I I 

L n + b cos r J 


dx 


Ans. du = 


2(1 + *»)’ 

-v/(« a - )rf.r 

« + 6 COS «F r 


m t a * . -/(l-(os n 

19. Let u = tan- 1 . 

L i/(« + A) a/(1 + cos jJ 




Ans. du = 


: V ((* 2 — 


20 . 


_ V3, 1+ V^.^ + 4 2 , r3/(l-,z 2 )i 

2 b 1 - y\i . <* + ^ 1-4*M * 4 J 


Ans. du = 


Odr 

TTT*' 


SUCCESSIVE differentiations. 


50. It appears, from the reasoning in the preceding articles, that 

the differential coefficient or « is a new function of a?, whoso form 
dx 

depends upon the particular foim of the function u . We may then 
suppose x to vary in the function p , and the diffcicntial coefficient ~- 
to be deiived from p in the same manner as we previously found the 
value of Again, if we put = q, we may suppose x to vary 

{t V 9 (XX 

in y, and the differential coefficient — to be derived from q in the same 


manner as we found the values of and ■ , 

dx dx 


And it is evident that 


we may proceed in this manner as far as we please, unless it happen 
that, in finding the seiies of functions p, q , &c. we at last arrive at a 
result that is constant, and then the operations will terminate. Thus, 
if the function was ax A , we should have # 
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-^ = 4i3.2«i? = r; ~ = 4 . 3 . 2 . 1 a, 

UtV HiP m 

dr 

Here the expression is a constant quantity, and, therefore, its diffe- 
rential = 0. 

_ .. „ dn dp dq 

51. From the preceding equations ^ = p , = q y = r, <&c., 

we obtain du = pdv, dp = qd.r, dq = &c. Now, if we suppose 

da to be constant, and find the differential of du by the same operation 
as wc found the differential of v, we have 

d(du) = ddu = d l u = d(pdr) = r//i . dV, 

where ;t must be observed that tlie index of d indicates the repetition of 
an operation, and not a power of the letter d , which is never considered 
Us a quantity, but only as a ^inbol of operation. Substituting for dp 
its value qdj, we have 

d?u ■==. dp . da = (qda) X dr = qdd 2 ; q — , 

in which expression it must be remembered that da 2 denotes the same 
thing as (d./) 2 . Differentiating the equation (Pu = qda 2 again, and 
considering da 2 constant, we have 

d(d 2 u) = d\i = d(qda t ) = dq . da 2 = {rda)dd ]<l = rdx 3 ; 
we find, therefore, that 

du d 2 u d\ 

’ , = T,’ ? = Z?> ' = — " • * c - 


r = — &c. 


The quantities rfw, d 2 «, &c. are called the first, second, third, &c. 

differentials of m ; and the quantities denoted by — , — 2 , &c. arc 
called the first, second, &c. differential coefficients of u . 

Ea ample s, 

1. To find the 5th differential coefficient of aa i5 + Ai* 4* c. 

Ans. 120a. 

2. To find the Cth differential coefficient of a 1 . Ans. (loga) 6 *** . 

3. To find the 4th differential coefficient of sin ,i\ Ans. sin a* 

a 2 

4. To find the 5th differential coefficient of . 

a 4 4- a 1 


— 720a 6 a> 4- 2400a*<i* 8 — 72Qa 2 a* 
(a 2 + ,r 2 ) G 


5. To find the n th differential of - 


6. To find the n differential of vw> v and w being functions of a. 
Ans. d n v . w 4- nd»-*v . dw 4* — d n ~ 2 v d*w . . . 4 - vd n w . 
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CHAP. III. — DEVELOPEMENT OF FUNCTIONS AND 
DIFFERENTIATION OF FUNCTIONS OF TWO OR 
MORE VARIABLES. 


52. Prop. I .— If there be three series 

A + Uh 4- Ch 2 4- Eh 1 4- &c. 

a 4* l)h ch 2 4- eh** 4* 

and A 4- B'h + C'b 2 4 EV + Ac. 

and the value of the second series be always i> renter than that of the first 
series and less than that of the thud ; then , if the first and thirh series 
have the same first tarn A, it will be equal to the first term of the secondr 
series , that is, A = a. 

Subtract the first series from the second and we obtain 

(a - A) 4- (6 - B)h + (c- C) h 2 4- &c. ; 
let this be put = {a — A) 4- o. Also, subtract the second seiics from 
the third and wc have 

{A - a) + (fi’ -b)h -t- (C — f)/i 4 4- &c. 
put this = (A — a) 4- <5\ ft is cudent, then, from the hypothesis, 
that these two expressions will be alwa\s positive, whatever be the value 
of h. Now, if A be not equal to a , it is manifest that we ma) take h so 
small that both 8 and 8 1 will he le^s in magnitude than (a — A), 
Hence the signs of 

(a — A) 4- ^ and ( A — a) 4 V 
will depend on the signs of the fust terms (a — A ) and ( A — a). But 
these terms (a — A) and (A — a ) have ewdcntl) different signs, and, 
therefore, (a — A) 4- d and {A — a) 4- & will have diffeiont signs, 
which is contrai) to the supposition. Hence A cannot bcuuequal to a, 
that is, A = a. 


TAILORS THEOREM. 

53. It appears, from what we have proved in the preceding articles, 
that if x 4- h be substituted for a m the function w, u! is in general cap- 
able of being expanded in a series ot this form, 

u 1- ph 4* qli 2 4- 4- &c., 

wnerc p , q , &c. denote functions of w entirel) independent of h. 

The second term ph of this expansion is that which we have defiued 
to be the differential of «; and we bate demoted p 9 the coefficient of k, 
du 

by — 9 which serves *o indicate the relation subsisting between thefunc- 
da* 

tions u and p. We now proceed to investigate the relation that subsists 
between q 9 r t &c., the coefficients of the other terms m the expansion, « 
and the original function u; and we shall puisue the same method as we 
did in the expansion of the binomial th^orejn (Alg. ait. 388.) . 
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54. Prop. II . — If u' be the same function of (x + h) that u is of x, 
then u' will be expressed by the series 


da h d*u h* 

dx 1 "** d\® 1 .2 


+ 


d^u h s 
dx 3 1.2.3 


-f- &Qn 


Lot u be denoted by /(.r), and vl by f(,v 4- h) ;/in this case being 
a symbol of operation. We have then (art. 1 1) 


f(/v -f A) = u + ph + qh 2 -f rh 3 4- &c. 
du 


(i)» 


where p = — and q, r, &c. are unknown functions to be determined 

• dtV 

from the investigation. For It substitute h 4- 1c, and we obtain 
/(.v -f h + 7c) = u + p(h 4 - k) 4 - q(7i + 7c) 2 + t(h 4 - A ) 3 4 - <fcc., 

and iflvolving the terms (A -f A) 3 , ( A 4- 6)\ be., and arranging the 
^erms under each other, nu h ne /*(? 4- A + A) equal to the following 
series, 

u 4/)A 4 </A* 4- rA 1 -h .?A* 4- &c.l 

4- /’A* 4- 2yAA 4- bridle 4- IsAVc 4- &c. i- (2). 

4“ q^ 2 4 J 

Again, if wc substitute ,r 4- k for x in series (1), we have 

S(x 4- A 4- k) — u x + p x h S- q x h 2 4- r, A 1 4- (3), 

where u l9 p } , q l , &c. denote the functions of u , y;, y, <&c., when .r 4- A is 
substituted for Now, if we ‘-ubstituUj h for A in series (1), we have 

du 

f(x 4- A) or u x = u + pfe 4- qk l 4- &c. = u + - - 7c + qk 2 + &c. 

dx 

In like manner, when x 4- 7c is substituted for in the functions y>, 
&c., wc obtain 


dp 

Pi ~ p + U’ k + <Vc ’ ; 


?i = q + ^ 4 + &c. ; »•, = &c. 


Substituting these \alucs of u x , p l9 q x , &c., in equation (3), and again 
arranging the terms under each other, we ha\e J\x 4- A 4- 7c) equal to 
the following series, 

u + pTi F (jh 2 4- vlt 3 4- *A 4 f &c. 


f (jh 2 

+ —k + -j hk + Wk + dt hie + % hit + &c. 
dx d\v dx dx dx 


(4). 


Now, tho two scries (*2) and (4) are equal to each other, whatever be 
the values of h and 7c, and, therefore (Aig. art. 3SG), the) are identical, 
and the coefficients of tho like poweis of h and 7c are equal to each 
other. The terms in the frst line of the two series aie exactly the 
same ; and from the second line we obtain the following equations, 


du 


t = £ = 3r " S ' C - 


therefore. 
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s =-&c. Hence we have 
~ ,v du h 

f\ >-m) = « + - t + 


(Pu IP 
djp 1.2 


<Pu h* 

+ dr' 1 . 2.3 


-f* Sic., « 0 (5)* 


5.i. The very general theorem which we have just demonstrated is 
known by the name of Taylor's theorem , and is one of the most elegant 
and important in the whole range of mathematics. It comprehends the 
binomial theorem, and innumerable others as particular cases; and we 
shall now apply it to the expansion of some of these functions, which will 
show its greit utility as an iiisluuneiit of nnalssis. It will be remem- 
bered, that in finding the ddlcicntial of t n we assumed nothing except, 
that the second toim of the expansion of (? + h) n is nr u ~ l h, which is 
pro\ed in the Algebi i, art. 38/. It was necessity to mention this, lest 
we should be supposed to bo icisonmg in a cncle. t 


E utmples. 


1. Let u = f («r) = x n , and u' = /'(# 4- A) = (#4- A)“. 

du , d^u , . 

Then — = nv n ~ x ; ~ — = n(n — l).r w ~ 2 ; 

dv 


di : 


d^u 


n(n — 1) [ii — 2) ? w ~ 3 ; &c. Hence 


+ /<)'• = * n + »»"-*/< + ” v - ,>”- 3 A 8 + &c. 

J • w 


2. Let w = log a, and «' = /’(r + A) = log (.r -f A). 

c/ 2 m __ 1 d'u 2 

e/r 2 a 2 9 da 1 


Then ^ = JL ; _ = -+ ; & c 

(/(2* .» rf** * 


, , , v , h W h 3 

!<*(« + A) = logr + - - ^ + gjy- &c. 

3. To expand « t+A by Tajlor’s theorem. 

«*« = «'(!+ M + — 2 + iJjtto) 

4. To expand sin (a* f- h) by Taxlor's theorem. 

h 2 A 3 

Sin(# -f h) = sin a 4- cos r . A — sin a — — cos# - — -j — - 4- &c. 

1.2 1.2«o 

5. To expand tan (a* 4- A) by Tailor’s theorem. 

A 2 

Tan (# 4- A) = tan ,r 4- sec 2 v . A 4- 2 sec 2 # tan#- — - 

1.2 

h* 

+ 2 secV (1+3 tan*,r) - — - — - + &c. 

I .2.0 

6. Let « = tan - * 1 #; then w* = tan**** 1 (# 4- A) 

A 2 A a 

= »+ cos 2 « . A — sin 2u cos 2 u — — cos 3u cos 3 « — + & c. 
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56. Prop. III.— I/w be any function of x, then 

+ U'" 


u = U + U'^ + U" 

X X • 


1 .2.3 
du d 3 u 


+ &c., 


where U, U', U", &c. representthe functions u > Ac., w ^ ien x=5 0. 


For by Taylor’s theorem (art 54), 

du h <l 2 u Jr 

/(j * + h) - • + ^ r + ja ~ 


( pu 

+ t~h 


h' 


(t.1 3 1.2.3 


+ &c.. 


and’putting 4? = 0, f(,v + h) becomes /(h), and n, — , — — , &c. be- 

djt iLv 

come U 9 U U", Ac. Hence 

m = U+ V ± + V” Jt- 2 + V -j-S-3 + &0. , 

and as this equation is true, whatever be the value of h 9 wc may substi- 
tute tffor k, which will not affect the values of the quantities U y U' t Ac., 
since they do not contain the letter h . Hence 

/(•*•) =--U+U>^+ U"~ + V" + &c. 

This is called J Inclanrins theorem , and it is manifestly a particular 
case of Taylor’s theoieiu. 


Examples . 

1. Lota = a T ; then = Aa x (art. 37); ~ = A'a* ; ^ =s 
a.v </>* dar 

; Arc. Suppose, now, that j* = 0, then « or a* becomes a° = 1 ; 

-7- or Aa x becomes AiP = -r/*; becomes «4 3 ; and so on. Hence 
«.r </.i > 1 

U = 1, U 1 =A y U n = Ac. Substituting, therefore, these values 
in the general formula, it becomes 




+ ^ “2 + ' /J nr3 


+ Ac. 


2. Let tt = (a + x) n . 

3. Let u = log (1 -f j), 

4. Let u = sin x . 

5. Let = sin— 1 #. 

a 1 x* 

Arts. r* = x + — — 


2 3 


1.3 a? 5 
2T4 T 




1 .3 .5 a- 7 

2.4 .6 7 


+ Ac. 


6. Let u = tan— 1 #. 


Ans. «==*-- + y - 


4- Ac. 
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development and differentiation of functions containing 

TWO OR MORF VARIABLES* 


57. Let u be any function of two variable quantities x and y which 
are entirely independent of each other. We may either suppose x to 
vary alone and y to remain constant; or y to vary alone and «r to re- 
main constant; or we may suppose v and y to vary together. To be 
more distinct, we will take the particular example u = A m y n ; then, if 
x varies alone and becomes i -f //, t m y» will become 

(x 4- K) m y n = x m y tl -f m i ” h {- ]w(m — 1 )x m ~~ 2 y n IP 4- &c.. ..(«)* 

If y varies alone, and y 4- h be substituted for y , x'*y n will become 

x m (y 4- k) n = i m y n 4- 4- >(» — 1 )i m y n -*K* 4- &c,...(£). 

Lastly, if we suppo'-o r and y to van together, x m y n will betome 
( x -p A) ,w (y 4- k) n • Now, it is e\i lent that we may obtain the de\e- 
lopement of this expression lithe bv multiplying the de\ elopement of 
(,r 4- h) m b) that of ( // -f- /,)" , 1 1 b\ substituting y 4- Jc for y in scries 
(a) ; or, Jistly, by substituting ? h fo ; in series ( b ). If we puisne 
the second of these methods, oi substitute y 4* A for y in the series ( a ), 
we shall obtain (a 4- h) m (y +- / )" , equal to 

tV myn w iA m ~ l y n h 4* ] Ht(m — \)v m ^y 1, h l + &c. 

4- nx m ij n ~~ l h 4- mni m ~ l y n ~~ l hh 4- — I )n x m ~~ 2 y"~ l lPk 4- &c. 

4- &c. 4- kc. -r &c., 

and the same result would ha\e been obtained from either of the other 
two methods. 


58. Prop. IV. — If u = f(x, y) be any Junction of x and y ; and 
x 4-h, y 4- k be substituted for \ and y ; it is required to expand 
u f = f(x 4- h, y f* k) in a senes of the ,s amrfonn as in the last article . 

The same method which we have just adopted may easily he extended 
to any functions whatever. Let ,r f h be first substituted for w, then 
J(x, y ) will become f(x 4- h, y). Considering y, thciefore, as constant, 
and x as variable, and putting j{r , y) = w, we have (art. 54) 


.. da h dPu IP 

/(, + *, = „ + i% - + 


d?u IP 


2 dx' 1.2.3 


4- &c. ,j*. (1). 


Now, let y 4- h he substituted for y in each term of this seiics. 
Supposing, then, r to he constant and y to be variable, f(x 4- A, y), 
will become j (x 4- A, y 4- In ; also 

•ii i , d u & , h* 

u will become « + — — 4- — - 4- &c. 

dy 1 dy l I . 2 

* « .1. fftt 

And if we put — = 

•n i , dp k dtp IP 

p will become p + j--~ + — + &c. 
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it(-) 

dp \dr> 

But ^ ^ — , which, for the sake of simplicity, may be denoted 

dhi 

thus, - — — ; where it is to be understood that the differential of u is 
dx dy 

taken twice, first considering x as \aiiable, and then y as variable. 

. , •'*0 rk . n 

Also, - = - — , which, m like manner, may be written thus, 

iVu tlJ 

dxdy 2 * H1 ex P ress * on the diffoiontial of u is first taken, suppos- 

ing ^ to be \ariable, and then twice considering y as \ariable. In 

t n( d “) 

ii ( Pp W*/ i 

like manner -- 7 - = — ,-r— = ; and so on. Hence, b\ the 

dff (by ill dy' J 

substitution of y -f k for //, 

du du d l H h (I s u h l 

r will become — + ~ — - ~ H - - — - -f &c. 
dx (It di dy 1 dx dy* 1 . 2 

In the same way we shall find that 

. <Pu fu 

d*u , dhi c h* k d ' dt* k 2 

,,l ‘ b '““ Is + T + — 

or, by the same notation,^ + TTT T + !~7T~i T~7> + &c - 
d t ~ dt l dy 1 di l dy i 1 . 2 

and so on, with the other trims. Hence, by substituting these various 
expressions in seiies (1), we obtain 


/(*»’ + k, y - f , 
du k 

L. 

b = 

d 2 u 

L 2 

(Pu 

i 

dy 1 

di- 

1 

. 2 

di 

du h 

f d, i + 

d\ 

h 

A 

d'u 

dt dy 

I ‘ 

1 

""" di dp 1 

* 

d l u 

i? 

d'u 


■14-4*.. 


• • • (2). 


tv w IV <* tv tv 

dd* 1 . 2 <’x l dy 1*1.2^" 
d'u /<* 

+ ~dl r ~ TTTTi + &c ' 

59. Cor. — If wc bad made these substitutions in an inverse order, we 
should have found, first, by changing y into y -f- It, 

(fa It d 2 u k 2 d A u k* 

J(*,y+k) u + ^ j + j . 2 + df l . 2 .3 + &c ' 

And putting, then, in each term x + h in place of x, we should have 
obtained this developement, 
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/(* + h, y + k) = 

cPu 

~d7~ 


« + 


du h 

da? 1 


d 3 u 


h 3 


1 


h 


du k <Pu 
1 dy dx 1 


d x 3 

<Pu 


1.2.3 
IP 


+ &c. 


dy 


fPu IP 


dy* 


1 . 2 dy 3 dx 


dy dx 3 1.21 
tPu h JP_ 
1 1.2 
tPu k 3 


k 

— +&c. 


df 


1.2.3 


+ &c. 
+ &c. 


...( 3 ). 


And since those two scries are always equal to each other, whatever be 
the values of h and k, (hey are identical, and the coefficients of the like 
powers of h and h are equal to each other. We have, therefore, 

dPu cPu <Pu tPu , 

- — _ = - — — — . , &C. Hence it appears, that if 

djr dy dy dx dx 1 dy dy dx‘ 

a function of two variables be differentiated, first with respect to one of 
the variables, and then with re\peel to the other, the result will be the 
same, in whatever order the differentials be taken . Suppose, for example, 
that u = x m y v ; if we first differentiate it, considering x only as va- 
dti 

riable, we have = mx' H ~ l y >l ; then differentiating this result with 
* d^u 

respect to y only, we obtain — — — = 7ww«z ,wl ~ 1 ^ rt ~ 1 . By perform- 


dx dy 


du 


ing these operations in an inverse order, we find — = nx m y n ~ l ; and 

(Pu ^ 

= mnjc m ~ x ii n ~~ x > the same result as before. 

dy dx * 

GO, Prop. V - — To JJnd the differential of u when it is a function of 
two independent uiriatjfes x and y 

If f(x, y ) be subtracted from both sides of equation (2), we have 
du h cPu li 1 


f(*+h, y + k)~f (.r, y) = 


dx 

+ d “- 

ay 


+ ■ 


du* 

d 2 u 


1 . 2 


+ &c. 


h Jt 

dx dy T T + &C * 


(Pii 


P 

rr-2 + &c - 


l...(4). 


And, if we extend the definition (art. 25) of the’ differential of a function 
of one variable to those of two variables, we still perceive that the dif- 
ferential of f(x, y) consists of the two terms which form the first column 
of the preceding developement ; therefore, by changing A into dx, and 
h into dy , we have 

d.f(x,y)=du = d £dx + ~ dy. 

The quantities ~ dx, ^ dy, are called the partial differentials of the 
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function u, and they must not be confounded with du 9 which is called 
the total or complete differential of u. To find (he differential, there- 
fore, of a function of two variables, we must differentiate the given func- 
tion,) first with respect to one of the variables , and then with respect to 
the other , and the sum of these partial differentials will he the complete 
differential required . 

61. Cor . — In the same manner, if u be a function of any number of 
variables, t, x 9 y 9 z 9 it may bo shown that 

, du _ die _ du 7 t du , 

du = - - dt + — dx + ~ ~dy + - - dz, 

dt dx dy dz 

denoting by ~ 9 (he differential coefficients of the func- 

dt dx dy dz 

tion u, taken on the supposition that t 9 or x 9 or y, or z, alone varies. 

Examples . 

i. To find the differential of xy. 


2. To find the differential of - - • 

y 

3. To find the differential of 


«y 


V 0 ** + y 2 ) 


4. To find the differential of tan— 1 - 


DIFFERENTIATION OF JL^UATIONS CONTAINING TWO VARIABLES. 

62. We have hitherto supposed the equation f^iressing the relation 
between x, aud u any function of r, to be of such a form that u was 
found alone in the first me nber of the equation, as in the examples 
u = log x 9 u = sin x, in whit h case u is said to be an explicit function 
of.r. But in (he greater numbei of equations which occur in analytical 
inquiries, the relation between the variable quantity and its function is 
expressed by an equation, as in the example y l — 2 may + x 2 — a 2 = 0. 
In this case 1/ is said to be an implicit (unction of the variable quantity x. 

If we resolve this quadratic equation, we shall find y in terms of x; 
and then we may determine the differential of // by the lules already 
given. But in nfeny cases this me! 1 I of solution would be impracti- 
cable, from tj>e want o£a general n*n iod of resolving equations. We 
can, ^however, in all cases find the? difiereutial of y without the necessity 
of prefiously resolving the, equation. « . ^ 

• 0 

63. Prop. VI. — To find the differential of y when it is an* implicit 
function of x. 

Let u = J\x 9 y) = 0 be any equation between tw r o variable quan- 
tities x and y . If this equation bo resolved with respect to y, we shall 
manifestly have y = <p(x) 9 a function of x. Let x -f h be substituted 
# for x, then the corresponding value of y will be of the form y + ph 
+ qh % + &c . Substitute these values for x and y in the function u f 
and it will evidently be of the form 
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\i sz u + Ph + Qh % + Rh* + &c., 

where P % Q, R, &c. are functions of x and y # Now, since the equation 
u = 0 is true for all corresponding values of x and y, we have also 
%! = 0, therefore, 

Ph Qh 2 4- &c. = 0, and P + Qh + &c. = 0. 

And this equation is always true, whatever be the value of /i, which is 
evidently impossible, unless P = 0, (J = 0, &c. But P is tho com- 
plete differential coefficient of k, supposing both ,? and y to \ary, and, 
therefore, the equation u = 0 necessarily leads to the equation i(u = 0 ; 
from whence the vdlue of ily may be detei mined. 


Hence 


Jit ample . 

64. Let u = y 2 — 2 mry -fa 2 — a 2 = 0. 

If we differentiate u with respect to both x and y, we obtain 

da = 2yd y — 2 mrdy — 2mydr + 2rd<r = 0 ; 

.•* (y — f>ix) ~ (wy — x) dx = 0 («). 

f/y w*y — a' 

dx y — w<r 

To obtain the value of in terms of x alone, we must substitute 
dx 

the value of y deduced from the proposed equation, which is 
y = mx + — x 2 -f m 2 x 2 ), and this gives 

dy m 2 x — x + nt \/(a 2 — a 2 -f m 2 <% 2 ) 

dx + — x 2 *f m 2 x 2 ) 

dxi m\v — x 

• * — *12 _J_ 

dv ~ — a 2 -f ?n 2 a 2 ) * 

the same result that would ha\c been derived from the original equation 
if the variables had been first sepaialed. 

65. Ilav ing, from the equation y l — 2mxy 4 x 2 — a 2 = 0, found 

that = — ; if it be requited to find the second differential of 

dx y — «< t* 

y, we have only to take the diffeiential of this equation, considering dx 
as constant and y as a function of ,? ; then we have 

<Py __ {mdy — * dx) ( y — mx) — {dy — {my — o’) 

dr ~~ (y — wo*) 2 

, . . . . . c/fy (w 2 — 1) (ydr — xdy) * 

which may be reduced to — — . 

dx to (y — mx)* 

and from which dy may be eliminated by means of equation (a)* 

By the same mode of proceeding we may determine the third or any 
higher differential of the function y. 


TO CHANGE TIIB INDEPENDENT VARIABLE. 

66. When we have a differential equation between x and y, in which 
x haft been taken as the independent variable) and y is a function of ,r, 
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it is sometime* necessary to change this into an equation where a* and 
are considered as functions of a third quantity t, taken as the independ- 
ent vuiiable. 

Since a* is supposed to be a function of /, when t + h is substituted 

d v d 2 j? 

for /, a* will become r-\-ph -f qW-V &c.; wlicie p .= - , qz=z ,. &c. 

Again, since .r and y are funt tions of t, it L e\ident that y may be consi- 
dered as a function of ,i ; thou fore, when ,v -f k is substituted fora.’, 

y will become y or y f p'k-\-q'h l + Ac., where// = q' = J Ac. 
For }{ substitute ph -f- q/r -f- Ac., and we shall obtain 
// = V + pp'h + (/>''/ + q'p z ) & + &c. 

But, bgcause y is a fi.iidion of /, it / + h be substituted for /, y will 
become 

!/' — !/ + Ph + <J/r 1 cV( . ; wliuo P — ^ . Q — i ^ 

Hence, equating like coefficients in these two \aWs of y', we ha\e 



p 

= Pi>' > 

Q = 

p''i + qY . 

Ac. 



• 

• 1 

i>‘ - 

4 

= !tz 

■ )><i „ l^Q 

- p, i. 

{ > 

&c., 

that is, 



l) 

V 


p 



_’1'J _ 

(lv 


/ll'l/ (lv 

dy d 2 / v 

d,> 

<A/ 

c „ 

d i dt 

dt 5 

dt 1 1 

idi* dt 

~ dt dt 7 ) ~ 

' dt » : 

dp 

— Ac. 

Substituting these values 

f 777’ 

<*V e, 

d," & > 

in the gi\ en 

equation. 


we obtain an equation where a and y arc considered as functions of t . 
07. If we suppose / = //, or lint ,i is a function of the* independent 

vatiable //, we ha\c n == = * ! , 

•' 1 df dij 


9 = ] 


f Ill ^ i ( Jj!1 

~ 3 ,/2 




/’ = 




iPt 

« — = 0 • 
J rfi* ’ 




rf “ *' ' “ J <■/<* 

. , dl y _ , _ i Q — l>f i — _ <**•» _ 

’ * 'wu 4 ~ ' “ // ~ />• “ *<// • ,//’ 

that is, r/ J y, when y is ( on side led a i motion of r, is equal to — -—j 
when 2 is considcied as a function of . 


CIIAP. IV. — THE VALUES OF DIFFERENTIAL 
COEITICIENrS IN PARTICULAR CASES. 

FAILURE OF TAYLOR’S THEOREM. 

* fi8. In the picceding chapter we ha\o gnen an investigation of Tai- 
lor’s theorem ; and the student will peiceive that the foim of its de\e 
lopement was domed fiom an induction cf particular cases (art. Id). 
VOL. II. 55 
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It will be seen, also, that the form of these particular functions was 
ultimately deduced from an observation of the fundamental operations 
of algebra. (Alg. art. 387). 


G9. If, for example, we suppose^#) = — , and substitute a? +h in- 
stead of <r, we shall have fix 4* h) = — — T , and, by division, we obtain 

x 4 h 




— 5 + 




— — 4 

a* 1 


and the same result would have been obtained from the expansion of 
f(x 4 h) by Taylors theorem. Now, this developement is true for all 
values of x, except when x = 0. In this particular case , 


1 

«r 4 h 


2 

o' 


A 

o" 


Jl* 

4 — — &c. , 


* 


where all the coefficients of the powers of h are infinite. Also, — ■ — r 

1 ar4" 

becomes — a negative power of h. Here the de\ elopement in 

the ordinary form fails, for we ha\e supposed that it proceeds by positive 
powers of h , which, when x = 0, is not the true form of the expansion. 


70. Again, if we take f{,i ) = */«>», and substitute x + h for x, we 
ave f(x 4 h) = V(x 4 h), and, by extracting the square root, 

f(.v + h) = V(.V 4- h) = V> + l —} 4 ~Y~ + &c -> 

V *** til 


which is a general expression for jf(x 4 //). But if x = 0, all the 
coefficients of the poweis of k become infinite ; and */(x 4 //) becomes 
jy/h = hi , a fractional power of h, which is not included in the general 
form of the extraction of the root. 


71. In cases of this kind Taylor’s theorem is .aid to be defective. It 
will, however, be readily seen, from the preceding examples, that this 
failure does not arise from any defect in the theorem itself, since it only 
fails in those cases in which it ought to fail, and which are really ex- 
ceptions to the general form. To obtain the true developement when 
Taylor’s theorem fails, on the supposition of x = a, we must substitute 
a 4 A for x in the function f(x) 9 and then expand this function by tho 
Ordinary operations of algebra. The following example will serve to 
illustrate these remarks : — 


Ex . — Let/(.r) = 2 ax — x 2 + a a/ ( x 2 — a 2 ) ; it is required to obtain 
the developement when x = a . 

if*/ \ 

Here we have - - == 2 (o *— x) 4 — a ^ , and this is equal to 

-g- = go, when x~a y and all the other differential coefficients are also 

infinite. Hence the developement by Taylor’s theorem is no longer 
possible. 
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Substitute, therefore, a + h for x, according to the preceding rule, 
and we have • 

/(a + h) = 2 a[a 4 * h) — (a 4 * h) 2 + aV(a 4 - h) % — a 2 

= a 1 — h 2 -f- « \Z(2ah 4- /* 2 ) = a 2 — A 2 + 2«A 4- &c., 

which is the true devolopemcnt of /(a 4- A). We cannot dwell longer 
on these exceptions to the general rule, hut must refer the student to the 
Calcul des Fonctions of Lagrange, Leeon 8, and to Lacroix’s Treatise 
on the Differential Calculus, Chap. 3. 


THE VALUE OF A FRACTION WHEN THE NUMERATOR AND 
DENOMINATOR VANISH AT THE SAME TIME. 


72. Since the value of a fraction depends not upon the absolute but 
tile relative magnitude of the numerator and denominator, if in their 
evanescent state they have a finite ratio, the value of the fraction will be 


finite. We have an example of this in the fraction 




a* 


, which, by 


x — a 

it 2 — a 2 0 

supposing x = n t becomes — = , an expression from which 

nothing can bo concluded. But if we consider that its numerator and 

x 2 — ^ 

denominator have a common divisor x — a , the fraction be- 

x — a 

(x 4- a) (x — a) . . , . . . 

comes = x 4- a , and when x = a, the value is 2a. 

x — - a 

It must here be understood that 2 a is the value to which the fraction 
a 2 — « 2 

approaches as Its limit; for when the numerator and denotni- 

x — a 

nator are absolutely nothing, we cannot in strictness speak of any ratio 
between 4hem. 

73. In general, if wo make x ■= a in an expression of this form 
pi v _ a y n 0 

p- , it becomes — ; the ratio, however, to which it approaches 

as its limit, is either nothing) or finite, or infinite, according as m > n, 
or m = n f or m < n ; for, by suppressing the factors common to the 

P(x — a) m ~ n . 

numerator and denominator, the fractiou becomes — m the 

V 

p r 

first case, — in the second, and -r- in the third; it being 

V (J(x — a) 

understood that the quantities P ami Q neither become evanescent nor 
infinite by the supposition of x = a. 

Whenever, therefore, an expression assumes the form of — we must, 

in order to discover its real value, disengage it from the factors which 
are common to the numerator and denominator. This may be done by 
finding their greatest common measure; but the differential calculus will 
furnish* us with another method by which this can more easily be 
effected. 
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71- Prop. I . — To find the taluc of a vanishing fraction by the dif- 
ferential calculus * 

If we differentiate the expression P(x — a) 2 , which vanishes when 
jp = ", wo obtain (x — a) 2 dP -f 2(x — a)Pdv y which also vanishes 
when ,r = a. But if wo differentiate this again, we shall find 
(.r — afcPP + 4(.tf — a)dPdr 4- 2PdP. And since P is not sup- 
posed to contain the factor ,r — o, this second differential becomes 
2 Pda? when ,r = a By pioceeding in this manner, it is easy to see 
that in differentiating a function of the form P(x — a ) H , n times suc- 
cessively ( n being a whole number), we shill finally obtain an cxpies- 
sion, all the teuns of which, except the last, vanish on the supposition 
of = a ; and that the last teim will be I .2.3 ... n Pdx a , an ex- 
pression free fiom the factor (i — a) n , and involving only the 
function P. 

It is not nceessaty that we should know the value of the exponent/", 
nor that wc should exhibit the fattoi ( r — a) 71 in order to determine 
when the expression P(r — re) 77 is frccil fiom that factor. VVe have 
only to ascertain, after e n h diffcientiation, whether the result \anishes 
or net, when a is substituted instead of / ; ft r in the last case the ope- 
ration is finished, and the result is the quantity 1.2.3... nPd*r u . 
Suppose, for example, the function to be j 1 — aP — a 2 r + a\ which 
\auishes when ./» = «; its find differcnti il also vanishes when ,r = a, 
but its second differential is equal to (6i — 2a) dP, which does not 
vanish. Hence we may conclude that the function lias the form 
P(< t — a) 2 , which is besides obvious, since 


a' 3 — aP — ait +fl‘ = (< + a) (<v — a) 2 . 


In applying these observations to the fraction 


— a) m 


if m = it. 


Q( x — a) n 9 

and we differentiate the numerator and denominator of this fraction 
tn times successively, they will be ficcd at once from the factor (x — a ) m . 
If a result which does not vanish bo obtained first from the numerator, 
then the factor x — a is taised to a higher power in the denominator 
than in the numerator, and consequently the fiaction is infinite when 
jr = a. if, on the contrary, the denominator fu 4 affoulsa icsult which 
does not vanish, the numerator contains a higher power of x — a than 
the dcnominatoi ; and in this case, when r = a, the fraction vanishes 
The rule, therefore, for finding the value of a function which becomes 
0 

~ by giving a partiiular value to x nuy be expressed thus— Diffe- 


rentiate successively the numerator and dm initiator until a result which 
does not vanish be obtain r d from either the numerator or denominator , or 
from both at the same time . In thr first case the Junction U infinite y in 
the second it is = 0, and in the fast case its value is finite . 


Examples. 

P 1 

Ex. 1.— To find the value of — when x = 1 ? 1 

sr — 1 • 

The differential of the numerator U 1 Pdx ; and that of the denomi- 
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nator is 2xdx ; neither of which quantities vanish when x = 1. In 

this case, therefore, the value of the fraction is •— = 2. 

2x 


Ex. 2 . — To find the value. of 


— ax 2 — a*.r + tf 8 


when x = a ? 


a - 2 - a 2 

By differentiating the numerator and the denominator once we obtain 
3x 2 dx — 2 nxdx — a 2 dx 3.r 2 — 2 ax — a 2 


2 xdx 


2x 


and when a is put for x s the numeiator alone becomes equal to nothing. 
Hence the xalue of the fraction in this case is 0. 

ax — a 2 

The# contrary happens in the fraction — : — r - ; and, 

J 1 1 — 2 a\v -f Va.i i — ,r 4 

therefore, when x — a, this fraction becomes infinite. 

(i l — b* 

Ex. 3. — To find the value of when x = 0. 


Although this fraction is not apparently of the form given above, jet 
its \alue may be found by the preceding rule. 15y differentiating once 
log a a 1 fix ■— log b b' dr 

we find ; , and, when x = 0, wc havo 

a v 

log a — log b for the true value of this fraction. 

This result might he immediately obtained by expanding a* , and h* ; 
for (Alg. art. 3U5) 

a" = 1 + log a — h(loga) 3 j^-— + &c.; b x — I + log b — + &c., 


— b L 


i , , (log«) ? — (log A)* 

= log a — log 6 + — .r + &c.. 

1 • mi 


and when x = 0 , this becomes log a — log b , the same result as before. 

7f). Scholium. — The rule which wc have gi\cn in the last article can 
only be applied where the factors common to the numerator and denomi- 
nator are integral powers of x — a ; for &ince the index of (,r — a) m is 
diminished by a unit at each successive differentiation ; when m is a 
fraction, wc shall at last anixe at a result containing negatixe powers o 
x — rr, which, therefore, when x = «, will become infinite. The fol- 
lowing mode of piocccding, however, will apply to every case. 


76. Prop. II . — To find the value o, i vanishing fraction when Tay- 
lor s theorem fails. 

p 

Let — be a fraction of which the numerator ami denominator both 

xanish when x = a. By substituting in it a + h instead of x 9 the 
functions P and Q may be expanded into two scries of the form 

Ah* + BhP + &v.. Ah*' + fflfl + &c., 

^xherc the exponents a, /3, &c., and also ft, &c., are supposed to be 
all positive, and arranged in order of magnitude, beginning with the 
-least, since the series must become 0, upon the hypothesis that 
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P Ah* + Bh& "1“ &c. 

A=0. Hence, therefore, the function — will become ^,^ a , 

Now, it is evident that there will be three different cases, according as 
» > <t =s ot! y or a <*' ; and that this fraction will become, in these 
three cases, 

Ah*— 0 -' + &c. A 4- + &c. A + Blfi— a + &c. 


A' 4- B'hP-* 4- &c. ’ A 4- 4- &c. Ah*'-* 4 - &e. 

and when h = 0, these fractions become 

0 _ A A _ 

A' ~ ° ; A' ' 0 “ ' 

Hence we ha\e the following rule, which is applicable to every function 

that appears under the form of — . Substitute a + h for x in the given 

fraction , ami expand the numerator and denominator hi ascending series 
of h ; reduce the resultin'* fraction to its most simple form, and then make 
h = 0, the result thus obtained will be the value of the proposed fraction 
when x = a. 

\Z.i’ — \/ a 4” a/ Or — a ) 

Ex .— To find the value of -7—: when x a. 

V(P — a 2 ) 

By substituting a 4- h instead of x, and developing the numerator 
and denominator into seiies, this fraction becomes 


, hi 

V2 ah H — + &c. 

V811 


, *Jh 

1 + &< ‘- 

VYa + + &c. 

V 8a 


and when h = 0 , it becomes — = , the value of the fraction required. 

V 2 a 

77. Cor. — By the same methods the value of the function may be ob- 
tained which presents itself under other forms than that given above. 

P 

1st. The numerator and denominator of the fraction may become 

infinite at the same lime ; but this fraction being written thus — - -f- 

is reduced to the form when P and O are infinite. 

0 x 

2nd. We may sometimes meet with a product composed of two fac- 
tors, the one infinite and the other nothing. Let this product be PQ , 
in which P = 0 and Q = c© , when x = a ; we may write it thus, 

PQ s= and since (J)is infinite, -- =^0, therefore PQ = . 


78. Prop. III .— To find the value of - — — when x is infinite . 

To determine the value of this expression we may proceed as follows. 
We have, from Algebra, art. 395, substituting x for a and » for x, 
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.r* = 1 + log*Y+ (log J?) 1 + &c. 

= log A- (l + log A' Y + (log A')* + &C. ) 

/ 1 n , n a \ 

= 1 -(n£7. + T +1 °S‘ r ]-2 + &c -)’ 

l quantity which becomes evanescent when at is infinite. 


Examples for Practice . 


1. «To find the value of — — when at = 1 ? 

1 — ,r* 


Ans. n. 


Cl 

2. To find the value of — wlien «r = a ? Ans. 3fl. 

a — v 

. , „ + 4i’ 3 ) — a,v — a 2 _ 

3. To )ind the value of — ■ ■■■■ j-- 1 jr when j? = a? 

V (2a 4 + 2«tr) — a 

Ans. 2tf. 

, , - V(« 2 4- + a*) — V^rt 2 — oa + a 2 ) , 

4. To find the value of 


=s 0 ? 


V(a + <*') — W — or) 


An s. 


— ,r» 

5. To find the ^aluc of, : when <v = a? Ans. na n . 

log« — log «r 

log A’ 

C. To find the value of — — : when ,v = 1 ? Ans. 0. 

v ( 1 «r) 

c a — 1 -f- log ( 1 4" *r) 

7. T# find the value of when a»=0 ? Ans. 1. 


It Tjr 

8. To find the value of — when at = — ? 

cot J? 2 


Ans. — . 

it 


at 1 1 

9. To find the value of r — r when at = i ? Ans. -- 

«r'— i iog a? 2 

(a a — ,r 2 ) 1 4*(« — 

10. To find the value of - — — when x = a? 

(a — «*> - (o 3 — a?p r 


— . 

1 — (3a*)* 

11. To find the value when ,r = 0? Ans. f. 

12. To find the value of i, - - f~3 when a- =1 ? 

Ans. £. 
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MAXIMA AND MINIMA Or Ft NOTIONS. 

79. Def.— If any quantity first increased to a certain limit, and after- 
wards decreases wlieu it arri\es at that limit, at the end of its increase 
it is said to be a maximum . If it fir^t decreases to a ceitain limit, and 
afterwards increases, when it arii\cs at that limit it is said to be a 
minimum. 

Let us take, for example, the function y = b — (,r — a) 2 . If we 
suppose ,v = 0, then y = h — a 2 . If i incic ise* fiem 0 to a 9 ( r — a) 1 
decreases, and therefore y will continually increise from y = b — a 2 to 
y = A. Whcn^ = b , it i*» a mamuitm ; for t being supposed to become 
greater than a, y will be h ss than b. I3\ supposing ,v to ii.ciease till 
(iV — a) 2 becomes equal to b, y will doueasc to 0; and a* beiftg still 
supposed to inciea.se, y will become negathe. ^ 

Let us next sup| ose y = A 4- (/ — a)'. In this ca«-e, when x = 0, 
y = b + a 1 ; as ,r increases (x — - a) 2 dot roasts, and, consequently, y de- 
crease until «r= a, and then y — b, a minimum ; for x becoming 
greater than a , y becomes guatoi than b . 

80. Every fuuction that utlioi i pci eases or decreases continually has 
neither maximum nor minimum ; foi \vliate\ci \alue such a function m.i) 
acquire, in the one case it nuj always lia\e a gieatcr, and in the other 
a less value. 

The characteiistic pioporly of a maximum consists in its being 
greater than the \aluis which immediately precede, and also greater 
than the \alues which immediiloly follow it; and that of a minimum 
consists in its being Ioj than thc^alm* immediately pieceding, and also 
less than the values immediately following it. 

If a functii n fust imitates to a certain limit and then dcucases, and 
aftei wards increases again indefinitely, it will at length exceed the 
maximum which it had licfoic attained. Hence, a function may ha\e 
values greater than its maximum and less than iU minimum ;*aiid it is 
easy to conceit e that a function may inuca«e and deciease alternately 
several times ; in such a case It nnisL le consMoied as hating seteial 
maxima and minima. 

81. Prop. IV . — To (Join mine the maiiminn oi minimum qf u a func- 
tion oj x. 

Let u = /(#) an) function of x , and suppese that tt has acquired 
the value which is either a ma\ununi or a minimum. Let x 4- h be 
substituted foi x\ then we hate, by Taylors theoiem, 

J(v 4- h) = a + jh + qh 2 + ih 9 ' + &c. 

= u + h(p 4- qh 4- rh 2 4- &c.) 

, du _ dru -y 

wheie p = q = J ^ 2 , &c. Let — A he substituted for A, and 

we shall then hate 

f(x — ■ h) = u — ph 4- qh 2 — i/t 3 — &c. 

= « + //( — p + qh — xh l 4- &c.) 

Now, if p lu\o a finite talue, it is etident that h may be taken so 
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small that the signs of the two series p + qh -f rh 2 -f &c., and 
— P + ( ff l — r h* H* & c »> fchall depend on the signs *of their first term. 
And since the sign of p is -f in the one scries and — in the other, it 
follows that one of the functions J(x -4- h), f(,v — //), is greater and the 
other less than u . But this is contrary to the nature of a maximum or 
a minimum ; and, therefore, p cannot have any finite value. 

But if p = 0, we have 

f(jv + //) = « 4- qlr -f rP -f &c. = u 4- A 2 (<y *f rh -f &c.) 

f(x — A) = u + yA 2 + ?'P 4 &c. = u - f- A 2 ((/ — rh -f* &c.) 

and since q lias the same sign in the two series q 4 rh 4 &c., and 
q — rh -f- &e., A may evidently he taken so small that these two scries 
shall ha \2 the same sign ; and, therefore, f(x -f A), and /’(a* — A) will 
be both greater than u when q is positive, and both less when it is nega- 
tive. In the fiist ease, therefore, u will be a minimum, and in the second 
case a maximum. 

Let us now suppOftC that the value of x, which makes p = 0, causes 
at the same time q to vanish ; we have then 

f (x 4 It) =. u + rP 4 .vA 4 4 &c. == u 4 P (r 4 sh 4 &c.) 

/(a* — A) = u — rP 4 sP — - &c. ~ it 4 //*( — r 4 sh — &c.) 

and sine' the first terms r, — r, of the two seiics within the brackets, 
have dillerent signs, h may be taken so ''in all that one of the functions 
f(x + A), J\x — It) will be greater and the other less than u ; and, 
consequently, u is neither a maximum nor a minimum. 

From what has been said it will icadily appear, that, To determine the 

maximum or minimum of u a function of x, we must put — =0; and if 

the first of the differential coefficients which is finite he of an e\ on order, 
ii trill be a maximum a lien this corffif lent is negative, and a minimum 
when it is positive ; but ij this differential coefficient be of an odd order, 
u will be neither a maximum nor a minimum . 

82. Prop. V.— To determine the maximum or minimum of a function 
when Tap lor s theorem fails. 

In the preceding article we have supposed, when a particular value 
was substituted for x in the diirerenti.il coefficients that they were either 
evanescent or finite. But when Taylor** theorem fails, the differential 
coefficients become infinite* on the substitution of particular values for 
x, and in this case the masoning in j last pioposition will not apply. 
We may, however, determine the n. x.ma and minima of the function 
u in the following manner, which is applicable to all cases whatever. 

If we suppose u to have its maximum value, it will continue to de- 
crease for some time aftei wards : so that if we take the function u not at 
its maximum state, but immediately afterwards, when Taylor’s theorem 
does not fail, u will be > J\x 4 A) > w 4 ph 4 qp 4 &c. ; conse- 
quently ph 4 qP 4 &c. must be negative. But since h may be taken 
small that the sign of jh + qP 4 &e. depends upon the sigu of the 

du 

first term, ph will be negative ; and, therefore, p or — is negative. I 

QX 
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appears, therefore* that if u be a maximum, the value of —— immedi- 

tlJP 

ately afterwards will be negative. In the same manner it may be 
proved that the value of — immediately before the maximum state of u 


will be positive. Hence, when the function f(x) passes through its maxi- 
du 

mum state, the sign of - — passes from ■+* to — . Now, a function can 

(IX 

only change its sign, either in passing through 0 when the numerator 
vanishes, or in passing through infinity when the denominator \anishcs. 

dn 

Hence, to find the maximum value of u we must make -r— equal either 

dr n 

to 0 or infinity. « 

In like manner it may be shown, that in the case of a minimum 

d \v 

is negative before this state and positive afterwards; and, consequently, 

in this case will also be equal either to 0 or infinity. Hence, tbere- 
dv 

fore, to find the maximum or minimum of u ice must make equal either 


to nothing • or infinity . And if the sign of — be changed in passing 
through this stale > u will be either a maximum or a minimum; but if the 
sign continue the same in passing through this state , u will be 

neither a maximum nor a minimum. 

83. In the application of the preceding propositions the following 
rules will be found extremely useful in making the operations rnoie 
simple. 

1st. If any function u be a maximum or a minimum, then will Au or 


-y be a maximum or a minimum, A being a constant quantity. By 

this rule we may suppicss all constant multipliers and divisors. 

2nd. If any function u be a maximum or a minimum, then will u n be a 
maximum or a minimum, n being any positive number, integral or frac- 
tional. On the contrary. vr~ H will be a minimum when u is a maximum, 
and a maximum when u is a minimum. By means of this rule radicals 
may be removed. 

3rd. If any function u be a maximum or a minimum, then will the 
logarithm of u he also a maximum or a minimum. Hence, when u con- 
sists of a number of factors, these may bo separated from each other by 
taking the logarithm of », and the operation will become less com- 
plicated. 


Scholium . 


84. Tho preceding propositions may be simply illustrated from the 
theory of curve lines. 
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/ \ 
i \ 


\r 


f a *i 

Let AP y measured along the axis AHy be taken = a?, PM = u any 
function of ,v ; and let Mbr ... be the curve traced by the extremity of 
the line PM, Also, let MN be a tangent to the curve at any point My and 
MQ parallel to the axis AP. Then it will be shown, in art. 93, that 
(hi 

- - = tan Z NMQ. Now, if Bb be a maximum, or b the highest 

p8int in the curve, the tangent at b will be parallel to the axis AHy and, 
du 

therefore, - = 0. In like manner, if Cc be a minimum, or c the 
dv 

lowest point in the curve, the tangent at c will be parallel to the axis, 
du 

and^in this case, - - = 0. Lastly, if e bo a point of inflexion, and 

(hi 

the tangent at e be parallel to Ally - = 0 in this case ; but Ee is 
neither a maximum nor a minimum. Thus it appears, that the equation 

the curve is parallel to the axis' ; in which case u may either be a maxi- 
mum or a minimum, or it may be neither. 
du 

If — be infinite, n mav cither be a maximum, as at F; ora vnini- 
dv 

mum, as at II; or it may be neither, as at G, where the poiut£- in the 
cune is a point of inflexion. 

It appears also, from art. 94, that at b , wliere the curve is concave 

d l u . 

to the axis, the second differential coefficient is negative ; aud at c, 

where the curve is convex to the axis, tins coefficient is positive. Also, 
at the point of inflexion e, the second differential d*u =*. 0. 


Er . 1 . 

85. To divide a quantity into tw 'ich parts that the cube of the one 
multiplied by the square of the othi % shall be the greatest possible. 

Let a be the given quantity, and ,r one of its parts ; then will a — x 
he the other part, and by the question x*(a — «r) 2 is to be a maximum. 
Put u = 4’Xa — x) 2 , we have then 

~ = 3 x 2 (a — ,r) 2 — 2x\a — x) = x 2 (a — ,r) (3a — 3a? — 2a’), 


• and in the case of a maximum — = 0; putting, therefore, each of these 

(ttV 

factors = 0, we have 

x = 0, a — x =s 0, 3a — 5x = 0. 
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To find whether these equations correspond to a maximum value of 
«, Jet us take the second differential coefficients, 

(Ptt 


dx 2 


= 2.r (« — «?’) (3a — 5x) — .r 2 (3 a — ox) — 5x 2 (a — x). 
cPu 


If x = 0, '~T~a = 0, therefore nothing can be inferred in this case. 

dar 

Jf a* = «, = — a 2 (3a — oa), which is 4- , u is a minimum. 

(liV 


TO 3a (Pit 4.m*/ *j(t\ . . 

If,3>= . = — , -( « — which is — , .•.wisamaxi 

.) dr 2 lo \ j / 


d.V/ 


maximum. 


If the third diffeiential of u bo Liken, and 0 be substituted instead of 
iVu 

, 1 *, ~ - will be found = 6a 2 ; consequently the cono^ponding value of 
is neither a maximum nor a minimum. 

Ej. 2. 

8fi. To find when u = a* - Nr* q- 22? 2 21,?’ -f ]2 is a maxi- 

mum or a minimum. # 

4“ = - 2 l.i ' + 44» - 24 = 4(.r - 3) (.*• - 2) (,r - J). 

u«r 

1 he roots of the equation = 0, therefore, arc 3, 2, and 1. 

v V 


(pu 

dT* 


= 4(v 


- 2) (v - 1) + 4(<r - 3) O - 1) +• l(.r - 3) (*—2). 


If .v = 


«‘ 1 » 


= 8, therefore m is a minimum. 

a t - 


If .i = 2, 
If .r = 1, 


d 2 u 

~rf? 

<Tu 

da 2 


— 1, therefore u is a maximum. 
8, therefore u is a minimum. 


87. Scholium — If a, 4, c f &c., he the roots of the equation = 0, 

diV 

then will — = A (v — a) (,? — 4) (,?’ — c) . . .; thcrefoie, 
dx 


du 

dx 2 


f A(x — 4) (x — c) ... 

4- — a) (x — c) ... 

4- A(x — a) (x — 4) . . . 

Now this is c;idently the .amc expression as that which we have given 
in the Algebra (ait. 333); and if A be positive, and a, 6, c , &c. be 
substituted success); ely for x 9 the results will be 


A (a — b) (a — c) . . . which is positive. 

A (4 — a) (A — c) . . . - negative. 

(c — «) (c — 4) . .. - positive, and so on. 
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Hence the greatest root a will make u a minimum, b will make u i 
maximum, c a minimum, and so on. It appears, therefore, that if then 
be several unequal and real loots, these roots, takeu in order, wil 
make u alternately a minimum and a maximum. 

If, in the same equation, p roots be equal to e, there will bo out 
maximum or minimum value of u corresponding to e when p is an ode 
number, but neither a maximum nor minimum if p bo an even number. 

Ex. 3 . 

88. To find when u = b + f)(«i’ — is a maximum ora minimum 

- ; put this — cd (art 82 ), then wil 


Here vve have -- = , 

ax ( v — (ip 


4 , 1 TT 

and ~7 . Hence the 


(x — g)i = 0, and x = a . 

To find if u be a maximum or minimum, substitute a — h and a 4- h 

for«2’ in -7 , and the icsulU are — 

dv (—*J* h' A* 

corresponding value of u is a minimum. 

4 . 

8!). Let it be sudi a function of x that tr — 2 mxu + x* — = 0 ; i 

is requiied to determine when u is a maximum or a minimum. 

, . , . da — x 

From this equation we obtain - - = = 0 ; therefore, 

dv u 


m v 


mu 


x * 

— x = 0, and u — — . kA /%r 
m V 


Substitute this value in the given equation, and we have 


‘--2d + ,i l -« 2 = 0; 
7tr 

7)Ul 


a/ ( 1 — m 1 ) a/( 1 — m l ) 

Taking the second differential of the proposed equation, we have 
(Pu du l du 

(« + , h t ~ 2m — + 1 = 0 , 


or, (u — mx) ^ *(• 1 = (q 


dx 

du 

since , = 0; 


dv 


dx* 


- 1 


u — mx 


1 


a 1 — m z ) ’ 


and as this result is negative, wo conclude that the value which we have 
found for u is a maximum. 


Examples for Practice . 

1. To divide a given line a into two such parts that their rectangle 
• may be a maximum. 

2 . To find when x l — 0 «r 2 -f 9x + 10 is a maximum, and when it is 
a minimum. 
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3. To find when a? — 5*’ 4 + 5.F 8 + 1 is either a maximum or a 

minimum. « 

4. To find the number which bears the least ratio to its logarithm. 

Ans. e = 2'718. . . 

5. To divide the number a into such a number of equal parts that 
their continued product may be a maximum. 

Ans. Number of parts = -- ' 
A 6. To find when «r sin «?» is a maximum. Ans. x = 116° 14 f 21". 


7. To find when sm w «r sm M (a — ?) is a maximum. 

* -x \ n — m . 

Ans. sin (a — 2r) = sin a. 

n -f 

8. To bisect a triangle by the shoitest line. 

Ans. The length of this line is \^\(a H b — c) (a + c — 5).* 


9. Given the base and altitude of a triangle, to desciibe it so that the 
vertical angle may bo a maximum. Ans. r I he tuangle is isosceles. 

10. To find the least isosceles triangle which can circumscribe a given 

circle. Ans The tuangle is equilatcial. 


11. Given the length of a ciicular arc = 2 a, to find what portion of 
a circle it must be, so that the conespondmg segment may be a maxi- 

2 (i 

mum. Ati'i. The ladius of the ciicle = . 

it 

12. To find the point P m the line CD, so that if A and Ji lie given 
points in the same plane with CD, m.AP -j- n . JiPjxmy be a minimum. 

13. To find the gieatcst aiea that can be included by four gnen 
lines. Ans. The trapezium is such as may be inscubed^ a cucle. 

14. Of all light rones who*.e convex suifacc is given, t^fpul that 

whose solid content is a maximum. * \ 

Ans. Half the vertical angle of the cone is 35° 1G' nearlv. 

15. To cut the greatest parabola and the gieatest ellipse from a given 
right cone. 

1G. To find the dimensions of a cylindrical imperial quart, which 
shall contain the least quantity of silver of a given thickness. 

17. Given the altitude' of an inclined plane, to findiS length, so that 
a weight P acting fieely upon another weight JF in a line paialiel to 
the plane may driwit up through the inclined plane in the least time 
possible. 2 Wa 


18. Given the base BC t to find the altitude AB , such that a body 
descending from A to P, and thence describing DC with the velocity 
acquired, the time through AB and BC may be the least possible. 

Ans. Altitude 3= half the base. 

19. To find the straight line of quickest descent from a givon point 
to a given circle in the same vertical plane* 

,, 20* Given the content of a right cone, to find the base and height 
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IMA AND MINIMA. 


when the f fep of its vibration shall be a minimum* supposing tho point 
of suspension to bo at the vertex* % 

Ans. Rad. of base = height x 

7 


MAXIMA AND MINIMA OF FUNCTIONS CONTAINING TWO OR MORE 
INDEPENDENT VARIABLES. 


90. Prop. VI. — To determine the maxima mid minima of u a fane - 
tion of two independent variables . 

Let u y) be any function of two independent variables x and 

y. Substitute x 4* h and y + h for x and y, then, by ait 02, u will bo 
changed into a series of this form, 

V == A + Bh + Ck + l ( D/r + 2 Ehk + Fk l ) + &c., 

\ x w ffu (fu /> rf2tl it d 2 * 0 

where A = u, B = - , f = — , /> = — , E = - — — , &c. 

dx dy ajr dxdy 

Now, in order that u may be a maximum or a minimum, «' must be 
always Jess or always greater than u, whatever be the values given to 
the increments h and 4*, when they are tiken very small; but this is 
only possible when Bh + Ck f or (if h = mh) when h(B 4- Cm) is eva- 
nesceut. For if B + Cm he Unite, then, if h be sufficiently small, this 
term may be rendered greater than the *um of all tho following terms ; 
and, therefore, by taking h successively positive and negative, «' will 
become in one case greater and in the other less than u . Hence, in 
order that u mav be a maximum or a minimum, we must have 


h{Am^Cm) = 0, or Ji 4- Cm = 0. 

Also, since h andf&larp entirely independent of each other, m is arbi- 
trary, and?^ns^4(tyt^^follows that* 



Now, in order to determine whether these conditions make tc a maxi- 
mum or a minimum, or neither, we must take the second differential, 

4 - 2 Ehk 4 - Fh l ) = {D 4 - 2 Em 4 - Fm*), 
which, if it does not vanish, must always have the same sign, in the case 
of a maximum or a minimum, whatever value be given to tn. Let a, fl 
be the two roots of the quadratic equation Fm l 4- 2 Em 4- D = 0, 
then, by the theory of equations (A*g. art. 270), Fm 3 4- 2 Em 4 - /> = 
F(m — a) (m — j8), and if the root* «- $ are real, it is evident that, by 
substituting different values for wi, tli*s expression will be sometimes po- 
sitive and sometimes negative ; and, therefore, u will be neither a maxi- 


* This may be shown as follows : — Since m is arbitral y, substitute 2 m for m ; we 
then have B + 2 Cm =* 0. From this equation subtract B + Cm = 0, and we get 
Cm = 0, ami, thciefore, C — 0. Hence also B = 0. And in the same mauner, 
if thcie be any equation, 

B + Cm + Dn + Ep + &c. — 0, 

•in which B f C, D, &c. are functions of x, y, &c., and m, n } p, 6cc. arc perfectly arbi- 
trary and independent of these quantities, then will 

5 = 0, C mm 0, D =s Of &C* 
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mum nor a minimum. But if /3 be imaginary, (m — jt) (m~ ft) 
will be always positive (Alg, art. 326) whatever number [^substituted 
for m ; therefore, Far 2 Em + l) will always ha\e the same sign as F, 
and, consequently, u will be a maximum when F is negative, and a 
minimum when it is positive. Now, the two roots of the equation 

i /rjsi j)p\ 

Fm % + 2Em + D = 0 are , and these are evi- 

dently imaginary when J) and F have the same sign, and DF is > E l . 

If the coefficients of the second order vanish at the same time with 
those of the firat, it may be sliovn in the same manner that there can be 
neither a maximum nor a minimum, unless the fir it of the differential 
coefficients which arc finite be of an even order, and the factors of this 
term be all imaginan . 

The function u may also admit of a maximum or a minimum when 

— , and -r-, are infinite ; but wo mu^t refer the student for further in- 

d.r dy 

formatim on this subject to the Differential Calculus of Lacroix. 

E.v. 

91. To divide the quantity a into three such parts, y 9 a — ,r — y, 
that the product Fy i (a — t r — y) may be a maximum. 

If we put it = Fy\a — <v — y), we have 

= 3 «i ,2 y 2 (fl — a 1 — y) — Fy 2 = <t l 'y 2 (3a — 4,r — 3y) = 0, 


dx 

du 

dy 


= 2 Fy (a — a* — //) — 'Ft/* = Fy (2 a if — 3 y) = 0. 


0 ; ‘2 a - 2 £j £ 0^; 

>’ = J"> V -fe"> = h- 


Hence 3a — la* — 3y = 0 ; 

from which equations we find r = y — = 

In order to discover whether these values belong t(v a Yia4nuFm or a 
minimum, we must substitute them in the general expressions of />, E , 
/*. Now, 

; - — 2 — 4.r — 3y) — 4*t*y ~ — Dy ; 


r/i? a 

because 3« — 4.r — 3y 
d 2 u 

= 2a y(3« - 4,?> - %) - 3.i*y = - 3.?‘> 9 ; 


0. Also 


E = 


c/o //// 


» = J^L = 
dy 2 


y\2tf — 2,r — 3//) — 3a*V - — 3.t*y 


And since the quantities /I and Z^aie both negative, and 

12a 8 2o s 


DF ■=■ 12./*y = 
/J 2 = 9aV = 


32 x 27 
9« b 


2o s 

~144~ 

« 8 

111 


10x81 

therefore DF > E % 9 and u is the requircvl maximum. 
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Examples for Practice . 

1. To divide the quantity a into three such parts that their continued 

product may be a maximum. Aus. The three parts are equal. 

2. To find when u = x l + xy -f y 2 — 6x — 9y is a maximum or a 

minimum. Ans. x = 1 , y = 4, make it a minimum. 

3. To find when w = «r 3 -f y* 1 *>xy is a maximum or a minimum. 

Ans. If x = 0, y = 0, u is neither a maximum nor a minimum ; 

if x = 5, y = 5, u is a mmaa«rn. / 

4. To find when = y 4 — 8y 3 -f 1 fy/ 2 — 8y + <c 3 — 3 a* 2 — 3.r is a 
maximum or minimum. 

5. Of all triangles having the same perimeter, to determine that whose 

area is tjie greatest. Ans. The triangle is equilateral. 

6. To determine the dimensions of a rectangular cistern, capable of 
hofiling a given quantity of water, so as to he lined with lead at the 
least expense. 

7. To find a point within a triangle from which, if lines he drawn to 
the angular points, the sum of their squares shall lie the least possible. 

Ans. The point is the centre of gravity of the triangle. 

8. Given the weights of two balls A and /*, to find two intermediate 

balls x and //, so that the motion communicated from A to B through x 
and y may be the greatest possible, the balls being supposed to be per- 
fectly elastic. Ans. A , x, y and B are in continued proportion. 


CHAP. V.— THEORY OF CURVES. 


METHOD OF DRAWING TANGENTS TO CURVES. 

92. Def. — A tangent at any point of a cnr\e is a straight line passing 
through that point, such that no other line can be drawn between it and 
the curve. 


t 


Prof. I. — To draiv a tangent to t curve at any point* 


CMm he any cune line de- 
fined by an equation between the 
two co-ordinates AP* PM. Draw 
any other ordinate pm, and draw 
MQ parallel to Ap. Put AP = x, 
PMz=y, and Pp the increment of 
x = h. Then, since #/ is evidently 
a fuiiction of x, we have, by Tay- 
lor’s theorem, 

•pm = y + ph + qh 2 -f- rh 3 + &c. 
, dy , d 2 y 



2 A 


VOE. II. 
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drawn so that p shall be equal to the trigonometrical tangent of the angle 
QMN ; then shdll MN be a tangent to the curve at the point M . For 
let any other line, such as Mn, be drawn through the point M, and let 
A be the trigonometrical tangent of the angle QMn. Then 

QN = MQ x tan QMN — ph ; Qn~ Ah; Nn = (A—p)h. 

Also, Qm = ph *4* qh 2 + rh z + Sac. ; Nm = qh 2 + rA s + &c. 

Now, if none of the coefficients/?, q, r, v &c. become infinite, it is mani- 
fest that h may be taken so saaftlLthat A —p shall be or 

h(A *— p) > h(qh h jW + 6 A 3 + &c.) ; or iVh > Nm. 

Hence, therefore, whatever be the value of A, the straight line Mn 
cannot pass between J\IN and the rune Mm. In like manner it maybe 
shown that it cannot pass on the othci side between MT and the curve 
MC, and, theiefoxe, b) the definition, MT\s a tangent to the curve. 

91. Cor . — Since pN = y + ph, and pm = y + ph -f- qh 2 + rh l + 
&c. therefore, 

pm — pN = qK 3 + rh* + & c. ; 

and because h may be taken so small tint the first term shall be greater 
than the sum of all the other terms, it follows that the «um of this scries 
shall have the same sign as the iiiat term qh 1 . If q, therefore, be posi- 
tive, pm will be > pN, and the tune will be convex to the axis ; but if 
q be negative, pm will < pN and the curve will be com are . If the 
curve be situated on the other side of the a\is *11*, y will be negative, 
and, when q is also negative, pm will be greater in magnitude than pN, 
and the curve will be convex to the axis*. Hence it appears that a curve 
iv convex or * omave to {lit axis avoiding as y and d 2 y have the same or 
different signs. 


95. Prop. II . — To find expressions for the tangent , subtangent , nor- 
mal, and subnormal \ at any point of a curve. 

Because the angle TTM — QM N, we have 

—jpfi = 1 111 PTM = tan QMN = ~ , and, therefore, the 

Mtbtangcnt PT = ^ 0)* 

We have also, in the triangle PMT, ^ 

tangent MT = V( PM* + PT 2 ) = yv(l + ~) .... (2). 

Also, from the similar triangles PMT, PMR , we obtain the propor- 
tion PR : PM : : PM : PT, therefore the 

subnormal PR = PM as (3). 

PI dx 

normal MU - */(PM 2 + PIP ) = y s/([ + ( 4 >- ( 

Cor.— Hence, if in any curve CM, PT be taken equal to , and 
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TM be joined, TM will be a tangent at M '. Also, if PR be taken 
= and MR be joined, this will be a normal to the curve. 


96. Prop. III. — To find the equations to the tangent and the normal . 

( 1 ) . Let y, y f be the co-ordinates of the point M; and a*, y the co- 
ordinates of any point N in the tangent MN. From the theory of curve 
lines, art. 18, the equation to the straight line MN is 

y — y' = — y>, 

where A is the trigonometrical tangent of the angle which MN makes 

di/ 

with the axis of a*, therefore A = ; hence the equation to the tan- 

gent is * 

v-y' - 2? (■>’ - •’•') C 5 )- 

(2) . Again, by the theory of curve lines (art. 22), the equation to 
line pcipendicular to the tangent is 

v — y = - -j O - ■* ') ; 


and, therefore, the equation to the normal is 

i ( i\ 

= -w (r -* h " 


(«)• 


Examples. 

Eu\ 1. — To draw a tangent and normal to the ellipse; that is, to 
find the subtangent and the subnormal. 

The equation to the ellipse, when the co- 
ordinates are measured from A, the extremity 
of the transverse axis is (Ellipse, prop. 18) 


y = 7s (2<w - ■*’*), 77 = 


dr 

~ (i k 

Ifcn *PT =*-¥■ = £-— 

dy A* n—r 


IP a-r 
2a, v — r' 



CT = (a — ,r) + PT = 


a— *’ 


CA % 

~cF' 


Again, PR = 


ip , . 

” («-*) = 




x CP. 


2. To draw a tangent and normal to the parabola ; that is, to find the 
subtangent and the subnormal. 

3. To draw a tangent and normal to the circle ; that is, to find the 
subtangent and the subnormal. 

9 4. To find the subtangent and the subnormal to the hyperbola. 

5. To draw a tangent to the cissoid of Diodes. 

C. To draw a tangent to the hyperbola between the assymplotes# 
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*. 

7. To draw a tangent to a curve of the parabolic kind whose equation 
is y = ax n . 

8. To draw a tangent to the trident whose equation is axy—**—a\ 

9. To draw a tangent to the logarithmic curve. 

10. To draw a tangent to the cycloid. 


ASYMPIOIES TO CURVES. 



97. Prop. IV .— To find whether a curve admits of an asymptote* 

When any curve CM lias an asymptote, as 
the point M moves to a greater distance from 
A , the origin of the co-ordinates, the tangent 
AIT continually approaches to the a^vmptote; 
and the points jS and T continually approach 

to the points J) and E; so that AD and AE 

are the limits to which the values of AS and E T A P 
AT approach nearer than by any assignable difference, but which they 
never actually attain. To determine, therefore, whether a curve has an 
asymptote, we must find the values of AS and AT, and see whether 
they are susceptible of limits. Now, 

yd v 

V ~ ■*’ 

<ty _ tidy 
dr y dr 

If, therefore, we take the limits of the^e expressions when jl is inde- 
finitely groat, we shall deteimine the values of AD and AE \ and the 
line drawn through the points J), E v ill he the asymptote required. 

Eii. 1. — Let y i = mv d m*, which is the geneial equation of lines 
of the second ordei. We have, from this equation, 


AT = FT- Al> = 


AS = AT tan ATS = AT 


il 'J 


% 


m 


V 2nx' 

. AT- 


yd t 

V 


-y 


m -f 2 m v 


2 mv + 2nx* ^ 
?n -f 2 fhv 


2 mx + 2/u 2 
m d- 2«*r 
vui -j- 2 wa* 9 


MX 


m d- 2 nx 
mx 


In like manner AS = y 0 — 0 /f , . 2 . ■ 

17 2 y 2 */ (jnx + nz*) 

Dividing each term in these functions by .r, wo obtain 

m ^ . m 


AT - 


AS = 


m 

X 


b 2 n 


Mt+*) 


AE = 


and, when x becomes infinite, their respective limits are 

AD = 7 P—. 

2 n 2 */n 

If n be negative, the value of AD is imaginaiy, and, therefore, the 
curve, which is an ellipse, has no asymptote. 
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Ifn = 0, the curve is a parabola, and AD and AE arc infinite; 
therefore the parabola has no asymptote. 

Ifn be positive, the curve is a hyperbola, and AD and AE are finite. 
Hence, therefore, the hyperbola is the only curve of the second order 
which has an asymptote. 

Ex. 2 . — To determine the asymptote of the curve whose equation is 
ip == ax 2 4 - x\ 

Ex. 3. To determine the two asymptotes of the curve whose equation 

d 2 

is y = f- 2 a + 

x 


THE DirriUENrULS OF CURVE LINES. 


# 98 . Prop. V . — To find an evpressianfor the differential of the arc of 
an?/ curve. 

Let CM any arc of a curve = s («ee the figuie lo art. 93), AP = .*', 
PM—y; also, let the increment of the abscissa Pp = h; then, since 
the arc is evidently a function of the abscissa, when x becomes x + k } 
the arc s will become, by Ta)lor's theorem, 


ds h 

,+ i/7-T + 

arc A I >n = 


ds 

d,r 


d l y IP 

IT 2 172 

h 

T 


4- 


d\ IP 
17 1.2.3 
d l s h l (Vs 

l' 1 177 


+ 


+ &c., 

IP 


+ &c. 


da M .2.3 

Now (Geom. prop. N 8 ), the arc Mm is > chord Mm, and < MN 
-|- JVm. And since (ait. 93) 

Qm — ph + qh 2 4~ AP 4~ &c. = ph 4 PIP ; 
putting qh 1 4* AP 4 - &c. = Ph 2 , we have, therefore, chord Mm = 


t/iQAP + Qm 2 ) = \ / h 2 + (ph + />/**)*= hv\ 1 + v 2 ) + 'IPph + l n h 2 , 

and this expression for the chord Mm, when expanded, is evidently of 
the form 


hV{ 1 + p 2 J + Ah 1 4- BIP 4- &t\ 

Also, MN =r V(QM 2 + QN 2 ) = VQP 4- pVP) = A v/( l + P% 
and Nm = Qm — QN = qh 2 4 - rIP + &c. 

MN+ Nm = hV{ 1 4- , 3 ) 4- qh 1 4- th' 4- &c. 

ds li d» h 2 d's IP 

Hence, then, the senes — — + y 4- - 7-7 7 ~TT “7 + &c - > 

dx 1 dx - 1.2 di* 1.2.3 

is always contained between the values of 

h a/(1 4 -p 2 ) 4- AIP 4- BIP 4 - &c and A//(l 4- 4- qh 2 4- »A s 4 -&c. ; 

and, therefore, it follows, from art 52, that 

— = vo +i»*) = v{\ + d £i)‘> ••• *= «✓(<&* + «fy*). 
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99. Prop. VI. — To determine the conditions under which the contact 
of cm ves tabes place, 

"Loty = f(a), and u = F(j), be the equations to two curves which 
have a common abscissa ,r. Let x become ,t + A, then y and u will 
become 


y = y + ph + (jh 2 + At . ; u' = U -f Ph -f Qh 2 + Ac. 

where p = “, q = J , Ac. ; P = , 0 = Ac. Suppose, now, the 

dt* dt 

cur\es to hate a common point JJ/, then will y = ?*, and if du be also 
= dy , the contact between the cun os is such that no other cuivc, whose 
equation is v = $(t ), diawn through the common point M , (an pa«s 
between them, unless the diffeiontul of its ordinate = e/y. Tor when 
x becomes x + li , the oidinate v will become i 1 = v + p'Ji 4 - q ] h l 4 - 

P 1 Leing = , y' = i » *' = A c. ; theiefore 

y — a' = (/> — //)/* 4- (y — y ')^ 3 4- &c. = «A + l h 2 4- Ac., 
by substitution. Also, since, b) hypothesis, du ■= dy, therefore 

y' -u’ = (q- Q)h> 4- 0 - 1l)V 4- Ac = Jilt 2 4- Cl? 4- &c. 
Now, it is ewdent that A may be tiken so small that a shall be greater 
than ( B — h)h 4 - ( C — ()h l 4 - Ac., or that 

a 4- hh 4- ch 2 + Ac. shill be > Jih 4 CH 2 4 - Ac. ; 
or, ah 4- tth 2 f ch* 4 - Ac. > Wr 4- Ch 3 + Ac., 

that is, 1 / — v r shall be > 1 / — u. Hence it follows, that the curve 
whose equation is v=<p(i) cannot pass between the curves whose 
equations are y = and u = 

In the same manner it maj be proved that if 


dy du 

y = ■» T, = *• a,,d 


d 2 y __ d 2 u 

77 2 ~ dT* 9 


no other cur\c drawn thiougli the common point A/ can pass between 
dvdy d 2 v d 2 y . 

them, unless — = j- 9 and : and similarly with lcspect 


to differentials of higher orders. 


100. Cor . 1. — When u = y, and y = ~ , the two runes have a 


common tangent, and the contact is said to be of the first order. When 
du dy d 2 u *Pi/ 

U = dr = anc = ’J/jl » “ 1C contact is said to be of the 


second order; and so on. 


101. Cor . 2. — The general equation to a straight line is u as at 4- 5, 
in which there arc two constant quantities, a and b . If wc consider these 
quantities* as indeterminate, we may assume two equations, but not more, 
by means of which we may find their \alues (Alg. art. 84). If, then, 

we suppose, when they have a common abscissa, that u = y 9 — = < ^L 

51 dx dx 9 

"are these two equations, the position of the straight line will be com- 
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plctcly determined. Hence, therefore, a straight line will, in general, 
admit only of a contact of (he first order. 

The parabolic curve, whoso equation is u = at 2 + bt + c, will admit 
only of a contact of the second order. For, when t = a*, if wc make 



ILv 9 



(Po 
iLr 2 


wo have three equations, by means of which the three constant quan- 
tities a, 6, c ma) be determined. 

In like manner, the general equation to a circle being ( u — P) 2 + 
(t — a) 2 =/>*, in which there are three constant quantities, a, P, p ; the 
circle, generally , will admit only of a contact of the second order. We 
say generally, because it is possible that, besides the equations 

du (ly (Pit (Ptj 

" ~ y ' <it ~ </.>■ ’ 17- ~ ~ t iA’ 


from which the values of «, / 3 , q, are determined, the equation =s 

may also be satisfied; in which case there will bo a contact of the third 
order. As the curvature of tire circle is the same at every pflint, it is 
usually taken to measure the degree of curvature at any point of a curve. 


<Py 

(Ij? 


102. Prop. VIL — ft* hen any two our res have a contact of an even 
order , they both touch and cut each other ; and when the contact is of an 
odd order , they only touch each other . 


Let ^ =z f(,r), and n = bo ^ 1C equations 

to the two curves mi Mm and n’Mn , which have a 
common point M. Let slP — <v, PM — /y, 
Pp = Pp ' = h ; and let us first suppose that tlie 
contact is of the second order, or that u =//, du = dy 9 
d 2 u = (Py. We have, then (art 90), 

pm — pn = (r — Jt)h :] + (a' — S)h* + &c. ; 

and if the abscissa becomes x — h } or if we change 
h into — h, we shall then have 

fhn' — jin' = — (r — lt)P -f- (.? — 


TT^5 



A > 



And since, by taking h sufficiently small, the first term of the series may 
be made greater than the sum of all tlie other terms, it follows that 
pm — pn and p'mi — jin' will have dilToicnt signs. 

If, therefore, pm be > pn, p'm! will be < p'li, consequently the 
curves ni Mm, nIMn, cut each other as . j l as touch each other at the 


point M. 

But if the contact be of the third order, or r — R also be = 0, then 


pm — pn ~ (s — S)h 4 -f See.; />W — p'ri = (,? — S)h 4 — &c. 

Hence, as the first terms in these two series have the same signs, if pm 
be >pn,p , m t will also be > y;V, therefore the curves m'Mm, riMn, 
will not cut each other; and in the same manner the proposition may 
ho proved in other cases. 

• 103. Prop. VIII. — To find a general expression for the radius of 
curvature at any point of a curve . 

Let y = J(x) be the equation to the curve, and let 
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(f — ccf + (U — /3) 2 = f (1) 

be tho cquition to the cnclo of cm\dtmc, which is supposed to hive 
the sune ibsussi as tho ciuvc Now, by the definition, we have at the 
point of contact, 

v = y, (In = dy, and efu = d 2 y> 

from which equations, and tho eqmtiou to the curve, the values of the 
coustmt qmntitn s ire to be determined B) t iking the first 

and second diffucnti ils of cqu ition (1 ), we hue 

( ? _ «),/* -f- ( M - f)du = 0 . .. (J), 

di "f- du~ "j~ ft) d it == 0 • • • • • (1) 

dt 9 + du 2 

Tiom the last equation we obtain u — p = ^ , 

du du di 2 + du 2 e 
diid fioin equation (2), ? — a = — (u — p) — = ^ — -^r • 


Substitute these values in equ itiou (1), uid wo find 


/ch 4- du \ r du~\ 

= (-K-) [' f 7r] = 


(di 2 + du y 

1 ( da d u y 5 


t =- »■ 


(r/r° + du 2 )' 
di d l u 


To determine which of the signs ] i to be u<-cd, wo must considei 
that when the ordmift j positive, irid the curve is cone ivc to the axi , 
d'u is ncgitive (ait. fi4) md d wo suppose ^ to be positive in this ease, 
we must piefix the si^n — to d u to make it positive. Hence, by 

, (tfi + du ) 

this conventional rule, p — - — ■ • 

— di d u 


And since du = dy, and d'tt = d'y, we liave these three equations 
to determine the values of p, &, and /3, 


(dt n -f- di/^y __ c/s* 

— di d if ~~ di d 2 y ' 


(4), 


dy ( d i l -f dip) di 2 + di/ 2 

dt d if 9 ^ ^ d y 


101 Dfi\— I f the radius of cuivaturc 
ft JO be supposed to be diavvn it cveiy 
point of the curve CMM ', then DOO , 
the locus of the point 0, will form a curve 
which is oiled the evolute of the curve 
CM , and the curve CM is celled the in- 
volute of the curve DO. 

lOI Prop IX. — 7 kc icultus of tuna* 
lure MO ts a noimal to the involute CM, 
and a tnnqtnt to the evolute DO. 

(I). If we substitute y for «, and dy 


Af / 
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for du, iu equation (2), art. 103, and divide by dy, wo shall 
obtain 

. d.v . 

p-y = -- d - («-*), m 

and this equation being the same with the equation to the normal (art. 
93,) it is obvious that the point 0, whose co-ordinates are a, ft is a 
point in the normal, and, therefore, the radius of curvature is a normal 
to the curve. 

(2). Since the radius of curvature varies at every point of the curve, 
if wo pass from one point of theevolute to another, not only will <rand y 
vary, but ft p will also vary at the same time. Ilence, therefore, 
differentiating equation (2) , both with respect to .rand y 9 and also a and 
ft and substituting^, dy 9 d 2 y 9 for u, du 9 d l u , we get 

(dr — dot) dv -f- (dy — dp) dy + (y — p) dPy = 0. 
jftid subtracting equation (3) from this equation, there remains, 

— ebefa* — d3 dy = 0, or ^ ^ (7). 

(fa dy 

Substitute this value in equation (2), and we have 

d 3 

9-P = £(*-“) («). 

but this is the equation to the tangent of the curve DO at the point O, 
whose co-ordinates are p (art. 9(5), and, therefore, the radius of cur- 
vature MO is a tangent to the evolute. 

‘0G. Prop. X . — The length of any arc 00’ of the evolute is equal 
to the difference of the radii MO, M'O'. 

If we differentiate equation (1), art. 103, making all the quantities .v, 
y> *> ft ary, we obtain 

(. 1 * — *) (ds — do) + (y — P) (dy — dP) ss pdp 9 
and subtracting equation (2) from this, we get 

— (<r — a) doc — (y — P) d(3 = pdp. 

Substituting the value of // — ft derived from equation (8), both in the 
last equation, and also in equation (1), we have 

djf / dp 2 \ 

pdf = — (<r — a) da — (x — a) - 7— = — (,f — a) da , 

,*= (*-•)* + (' - «)* = O - *) 2 0 + §) . 

Squaring the first term of these two equations, and dividing it by the 
corresponding terms of the last, we obtain 

dp 2 = (fa 2 + dP\ or dp = V(dcc 2 + dp 2 ). 

But, if s be the arc of the evolute, we have also ds = */(cb* + e/jS 2 ); 
9 m \ dp = ds or d(p — a) = 0. And since every function whose dif- 
ferential = 0 must be constant, we have p — s = C 9 a constant quan- 
tity. If we suppose C = 0, or the radius of curvature and the evolute 
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to commence together, we shall have p = s 9 or the radius of curvaturo 
equal to the length of the evolute. 

Cor. — Hence, if we suppose a string to be wrapped round the curve 
DOO\ and the line MO taken equal to the radius of curvature at 0 9 
if the string be unfolded, its extremity will dcsciibc the curve line 
MM'. 


107- Prop. XI. — To find the equation to the evolute 9 when that of 
the involute is known. 

dy (Pt/ 

Find the values of y 9 , and — , from the equation of the given 

curve. Substitute these values in the two equations marked (o), we 
shall then have two equations between x, a, and p . Eliminate a* from 
these equations, and we shall obtain an equation between a and p 9 which 
will be that of the evolute. 


Ha ample*. 

108. Ex. 1. — To find the radius of curvature at any point of the 
parabola. 

du p d 2 y p dii p 2 

Smcc / = 2px, = - ; and ~ 


y 


Aho, ~ = VO + ~) - a/( 1+^ ) - 
Hence p = 


if dx 
V(p 2 + f) 


y 


ds 


ds 

da J 


— da d 2 y 
radius of curvature = 


^ L = + . 

da 2 p z 

(normal) 3 


; that 


(semiparameter) 2 

109. Ex. 2. — To find the equation to the 
evolute of the common parabola. 

, di 2 \ dy 2 u 2 + i/ 2 y 3 

y-p= — Ti\. = -7T- • - * -= 




y 


a — dyjd^+dy 2 ) p_ p 2 +y 2 y A 


dx d l y 

P 


y r 



y 8 (2p,r)' f 

- P = ~ ; a* — « = — 2 — — — 2x. 

p 2 y p 1 

From the last equation x = £(<* — p) t and from the preceding 
equation 

_ Sx 5 _ 8(*~/;) 3 _ 8 a ! 5 
P ~~ p ~~ 27p 2 7p ’ 

by putting** — /) = or transferring the origin of co-ordinats f rom 
A to D . Hence the evolute is a curve of the parabolic kind e? ailc j 
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called a sem {cubical parabola. It is composed of the two branches 
OF and Df the first of which generates by its develqpement the branch 
AM , and the other generates the branch Am. 

fix, 3. To find the radius of curvature in the ellipse. 

j Kjj*' 4. To find the radius of cunature in the hypcibola. 

fix. 5. — To find the radius of curvature to the In pcrbola between the 

asymptotes. 

fix. 6. To find the radius of curvature and the evolute of the cycloid. 

SINGULAR POINT. S OF CIRVE LINES. 

113 . Drp. — Those points of a curve in which it undergoes any par- 
pillar change's are called singular points. The diiferential calculus 
affords the simplest method's of determining their nature and position. 

POINTS OF INTIIXION. 

111. Def. — When a curve, fiom being concave to the axis, becomes 
convex, or from convex become* concave, the point at which the change 
takes place is called a point of ii/lei ion, or a point of contrary flexure. 

1 12 . — Prop. XII . — To find tlic points of inflexion of a curve . 

(1) . Let M be a point of inflexion in the 
curve CM; and N'MN a tangent at this 
point. Lot AP = a 1 , PM = y 9 Pp = h ; 
we have then (art. 9 1 ) 

pm — pJV = qh l + rh' + &c. 

In like manner, if Pp' = h, wo shall find, C 
by substituting — h for h 9 

p'm' — p'N* = qh l — rlP + &c. 

Now, if q be finite, it is evident tint k may * ’ r 

be taken so small that the sign of each of these series shall depend upon 
the sign of the first term qh% and, thercfoio, pm — -^iVaud p'm!-— p'rf' 
will have the same sign, and, consequently, the curve will be convex to 
the axis both before and after the point il/, if q bo positive (art. 94 } ; 
and concave both before and after, if n he negative. 

(2) . JJutify = 0, and r be finite hen these two seiics become 
rA 3 -f sh 4 -f &c. and — rK* + sh 4 — cXc. ; and, since the first terms 
rh\ _ r /*3 h tl ve different signs, h may be taken so small that pm — pN 
and p'm f — p r N f shall have different signs, and, consequently, one of the 
points tn, m' will be above the tangent N r N and the other below it. 
Henco the curve is concave in one part arid convex in the other, there- 
fore M is a point of inflexion. 

( 3 ) . If q = 0 , #•= 0 , &c. 9 then, in order that there may be a point 
of inflexion, the first differential coefficient that is finite must be of au 
odd order. 

()• If the value of «r in these series be such that q is infinite, then 




364 


THE DIFFERENTIAL CALCULUS. 


each of the coefficients r, s , &c. also will be infinite, and, therefore, no 
conclusion can be drawn from the preceding demonstration. If, how- 
ever, immediately before and after the point il/, the coefficient q has 
changed its sign, then the curve is concave in one part and convex in 
the other. Now, if g be a fraction, it may change its sign either in 
passing through nothing or infinity ; and, therefore, at a point of con- 
trary flexure, q may be either 0 or oo . 

Hence, to determine the point of inflexion in a curve we must put 

= 0, or = oo ; and then find the values of this differential 
dx* dor 


coefficient when ,r is increased or diminished by a very small quantity 
h : and if, for these now values of has different signs, there will 


be a point of inflexion. 


Examples. 


E<r. 1. — Let the equation to the curve be y = ax + hx 2 — c.r 3 , to 
find the point of contrary flexure. 

We have = a + 2b, v — 3cx 2 ; = 2b — 6c, r = 0. 

dx dx 2 

Hence x = “ at the point of contrary flexure. 

3c 


2. To find the point of contrary flexure in the curve whose equation 
is y = x + 36«r a + 2 X s — xK 

3. To find the same when the equation is y = 3r 5 — 35.r 4 + 14(kr 3 
- 240**. 


4. To find the same in a cmve of the parabolic kind whose equation 
is y =s a + V ( fl3 — + a ' v *)' 


MULTIPLE POINTS. 

113. If several branches of a curve meet in one point, it is called a 
multiple point. If there be two branches which meet in this point, it is 
paid to be a double* point ; if three blanches, a triple point; and so on. 

Multiple points are divided into two species, — those in which the 
branches cut each other, and tho«e in which they touch each other. 

114. Puop. XIII. — To determine the multiple points in which the 
branches intersect each other. 

(1). When several branches of a curve intersect each other in one 
point, there will be as many tangents at this point as there are distinct 
branches of the curve; and, consequently, as many different values for 
dy * 

— . Let u = f(x 9 y) = 0 be the equation to the curve ; then du will 
evidently be of the form 

Md a? + Ndy = 0 ; —■ ~ ( 1 ). 
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If, now, for any given values of x amly, M and jVbe rational and finite, 

dy 

can only have one value, and, therefore, there will lie only one tangent 

at this point. But if M or N bo irrational, may have several values, 

dx 

consequently there may be several branches passing through this point. 

Lastly, if M = 0 , N = 0 , we have ~~ = -77-. To determine the true 

dx 0 

value of in this case, let us differentiate the equation M + N = 0 5 
dx (U 

we have then 


dM dMd^i dNdf (Py _ 

# dx + dy da 7 + dy da 2 + dv 2 ~ U 


( 2 ) 


! dN 
for - — 
da? 

itself to 


d 2 u 

dydx 


: and since N = 0, this equation 


reduces 


dM (IMdy dN dy °- 

dx ^ ^ dy dr dy dr 1 


As this is a quadratic equation with respect to the unknown quantity 

dy dM dM dN , . dy . t , 

if — , be rational, — will have two values, and, coll- 
ar dx dy dy dx 

soquently, there will be two branches of the curve corresponding to these 
values. 

(2). If the terms of equation (2) all vanish, wo mu>t differentiate 
this equation again, and we shall then find an equation of the third de- 
gree, from which we may have three different values for the differential 

coefficient ~ . 

dx 


1 15 . Ex .— Let y s= x + (<r — a) */ v — 0 ; J 
dt/ , _ v x — a 1 

,,-=!+ V(^-i)+ t y / 

du 

and when = a, y also = a, and — = 1 Hr a /(«—&). | 


/ 


/ 


TI10 curve, therefore, has tw'O branches assing through this point. 

If the equation to the curve had been given in this form, 

( fJ _ tV y = O — a ) 2 (x - b ), 

we should have had, in differentiating and dividing by 2, 

— 1 ) (y — **0 = (* — ®) («* — £) + aO*’ — *) 2 > 

and when # = a = y. each term vanishes. Taking, therefore, the 
second differential of the given equation, we find 




= 3 .i’ — 2a — 
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l 2 

and when a = a = y, {— — 1 ) = a — 5, 

from which we obtain the same value of ^ as before. 

da 

1 1 G. Prop. XIV . — To find the multiple points when the branches of 
the curve touch each other. 

If be\eral branches of the curve touch each other, and the contact 

be of the first order, l ~~ will have only one value, but will have sc- 
da da i 

veral values; if the contact of the curves be of the second order, and 

da 

- j 4 will each have only one value ; but ^ will have several values • 
d<r* J (f^ 

and similarly with respect to the contacts of superior orders. Let us 


suppose the contact to be only of the fust order, then the value of 

da 1 

deii\ed from equation (2) will have several values; and we may reason 
in the same way as in aiticle 11 1, that this must arise either from the 

radicals contained in M and A', or else that is of the form — . In 

(/.» * 0 

the latter case we shall have, fiom equation (2), iX = 0,and, therefore, 
from equation (1), J\[ also = 0. The following example will be suffi- 
cient to illustrate this case. 


\ 


1 1 7* Ea .— Let y = c + ( i — a) i \/<v — 6. 

•| T I do dry 

W hen a~a, y~c , ~ = 0; = ± 2 V(a - b). 

Hence there is a double point of the second species 
at the point where a = y, y = r. 

But if the equation to the curu* ho given in the form (y — c) 2 = 
(a; — a) 4 (a b), wo hay o, ^ from the first differential equation, 

^ = 0 ; from the second, = 0; from the third, 0 = 0; and from 
the fourth, 6 (jrjCf = 24(« — 6). 

The last equation gives ^ = + 2 \Z(a— l), the 


1 same result as before. 


CUSPS on POINTS OF REFLEXION. 

118. A cusp nr point of reflexion in a curve, is a double point of the 
second species in which the two touching branches terminate, aiul do 
not extend beyond this point in one direction. They are divided into 
tyo kinds; the 6rstis a hen the two branches of the curve ore on dif- 
ferent sides of the common tangent, and the second is when they are on 
the same side of it. 

It is evident that the curve docs not extend beyond this point in one 
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direction, because the values of the ordinate are imaginary in this direc- 
tion ; and, therefore, some of the differential coefficients are imaginary. 
The kind of cusp will bo determined by considering whether both the 
branches are coficave or convex to the axis, or one is concave and the 
other convex. 


119. Ex . — Let (y — xf = aP ; or y = x + x 1 */#* 

When x is negative y is imaginary, and, therefore, 
the curve stops at the oiigin where x = 0, y = 0. 

We have also, 


+ JL J j,. 

da- ~ 1 ± 2 V ’ 


= ± 



Whe», therefore, x = 0, 


<?!/ 

dx 


= 1, and the curve 


has only one tangent at this point. Also, all the other differential co- 
efficients are either 0 or oo , and, therefore, nothing can be concluded 
from these values. But if we take a point a little beyond the origin 


of co-ordiuatcs, or make x = 0 f h , a very small quantity, 


has two 

dx* 


values, one of which is posithe and the other negative ; hence the curve 
has two branches, the one concaic and the other com ex to the axis; 
consequently the origin is a cusp of the fir&t kind. 


CONJUGATE i’OINTS. 


120. When the co-ordinates for any particular point in a curve are 
real, but the co-ordinates on cither side of this point aro imaginary, this 
point is called an insulated or conjugate yointy and is entirely detached 
from the rest of the cune. 


Points of this kind may he supposed to arise 
from certain portions of the curve disappearing 
in consequence of the particular values of some 
of the constant quantities in the equation. 
Thus, if we had the equation 



*/a . y = -f V x(x — b) {x + o'), 

and b and c are finite, the curve will resemble 
figure 1. If c = 0, the equation becomes 

*/a • y = xV x — b, and the part AF is re- 
duced to a single point A. If b = < and c is 
finite, it will resemble figure 2. i( b = 0, 
c = 0, it will resemble figure 3. 

When the curve has a conjugate point, some 
of the differential coefficients at this point must 
be imaginary. 



Scholium . 


121. From the preceding articles on the singular points of curve 
lines, it will readily be perceived that they may always be determined 
from the following simple and general rule. 

The determination of any singular point in a curve is obtained by con- 



368 


TUB DIFFERENTIAL CALCULUS. 


sidering when the differential coefficients of any order become 0 or oo , 

or “ : and the species of the point is determined, 1st, by examining 

what number of branches pass through this point, and whether they 
extend on both sides of it ; 2ndly, by finding the position of their tan- 
gent ; and 3rdly, the direction in which their concavity or convexity is 
turned. 


EXAMPLE OF THE ANALYSIS OF A CURVE. 



*7 


\ 


[IS X 


122. If we take, for an example, the equation 

y v — 96a 2 y % + lOOaV* — x l = 0, 
we shall easily find 

y = + VI 48a* + >/(230 la 4 - 1 00«V + **)]. 

Bj discussing each of 
these values of y in the 
same manner as those of 
the general equation of the 
second degree (page 10), 

we may discover the o\- j \ \ /' 

tent and limits of the dif- v 

ferent branches of the 
cune. But we propose, 
at present, to deteimine 
them by the application of 
the differential calculus, 
which materially abridges 
the labour, and may be 
effected, in many cases, 
where the solution of the 
equation is impossible. 

123. To determine the 

limits of the euive in the direction of the axis of ?/, we must find the 
maximum and minimum \ allies of y ; or when the differential coefficient 

dy a 1 — 50a 2 , r 

da y* — 48(ry 

Hence i * — 50a*x = 0, and, therefore, 

•v = 0 ; or, x = 4- 5a V2. 

The first value of «r, substituted in the proposed equation, gives 
y = 0; or, j = + 4a V6- 

The corresponding values x = 0, y = 4- 4a VC), determine the points 
D and d, while the positive and negative values of y may easily he shown 
to be maximum \ a lues. 

The values x = 0, y = 0, indicate the origin A, and at the same 

dy 0 

time give ^ = — . To determine the true value of this expression, 
we will differentiate the equation 
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(y* _ 48a 2 g) dy + (50a 2 x — a* 3 ) dx = 0, 
and we shall find 

(y 8 — 48a 2 y) d 2 y + (3 y 2 — 4 8a 2 ) dy 2 + (50a 2 3x 2 ) dx 2 = 0. 

And ’when x = 0, y = 0, this reduces itself to 

— 48a 2 dy 2 4* 50a 2 dx 2 = 0 ; and ^ = 4- a/6. 

cm* ~ 12 

Hence it follows, that the curve lias at the point A two tangents, 
which make, with the axis of x, two angles, whose trigonometrical 
tangents are respectively -f * 2 */6, and — f-j's/O. 

The other values v = + 5a \/2, when substituted in the proposed 
equation, make y imaginary, and, consequently, // is neither a maximum 
nor a giinimum. 

# 124. To obtain the limits oi the curve in the direction of the axis of 

x, we must make , = 0, oi ?y l — 1 8 Ay 0, from whence we have 

dy 

y =s 0; i) — + 4a V 3. 

The first value ot y, substituted in the proposed equation, gives 

x = 0 ; i -= 4_ 10a. 

The values ?/ =0, ,/ =0 have already been considered. But the 
two others, y = 0, a = + 10«, correspond to the points B and b y 
where the curve meets the axis of.?’. 

The other two valuer, y = Jh 4a VS* give us, when substituted for y 
in the original equation, / = h 0a, and x = Jr 8a. From the 
equations x = 4 - 0a, and y = [_ 4a\Z3 y we obtain E, and the 
corresponding points in the other branches; and from the equations 
.? = 4- 8a, \j •=. Jr 4 a we get F and three other corresponding 
points. At the point E the value of .? is, a maximum, and at F it is a 
minimum. 

If we substitute tx for y in the proposed equation, it becomes 

<‘? 3 — 96* A 2 + JJOa 2 — a 2 = 0. 

, , HXhr — 90a 2 t 2 

Whence wo deduce a* ~ ^ , 

a result which gives u = 4 x > , when t = 1. 

125. To determine the asymptotes w' have 

da, a 1 — 50 A 2 — ?y* 4- 1 'Ay 3 __ 50a 2 x 2 — 48Ay 2 

** ^ dy ~~ a 5 — 50cr.r .r 3 — 50 a 2 x 9 

dy _ y - 18 Ay 2 — a 1 4- 50 A> 2 __ 4 8 Ay 2 - 50a 2 x 2 
^ c/a» """ — 48« 2 y y* — 48a 2 y 

These expressions diminish continually, whilst x and y increase, and 
are evanescent when y -= x, Hence it follows, that the asymptotes arc 
two lines drawn through the origin A , at au angle of 45° with the axis 
# of x. 

126. To find the point3 of inflexion, we have 

VOL. II. 2 » 
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d\l/ _ 
dx* 


(3 r 2 - :>()« 2 ) - ( 3 y 2 — 48 « 2 ) ^ 
y* — 4So 2 y ’ 


i i i <ty 2 oO , , - &y o 

and when x and u arc evanescent, = — , and, therefore, -7-5 —“TT > 
J dv* 48 dor 0 

from which equation nothing can be determined. To find the true 

d 2 y • . 

value of -r--, we must lake the third differential of the original cqua- 
dP 

tion, and then making x ~ 0, y = 0, we obtain — 144 «Vy (Py 2= 0 ; 

• , d^tj » 

which gives ~j- z = 0, and proves that is a point of inflexion. 

To discover whether the cunc has any other points of inflexion, wo 

must make the muneiatorof tlir* expiession for equal to 0; and, after 

proper substitution* and udurtion*, wc ^laall find the co-ordinates of the 
point of inflexion /, and the inii clouding points in the other blanches. 
d*t/ 

By making - infinite, or ip — 18 a 2 // = 0 , we obtain the points 

A, E, J\ and li, wliic h aie not point of inflexion, but merely the 
limits of the cunc in the direction of the abscissae 


CL RYE b Willi POIAR CO-ORDINATES, AND SPIRALS. 

12 7. Prop. XV. — To dam u tar g nit to 
a polar curve at any point . 

Let A be the pole, and AM the radius 
vector of any cune line PM. Let J/ 7 1 be a * 
tangent at m, and thirusji ui cb iw .It per- r x , \ 

petidicular to AM, tlien At called the sub- 
tangent. Put AM = u , jL MAP = 0 ; 

AP = x , PM = y ; and then / ATM = a. We have then 
At = AMUnAMt = «tan( 0 ~ «) 

y J y 



\ 


= U 


^tan b -- tan o> 

1 4 tan 0 tan ^ 


,1 


= 2* 


iti? 

r air 


A? __ ^ yd v 


.uly 


rdx -| yr/y 


the s>ublc ngent ^ = 


But, since u = w cos 6, y = w sin 0, we ha\ e 

c/,r = du • cos 0 — udd sin 0 , < 7 y = da . sin 0 4- cos 6. 

Substituting these values of e/a' and du, we obtain 

' f <»• 

And. in like manner, the subnormal Ar = -- (2). 

dv ' 

Ex. I.—- 1 To find the subtangent and subnormal at any point of the, 
logarithmic spiral, whose equation is 6 = log u. 

2. To find the subtangent at any point of tho spiral of Archimedes 
whose equation is u = ad. 
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128. Prop. XVI. — To determine when a polar curve has an 
asymptote . 

When the radius vector becomes indefinitely great, if the subtangent 
has a finite value At for its limit, the cur\o will manifestly have an 
a^mptote passing through t perpendicular to At . 

Hence, therefoie, if the limit of the \aluc of 3 be 
found when AM is indefinitely giCcat, and AE be 
drawn making an angle 5 with the fixed axis AP , 
and also tM be drawn paiallcl to AE at the dis- 
tance At, tM will be the asymptote required. 

Ex\ 1. Let the cuno be the lyperbolie spiral 
whose equation is uQ = a. 

Thq subtangent, by the la»t aiticle, will be found = a 9 and is, thcre- 

fqjre, constant. Also 0 = , therefoie, when u is infinite, 0=0; 

fherefore the asjmptote is parallel to the fixed axis, at flic distance a 
from the centre. 

Ea. 2. To determine, the asymptote to the spiral whose equation is 
ah 1 




129. Prop. XVII. — To find an expression for the differential of 
the arc, and also Jor the radius oj curvature of a polai curve. 

(1) . We ha^e, fiom ait, 98, ds = V(dP + dy 1 ) ; and, if we substi- 
tute the \alues of di and dy, ait. 127, wo shall find 

tfs = V(du? -f u*d6 ’) (3). 

(2) . The expression for tlic radius of cun a I uie refoircd to rectangular 

d \ 1 

co-ordinates is p = - — — 5 hut this i\ i inula was deduced on the 

— di d l y 

supposition that dx* was constant. If 6 be the independent variable, or 
d9 be supposed to be constant, dx will be variable, and, therefore, we 

must substitute for (ait. 66) the expression 

dx J 


UUUJ UJVIUOIC) nv; 

/ d? 2 dy d v d l y\ 

\Wd 0 ~ dO ~d&) 


d$ i 


; or for — civ d 2 y the c\prc.sion d\v dy — dx* d l y. Hence, on 


the supposition that x? is a function of 3, we ha\e 

dy 1 

P d\idy — dx’cPy 


(")• 


And if w f e differentiate the values of dx’ and dy in art. 127, we shall find 


d\v = d*u cos 0 — 2 du dO sin 0 — u cos 0 di\ 
d}y = (Pu sin 0 + 2 du dO cos 0 — u sin G d9 2 . 

Py substituting tlie respective \alues of dh, d l y , and also dx, dy, ds in 
equation («), wo obtain 

► m 

p ~ - u(Pudt + 2 du 2 d$ + «iW v 

Ex\— In the logarithmic curve the radius of curvature is equal to the 
normal. 
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CIIAP. I._ INTEGRATION of differentials 
INVOLVING ONE VARIABLE QUANTITY. 


130. The Integral Calculus is tho inverse of the Differential ; its 
object being to ascend from tfic differential coefficients to the functions 
from which they were derived. • 


131. Prop. I. — To find the integral of the monomial ax n dx. 

As when u is such a function of a variable quantity .v that u = Au %m 
+ C , where A , and C denote constant quantities, tho differential of 
u is mAx m ~~ l d,v ; wo infer from tlienco that the integral of mAx m ~~ l djr 
is An m + C. If, then, we compare m^lx ,,l ~ ] dn with the given differential 

a a 

ax n ilr> we have m — 1 = n, and in A = a or A = — = — — . Hence, 

m w + 1 7 


when 


du 


ax" dr, u = 


..»+i 


n -f* 1 


+ C. 


To find the integral, therefore, of a differential of one term, such as 
ax n dx 9 we have the following 

Rule . — Increase the index by unity, and then divide by the index so 
increased and by dr. 

To indicate this operation, wo put before the differential the charac- 
teristic which signifies sum or integral ; and it is the inverse of the 
characteristic d, so that Jdu = u.* 


132. The value of the constant quautit) C is to he determined from 
the particular inquiry in which tho differential equation du = a t r ,l d.r oc- 
curs. If it be known that u = 0 when x acquires some known magni- 

(UV n f 1 

tude.such as b 9 then the general equation u = — + C becomes ii. 

« + l 

ab H * 1 , „ 

that case 0 = + C. Hence, by subtracting each side of this 

last equation from the corresponding member of the former, we get 


* The letter f was employed by the first writers on the integral calculus, as the 
initial of the word mmma / because, according to the method of infinitesimals, they 
considered every function as the sum of all the infinitesimal increments. 




INTEGRATION OF ALGEBRAIC FUNCTIONS. 


373 


a(,r n - ' 1 — b" +I ) 

U ~ r " • 

n + 1 

133. By giving different values to n in the preceding equation, wo 
may obtain the corresponding integral. There is one case, however, 
which requires to be particularly noticed, as we cannot get the integral 

immediately from this rule. If n = — 1, then da = a.r -* 1 r/«r = — ; 
* «r 

. . r , a(r°—b°) tf(l - 1) 0 

and the integral from this formula = - = - = . 

We, however, find the true value of this function from the example 
a 1 b l 

, given in page 311, which was found to he log a — log b, 

<v 

when ct = 0 ; consequently, the required integral = fl(log ,v — log b), 
# The expression which wo have found for the value of u in this parti- 
cular case coincides with what we might liaic found by considering that, 

add* ado 

when u = a log.r, da = ; so that, converse!}-, when da = , wo 

may conclude that u — c/log.c 4- which agrees with the former 

result by supposing C = — a log b . 

134. It must now be evident, that if ' * 

da = (tv m dv + bv n dx -f- c.r p da 1 4- &c., 

where m y w, p 9 &c. are constant quantities, then 

* i b,r ,tA 1 c.vP *** 

u = — T~7 — — T + 7 7 + 

w + 1 m 1- 1 4- 1 

We only add one arbitrary constant, for it is obvious that, if a constant 

were added to each integral, their sum would be equivalent to one con- 
stant quantity. 

135. Jn general, since w r e have seen that (art. 32) 

d(au + 5?; — civ 4- &c. . , f C) = ad a -f bdv — cdic 4- &c. 
where «, v, tr, &c. denote any functions of a variable quantity, and C is 
a constant quantity ; w*c conclude, comersely, that 

J\adu + bdv — i dw 4- &c.) = an 4- 5c — c«c - f- + C. 

Also, since d(iiv 4- £7) = w/c + w. therefore, conversely, 

J (udo 4- wfa) — - v c + (7, 


, , . _ / u vdn — udv 

And m like manner, since a + C J = ^ , wc conclude 


that 


/ t/cfo — udv u n 

- “ r 

tr o 


136. Prop. II. — 7b integral of (ax 4- b) m dx. 

• This may bo done by expanding (ax 4- 5) Wi into a series, multiply- 
ing each term by dx 9 and integrating each term of the result. But 
the integral may be found more easily thus. Put ax 4- b = z, then 
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7 = - — - , and cfy = . Substituting these values in tho expression 

z* h dz s m+l 

for du f we find du = , and consequently u = ~ i 1 x 4 - C 


(av + b) m 1 1 
(m + 1 )a 


( in 4- 1 )a 


137. Prop. III. — To find the mtegial of ( i\ n 4- b) m \ n “ , d\. 

By putting, as bcfoie, ai n \- b — z, we havo nai n ~~ l di = dz, and 
dz z w dz 

t 7 n ‘~ x dv = — . Hence On — , and, theiefoie, 

71 a na 

« = T , r = t gl' + q 

-f- 1) f 1) 

138. Prop. IV . — To find thr intern* l of the factional function 

A\ ra dx 

(ax + b) u 

z—h d * 

Put cn 4- b = thou ? ~ , niid dv = — . Ilenci 

i a 


du 


__ r/j 


If, therefore, we expand (r — b\ tho binomiil thcoiem, multiply 
each of it-, tciins lry dz, and divide by r ,? ,we shall have a seius of 
toims containing on!) simple po^™*, ot wind* uny be integrated by 
the lulc in ait. 131 

Let us suppose, foi ex imp! that m ~ - 3 and n -~= 2, then 


du = 


A{ z - iyoz 


— - (zdz — + 

rr \ 


3f?dz 


b'dt\ 

~ ~)' 


lienee, taking the integi ils of cith of the (unis, according to the rule 
in ait. 136, \u Invc 

A/~* b*\ 

u = J(~ - 3 bz 4 - 3b 2 log - + — ) + C. 

Substituting for z its value, ai 4 - b, we find 

! t ~ ~ ~ 86 (*' + + ' Wlo 8 («*’ + 6 ) + b 


«M*= ■ 


}• 


Jli ampler for Practice . 

1 . Integrate tho following differentials : — 

ada, ba^dut ca—^di, ax^dx, bi'-dt, 

rdr hdv , , , , . C(h 

— , — , adi %/r, bdtfyi, — ~ . 

ntegratc the following expressions 

adi (&4-c*); adv (b 4- < , adrift 4 c*) 1 . 
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3. Integrate axdx (b -f- ex 2 ) ; aaPdx (b + ex 4 )* 

M r xdx a? a . , 

i 'f7Tii = T~T^ a + l ^ 

5.J- 

J a 


4- b<v 
,v*d,v 
+ b x 


’■A 


xdx 


' *•/: 


(n 4* &**j s 
Ahhv 

(a T Oxf 
xPdx 


a? 

a. f* 

a 2 x 

«» 

U " 


+ F 

- - 4 i lo g0 

/A 

2 a 5 \ 1 

I 2 a 

' u 

* 1 

p ;i Ja 4- 

■ b.v IP 

■ - 1 

f X 

T + 

—) - 

1 

■ \ 

2 b* > (, 

a 4- bxf * 


Ga 2 x 

!)« s \ 

1 

U 

b» 

L 

~w) 

(a 4“ hjrf 


3 a , 


_/3fU* 9 n\r \ \a* 

+ IF 


10 . 


A 


(« + bx) 
Adx 


hf\ 1 , 

’>b l ) (« •+■ b.v) ^ 


log (a -j- b.v) 


6* 


(a + bxf 


/A o'/,/' 2 a 2 ,/' a 3 \ 1 

~\T + ~ 2 b r + F + IF (a + bxf ’ 


INTEGRATION OF RATIONAL FRACTIONS. 

139. All differentials which arc rational fractions may be compre- 
hended uuder this general form, 

(jix vi -j- hx n -f fi.rP 4- &c.) dx 
-f- b\v n ' + 6\?*' + Arc. ' 

which, for the sake of brevity, we will represent by . Now, if the 

highest power of x in the numerator bo not less than in the denomi- 
nator, it may become so by dividing U by V. Calling, then, Q the 
quotient, and R the remainder, we shall have 

y 'Uf/x /' /'Rdf* 

— =M +/— ■ 

Now, Q being a rational and integral function of x } j Qdx may be found, 

as in art. 136 ; it only remains, there! j. to find an expression ^ 

in which the highest exponent of x in R is less than in F, so that the 
fraction may be generally expressed thus, 

(rt<i' n ~~ l -f- d?4T 1l ~~ 2 + /) d.r 

,v tl + a'x* r ‘* ml -f V ii ,n ~ 3 4- /' 

140. Prop. V. — To integrate a rational fraction when the simple 
factors of the denominator arc all real ami unequal. 

The general method of integrating differentials of this form consists in 
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decomposing them into a series of other fractions whose denominators 
arc more simple. , To avoid complicated calculations, we will suppose 
that the differential which it is required to integrate Is 

(ax 2 -f bx -f c) dx Rdx 

,v* 4 - a\v l + b'x 4 - c r V 


Let the roots of the equation x % + n'x 2 4- b’x 4- c J = 0, be — a, — ft 
— y, which are supposed to be all real and unequal. We have then 
(Alg. art. 270 ), # * 

aP 4- + Va' 4- c r = (x 4 - «) (.r 4- ft (x 4- y). 


Assume now 


7? 

V 


at* 4 - bx 4 - c 
a? - 1 - dx 2 + b’x 4 - c! 


A B , C 

m _l_ ________ ^ 

x+<x x+P #4-y 


where the numerators A, B , C are constant quantities, but as j et are 
indeterminate. 

By reducing these fractions to a common denominator, we have 


R A (x 4~ p) (x + y) 4~ B(x J td) (x 4- y) 4- C(x 4~q Q 

V (x 4- a) (,**4- 6) (d’4-y) 

Now, the denominators of the two members of this equation are iden- 
tical; and as the numerators have the same form, it is manifest that we 
may make them also identical by equating like coefficients ; for we have 
three equations to determine the three unknown quantities A , B, C 1 
By performing the multiplication, the numerator becomes 

( A + B + C) X 2 + \_A (p + y) 4- B (a 4- y) 4- C ( a 4- ft] x 

4- APy 4- Buy 4- CocP, 

and comparing this with ax 2 4* bx 4- c, the numerator of the given 
fraction, we obtain these three equations, 

A 4- B -|- C = a, 

A (p 4- y) 4- B (a 4- y) + C (a 4- /3) = b, 

Apy 4- Bay 4* Cafi = C. 


From these equations, which are all of the first degree, wo may deter- 
mine the values of A, B , C \ and thus we have 

(ax 2 4- bx 4 - c) dx Adx Bdx Cdx 

r* 4- dx 2 4- dx 4 - d x + x^x-j-P+x+i 


4- 

If wc put a’ 4 - « = z, then dx = dz, and the differential 
Adz 


y 

Adx 

x+a 


will be 


transformed into the integral of which is A log z or A log (x+a). 

In like manner we find 


= B log (x + £), f-JL=Cl og(, + 7 ) f 

/ • (off 8 + br + c) dx 
J a? + «'j7* + + c’ 


and, consequently, 

= A log (.v + ct) + £ log (,r + /3 ) + C log + y ) , 

It is easy to extend this mode of proceeding to the general formula 
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given in art, 139 ; and it is obvious that, whenever the denominator of 
a rational fraction can be decomposed into real and unequal simple fac- 
tors, I he integration of this fraction is attended with no other difficulty 
than this decomposition, which requires the numerical resolution of 
equations. 


141. Prop. VI. — To integrate a rational fraction token all the 
simple factors of the denominator arc real 9 but not unequal. 

The method which we have adopted above will not apply when some 
of the factors are equal. If all the roots are unequal, we may assume 

ax s 4- bx 2 -f- c<v 4 e A Jl C E 

x k 4- tin* 4- b'x* 4* c'x 4 d x + a. ft «r4y a' + i* 

but if *a = ft = y, the preceding equation would become 

• ( hi ,3 4" bx* 4~ ex 4" c A 4 E 4 C E 

(,*» 4 «) : * (4,4 0 x 4 ot ^ ,t’ 4 f ’ 

and if we put A 4 E 4 C = D, we may easily perceive that, with the 
two indeterminate coefficients J) and E 9 we cannot make the second side 
of the equation identical with the first. 

To obviate this difficulty we may assume 

ax* 4 kx 1 4 cx e Ax 2 4 ' Ex 4 C E 

(x 4 af («r 4 t) (ttf 4 <*f ^< 741 * 


for by reducing the second side of the equation to a common denomi- 
nator, the numerator will be of the same form as the given numerator, 
rt.r 3 4 bx l 4 cx 4 c y and will contain four indeterminate coefficients, 
Ay Jiy Cy Ey by means of which the four coefficients of the different 
powers of.r, in the two sides of the equation, may be rendered identical. 

The integral of - — — % -—-r — may be found from art. 138, 

C* + cef 

by putting x + «= z. Put we may reduce this to another series of 
fractions, by assuming 

Ax* 4 Ex 4 c a H K 

(x 4 (x 4 af (x 4 a)* x 4 « * 

for by reducing these fractions to a common denominator, and adding 
them, the numerators of the two sides of the equation will have the 
same form, and there will be three indeterminate quantities, Gy Hy K 9 
to enable us to make the coefficients f the like powers of x equal to 

each other. To find the integral of r r», put x 4 *= z 9 then 

(x 4 

dx = dzy and 


2{x - ■ 


r a ax puaz __ — u 

J(x+ «) 3 “•/" ~ J Gz ~ dz ~ -2 ~~ 

r t Hdx — H rKdx ^ 

In like manner / - — - — = — ■ — ; also / — ■ — = K log (,r 4 a), 
'/(x+ay x+a * / x + * 


142. Prop. VII. — To integrate a rational fraction when all the 
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simple factors of the denominator are unequal, but some of them are 
imaginary . 

When some of the factors are imaginary, the same method may be 
used as was followed in art, 140 ; but this would lead to tedious calcu- 
lations, which may easily be avoided by proceeding thus. It appears, 
from Algebra (art. 267), that every equation is composed of real, simple, 
and quadratic factors. Let «r 2 + 2ouv + « 2 4* P 2 he one of the real qua- 
dratic factors which contains the two imaginary roots — a. + p V —1 
and - — 1, then, instead of the former substitution of two 

of the fractions containing the imaginary factors, # + « + pV — 1 
and ,v + a, — P V — ■ I for the denominators, we may assume 

y for one of the partial fractions, and find thcwalues 

x % -b 2 ol.v -b a - 4- P 2 

of A and B as before. . 

To integrate this fraction, put <r 4~ «== s, then tv 2 + 2a. v + » 2 -b/3 3 
= ;t 2 -J- ff* and dr = dz, therefore 

(A.r + B) tLr _ (As — Act -b B) dz 

sfl -b 2 of a' + «. 2 '|- P 2 S 2 ~b p 2 


}>y putting B — Aa. = 


pAzdz ^ 

JjTJ* = 


_ Azdz Cdz 

~ + p i + S 4 -f ? ’ 

C Tlie integral of the first of these terms is 


A p 2zdz 

2 ./?T* 


A_ 

2 


log(j 2 + /3 2 ); 


and if we make z = pa, and efr — pda, in the second of these integrals, 
we have 


r.- c ±- = n r 

J z 1 4 - S 2 p J u 


C 


da 


■ + 1 


C 

— tan - " 1 u . 

P 


Adding these two results together, and substituting, we obtain 

(A.r -}- B) dr 


j 


# 2 4* 2 ctiV ~b dt **b \d' 


= ^logV(.i" + 2*.r + ^ + F) - — — tan-1 . 

143. PRor. VIII. — 7b integrate a rational fraction when some of the 
simple factors of the denominator arc equal and imaginary . 

When the denominator contains several factors equal to# 2 4- 2ax 4- a 2 
-f P 2 9 there will he a factor of the form (# 2 -f 2 a.r -b * 2 + Cor- 

responding to this factor we may assume a scries of fractions, 

(yi#-b (C.r-hD)dv (K* + L)d* 

(«r 2 + 2»# 4- « a + P z ) p (# 2 4* 2%r 4- 4- /S 8 ) 1 *"" 1 * * * + or* 4- 2 a# 4- a 2 4- £ 2 * 
and find the values of the indeterminate coefficients A> B , 6 T , &c. in the 
same manner as before. 

To integrate the first of these fractions H L- lf l-, . , , as- 

& ^ (# 2 4 - 4-2 +■ 

sume # 4“ a == *> then, as in the last article, 
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{Ax + Ji) dx __ Azdz ( Act. — JJ) dz 

(.*•» + 2ax + a* + (? + ,9*)/' “ + /S*)P ' 

J (z l + jS*)i» 2 J v -r / ^ 2 /> - 1 

1 


The integral of 
* 


2 /? - 2 (<r ‘ 3 + / 3 2 )*- 1 ‘ 

<b , , 

may be made to depend upon that of 


O 2 + 

■ ^ 9 * u ^ l0 “idcx of the denominator is less by unity 

than in the [first, by a process that will be more fully explained in 
art. 1 CO. 


Let “ = (F+W^ = ** + ?***'* t,,on 

du - dz (s* + P)- p+ ' - (: 2p — 2) s* dz (r* + /3 »)-p 

«'■’ (2/>_- 2) ( s * + p'-)dz (2 P -2)pdz 

(s’ + (s* + j3 ! >" + (a* + /3 *)f 

(•2/> - 3) <L (2 p - 2) ,9» dz 
(z l + &)>-' ' (?* + py 

Ilcncc, transposing and reducing, wo obtain 


dz 


du 


+ 


-P 


(c 4 + o-)P (2/> - 2),5« ’ {2p -2) /S» (« a + /9*)F-> ’ 

P dz _ 1 s 2/) — 3 r (h 

V <> 3 +/3 4 ;p ~(2p-2)fP (z* + ,3*JP-> + (5»/»— -’>3*^ (3 s + p z y~ l ’ 

dz 


In like manner we can make the integral of 


(**+£*)* 


~ depend on that 


0 f 21 by substituting in this formula /; — 1 for;;; and we 

(* a + /5 2 )P~ a J ' ' 

may proceed in this manner, continually depressing the index of the 
. # f/z 

binomial by uuitv, until at length we arrive at the term — — , the in- 

tegral of which being known, wc shad completely succeed in integrating 

the differential ^ ■ 


144. It appears, from the preceding articles, that if the resolution of 
equations be granted, every differential which appears under the form of 
a rational fraction may be integrated either algebraically or by means 
of logarithms, or circular arcs ; and that to prepare it for a solution, 
we must decompose the fraction into partial fractions, whose denomi- 
nators are cither real binomial, or trinomial quantities. There are 
several analytical artifices by which the trouble of calculation may to a 
certain extent be abridged; but as the method of indeterminate coeffi- 
cients- is extremely simple, and not attended with any considerable 
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labour, we shall confine ourselves, in this work, to that which has 
already been explained. 


Ex. 1. 

, ( tV ' 4 — 2x z 4* x 2 4- x — 3) dx 

145. To find the integral of — . 

jr — 3x 4- 2 

Since -the highest exponent of x in the numerator is not less than in 
the denominator, we divide the numerator by the denominator until it 
becomes so. We thus find a quotient x 2 -f* x + 2, and a remainder 
5x — 7, so that 

(* 4 — 2<?’ 3 + x 2 4- x — 3)dx , , (5 x~7) dx 

2 — n — r o = V r ‘ + a ' + 2 ) — * — 7T> • 

.r* — 3,r + 2 v 7 x z — 3*t? 2 

The integral of (,r 2 + <v + 2) </.?’ is found immediately, from art. 134. 

To find the integral of ~ ptit the denominator x 2 — 3x + 2 
° .j- — 3.*’ 4- 2 4 

s=s 0, and we shall find the two roots to be 2 and 1 ; hence x 2 — 3a* 
4 - 2 = (x — 2) (<r — 1). Assume now, 

5 x — 7 __ A B __ (✓/ h - (A -f- 2/i) 

.r* - 3x + 2 “ — 2 + .7-1 ~ O’ - 2) (7 — 1) ’ 

in which A and B are indeterminate coefficients. By equating liko co- 
efficients wo have 

A 4- B = 5, A 4- 2B = 7 ; consequently, 71 = 2, A = 3; 


(J)x—7)dx __ 37.* 


27* 
r— 2 — 1 


Hence 

3<fo* p2dx 


wc, therefore, have ^ 0 

= ^’ 3 4- i 4- 2.r 4- 3 log (.*» -2)4-2 log (x—1) 
=fi(2x !t +3x 2 + 12,?*)+ log [(a— 2)*(^-l)*]. 


7?,/*. 2. 


146. To find the integral of 


dx 


v s 4- x 1 — ,r 4 — «* 3 


The factors of the denominator are easily found, for it may be put 
under this form, 

xr\x? 4- x* — x — 1) = <i%r 4* 1) («* 4 — 1) 

= ^( x + 1 ) (x* - 1 ) (* 2 4 - 1) = **(.r + O 2 (* - 0 (*® + 0, 
and consequently the proposed differential may he decomposed as follows, 


Ddx 


Adv 

* 

h 

Cdx 

x — I 

(.r + 1)* 

«r4- 1 

Edx 

+ 

Fdx 

+ + 

,v 

( Gx 4- H) dx 
X* + l 


By reducing theso fractions to a common denominator, and comparing 
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the numerator of their sum with that of the)(proposed fraction, we shall 
find 

A=\, B=\, 6 ’=|, D= -1, B=\, F= -I, G=i, //=!• 
The integration of each of the preceding fractions has been already 
explained ; and we shall find for the result 


{ 1 , , 11 !) 
T lot <'— 1 ‘>- T i+T + -s 10 ^' 

— log x — log (a * 3 4 - 1 ) — \ tan -1 t r. 
Hence, by reduction, we obtain 


+ 1 > + ^-T 


ih' __ 2 — 2.v — . r >,i A i 1 , — 1 

+ A — ,v l —,>* iTpTrT + "5" .f 3 + 1 

+ log — £ tan - * 1 ,r. 


Examples for Practice . 


p 2 <h? *r — 3 

‘ J, v i - 4.V + 3 = 0g J=rf' 

o rXaP'Ox — 1 7<i ,2 (h' 4- 9.rr/.r -f- l(b/.r _ 0 9 , 0 

2 . / 3 7 rr — “b 

J A ii — 5a 1 4 - (> 

/• ay/sI' (.*’ 4- d ) 9 

* J ,<■* + 6 .J 1 +8 ~ ° g x + 2 

4 . r = l + 1 ioo -izl. 

•'*»+&»*— 4 3(**+2) T <) °.r + 2 

5 * 4- 5^+8.* +4 = 7T-2 + l0g + J) - 


pAaPrix — 1 7<i ,2 (h' 4- 4- l(b/.r ,r— -2 

2 . — — = 2.r 4 +3.»'+ 8 log — . 


x l — 5a 1 4 - 0 ‘ 
ayAp (.«’ 4 - d ) 9 


J a? 4- 5d >2 4- 8«i’ 4" 4 <r 4- 2 
6 * •/** + 6 *» + 1 !*■ + 6 = l °° 


(■r + 2 )« 

V { (.»■ + J) (.«■ + 3f } 


•y r ^ tV __ 1 , - 

7 -y^”>+V-i ~ T og Tiy 


r» + .r-l 2 0^4-1) 

*v/.r ^/G ** 3 4-1) 


tan - 1 ,r. 


/-r 5 ; = J log : h £ tail — : [ <V. 

J 4- a* 4- tV 4- 1 ° a 4* 1 


J or 4- j*" 4- a* 4- 1 ° a 4- 1 

p aPd# a /2 * & 1 14- ■** 

»- y ^ + ^_ 2 = — ^2 - -« l 0 *r^- 

2 , (* + 2)* 3 , 1 

y^-H^ + f,^ + 4.r+4- 25 °® A + 1 "^*25 tan * 5(<r+2)" 

. /• rfj’ 1,1 +•*’ 




/ da> 1 . i 4-# 

1 log j 

1 — 2 1 — <r 


p ax i . 

l2 ' ~ 2 a ° g 


1 , w—a 
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I3 v6 


dv 


<r 2 4 * d z 

J 1 + ,?» J * 


1 ,‘V 

— tan*" 1 — . 
a a 


+ <?>" 
dj? 


= &i°g 


1 + ,v 


- 1 - lo<* -f- tan— 1 ,?/. 


1 2x 

+ -rrtan-J 


V3 


1— .r 


i- /’ lLv 

J V 

Hi. /I— — = JLi 0P i±i±2±^ + _Ltan-«(^V 

V 1 -j- .,•» 4 V‘2 ° 1 - .,V2 + .i* 2V2 \l-x‘) 


INTEGRATION OF IRRATIONAL FUNCTIONS. 

147. When a differential expression involves irrational functions, we 
must endeavour cither to transform it into another which is rational, or 
to reduce it to a number of irnilioual quantities, consisting of one term 
only; and then, in either case, its integral maybe found by the pre- 
ceding rules. 

(14- a /«?• — -V^ <v~) dx 

Let us take, for example, the dillercnlial — . It 

1 \/tV 

is evident that, by putting t r = -J\ all the radical signs will disappear, 

(I z^dz ^ 1 -j— 

and the differential will be transformed to — — , which* 

I ~r z* 

by actual division, becomes 

— G [fdz — z i] dz ~ z'dz + ~V~ — + dz — - — j — ^ » 

and the integral of this expression is 

— G — Iz 1 — lz () 4- 7 ,« 5 — i- 3 + c — tan“ ! z ) + const. 

Xdx 

148. Prop. IX. — To find the integral of 
X being a rational function of x. 

(1). TVhen C is positive . By taking the coefficient C from under 
the vinculum, and putting = a, — ~ = J, this differential becomes 
1 Xdx 

~77’ ~7? — 7T — i — ^ * Assume, now, */(a + vx + x l ) = £ — x ; 
VC V(^ + ox +.-*’*) • „ ./ 

then, squaring both sides of the equation, wc have a + bx = %rz* 
Hence we obtain ~ ~ • 

2dz('a 4- bz + z 2 ) # 


a/(A -j- Bx 4- Cx 2 ) 


A' = 


(fa S= 


2s+b’ "" (2z + 4) 8 

r 

By means' of these values the differential 


,, , , , a + bs + e 1 

V{a + bx + x 1 ) = z — x = — - — — — . 

2 z + o 


Xdx 


*/(sl + Bx + Cx 9 ) 


^3t is trans- 
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formed into another of the form Zdz , where Z is a rational function of 
z, which is always real when C is positive. • 

(2). TVhen C is negative . As the radical quantity + bx — .r 2 ) 
is supposed to have a real value, the expression — bx — a may 
always be decomposed into real factors of the first degree. Let us 
represent these factors by x — a. and «r — ,3, then it is evident that 

a -j- bx — x 2 — — («? >2 — lx — a) = («r — a) (/3 — x) . 

Lot us now assume V (x — ») (.3 — x) = («z* — cd)z 9 then, squaring 
both sides of the equation, we have /3 — x = (,i* — w): 2 , from which 
we find 


# — 


+ /3 


z 1 -f I * 

+ lx — X 1 ) : 


fix = 


( ,l * <*)* 


2U— 

“'(>"+ 0 *"' # 

(P ~ a); 


and these values will render the proposed differential rational. 

149. Co?’. — The differential Xdx A {A -J- Bx -f- Cor)* in which A r is 
i rational function of,?', may be immediately reduced to the preceding 
form by multiplying numerator and denominator by the quantity 
x'{A + fix + 6V 2 ), for wc then have 

Xdv VW + Bx + CV-) - X<lr {A + Bv + CA) 


in which the numerator is a 


V{A + Bx -f Ox*) 
rational function of x . 


Before we proceed to the general integration of binomial differentials, 
wc shall consider a few simple cases included in the last proposition, 
whose integrals may be found independently, either by means of circu- 
lar arcs, or a table of logarithms; and which continually occur in 
analytical calculations. * 


CIRCULAR FUNCTIONS. 

dx 


lot). (1). To find the integral of - • 

/ „ VOv-x^) „ 

Put x = ay; then dx = ady 9 aed 

'/ ' * • V yl'i _ _ /• dy , 

J V(d z — x l \* ~ J — « / ) J — y 1 ) 

Buttttii^is th^difrcJentlCr of an*arc^vhosc sine fs y or (aft 49) ; 

✓ * 

4T r • ** '*dx * * % * , 

7 "V 7 "i rr = arc whose sme is — = -sin* — . 

J */(a 2 — a’ 2 ) a « 


— dx x 

~~77~T ST = cos_1 — 

V(fi ? — « ) « 


dx 


( 2 ). the integral of —~tf) * 
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/ dtV /• dy 

— r- rr == / “ 

n/lfiax — .r 1 ) J — y ) 


X 


but this is the differential of an arc whose versed sine is y or — (art. 49), 

a 

/■ ~ ~ — ■ = arc wdiose versed sine is — = vers** 1 — • 
• / ,a/(2 ax—ar) a a 

dx 

(3). To ,/inc/ the [integral of ^ . 

__ i /' dx 1 r dy 

Put A' = ay , then / — — — — — / — — r but this is 

* ^ .r VC* — J y V(y 2 — l ) 

Jf 

the differential of an arc whose secant is y or — - f 

/ - » dx \ ,v 

— 7TZ ^ = —sec- 1 — . 

iV( ( r — cr) a a 

— * dx 

- 


1 * 

// * ov = — cosec 1 — . 
j’V(x — «) a a 


Collecting these results together, for the sake of more easy reference; 
we have 


r fix % x x 

(Ov^w) ~ SI “ 1 7t “ ~ cos T 

<■*>■ / T&h z *; = vc ” _ ‘ i ■ 

( s >- /,vJ - .<) = • 

To which may be added, the rational frattion * 

/• 1 «r 

(4)./-r 5 = — tan - 1 — . 


LOGARITHMIC FUNCTIONS. 

dx % 


151. ( I ). To find the integral of — . % ^ 

Put oc l + (d = s 2 : then ^r/,z’ = ^ 

and sdz + zdx ; *or, (x + = £ fyfx + /fe). 

Hence f *=./£= j±+± ^ V l* *■>)', 


. * * * 
* •' 


. •• /: 




= log (/ + V/ + a*) . 

vV + «*) 


In like manner, 
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(2) . lofind the integral of — ^ — — . 

Let x + a = z ; then dx = dz , and */(# 2 + 2 ax) = VX* 3 — o 2 ) ; 

. f ix = f — = locr (z + Vz 1 — a 2 ) ; 

J *s/(x* + 2a«r) J V(z 2 — a 2 ) ° 

//(*■ + = 1 »8(' + «+' / * , + 2")- 

In like manner == ^ « + VV* — 2« r) . 

dx 

(3) . To/rtrf !/<« rn^ra/ . 

Let a 2 + «r 2 = s 2 ; then = zrfe, therefore, 

/ * ■ rf.r /'l r/a’ r\ dz _ r dz 

X >v/(a 2 -f «T 2 „) # z ^ X X J 3 * — rt 2 

= s/[^ - jfd = + 

r — * j 0(T vx # 2 + ^’ 2 ) — « 

J x*/(ii l -f **> 2 ) 2a ° a/(« 2 + «r 2 ) + a* 

r dx 1 a — vX" 2 — a 2 ) 

In like manner/ — = :r- log — ; ;ri iT* 

. J 2« a + vX rt — x 2 ) 

Hence, collecting them together, \vc have 

(| )V ! / (/+Vj = ■»?(••• +✓^±7). 

<8>-y V(? ± = h *«' ± “ +v , .?±^) • 

p d,r _ I \/(V' + ,!'•) — a 
(3) V. *--/(«*,+ .«*) “ 2« 0g .v/(«- + .r ! ) + « * 
p civ _ 1 «— </(<r — a*) 

_ 2« log « + v<y - #*) * 

To which may be added the rational fractions, 

... /' d* 1 , « + v 

V'JfZr? = j£ ,0g «-, 

< 6 >-/;rr-? = s ] 0 l! r+a- 


/ ■ a.r 

V(** + *) 


Examples for Practice . 

= log (?.r -f- 1 4* 2 ✓ A* 2 -f* »f) • 


* g. f - — ; — * ~ = vers- 1 2<r = 2 sin- 1 .r 
J *J(x — .r* ) 


* J V(# — **’*) 

VOL. IX. 
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3 'Jv(a TJv + a*j ~ '° g (2 ‘ r + 6 + + bx + **) • 


r /’ dx __ 2 4- «** — 2 a/(1 + *’ 4- **) 

«rV(l 4- .a? 4- «*’ 3 ) ~~ x 


/* . /««* — 2\ 
v .^+.-o = (its) 

/* ^ __ 1 ]n „ — 3 4- .*• 4- l/8 — 8* 

7 V(1 + a ,) ^/(l _.*) “ 72 ° S 1 +X 

r fix __ 1 — x — 2 a /(1 + v + x % ) 

J (1 4* «*') \/(l 4" x 4- x 1 ) g 1 + x 


INTEGRATION OF BINOMIAL DIFFERENTIALS. 

152. Those differentials are represented by the formula 
x m -'<lv (a + bx n ) v # 

in which we may suppose w and n to he whole numbers without affecting 

- 1 ’ - x P 

the generality of the expression. For if wo had •t it d,v(a 4- bx'£ )v ».we 

p 

may assume x = ~ \ and tlir differential becomes J bz n dz ( ft 4- bz 2 )^ . 
We may also suppose n to be positive, for if it were negative, and the 

v 0 J 

differential were ,i M '— l dx (a 4- bx~ n )~i , we may pul* x = — , and 


the differential will bo transformed to 
n is positive. 


1 V ' 1 dz (a 4- bz n )h f whore 


153. Prop. X . — To determine hi what cases the differential 
v . < 

x m ~ 1 dx(a 4- hx n )T may be made rational • 

v . 

(1). Assume a 4- bz H = z'i , then (rt + bx i} yi = sP ; therefore, 

,, z't — a (z’i — a \!!i , , a a , 

^ = — — « <* >M = (— r~) - > ‘ v ,Lr = ,7/; - ' & (-if -) " • 

Hence the proposed differential is transformed to *<• j 

)■ • . • 


an expression which is evidently rational whenever — - is a whole 
number. 

(2). The differential ( a 4- b# n )l may also be put under the* 

form 
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1 ( lv(,v n )q (atV— n + b)~q — (ax-* -f 4)y, 

and, from (he reasoning in the first case, the last expression may be 

made rational, whenever (m + — ) -r- w, or — + — is a whole number. 
V q / n q 

p 

The differential xPdx {a -f bx*) >/ satisfies the first condition, since 

— = = a whole number; and the differential x*dx (« + baP)% sa- 

n 3 


tisfies the second condition, since 


+ T = 2 - 


1.04. As it is not possible, in every case, to find the integral of 

• £ 

x inr - x d<v (a -f bx n )q in a finite number of terms, we must endeavour to 
reduce it to its most simple case. This may be done by continually 
diminishing in magnitud^tho index + m by n 9 or by continually dimi* 

nisbing in magnitude thoayxponeut 4 by unity. The way in which 

we shall effect thills b^m^ans of the formula d . uv — udv + vdu ; 
from whence we hawk, by integration, uv = Judo +Jvdu and Judv = 

uv —Jvdu. Thisy called the method of Integration by parts , and it 
is of very great utnfty iif the Integral Calculus. For the sake of con- 
ciseness, we shalfi^ffu^JJp write p in the place of the fraction — . 

loo. PilOP. ^reduce the integral of x ,n—1 dx (a 4- bx n ) p to 

another in whicfrlfty exponent m shall 0c diminished by 11 . 

If we write thefSrop^ed differential in this manner, 
y X <r"~ ] d,r (a 4- bx ,l ')>' , 

tire factor x n ~ x dtf^a 4* 6x M )*> is : hvays integral)]?, whatever be the value 
of p . Let us demote factor by (h\ ami the factor ,r m ~» by «, then 

v = ^ ll j fc - Si! . and du = (m — n)x m ~ jl — l dx ; 

1 )jib 

f x m ~ l dx bq* l )P — Judo — uv — Jvdu 

= - (ftitV. /■»*— - ■ic.+fc-^'.-c). 

But + ^•")*’ +1 = <*•-*— , <4r (a + &*>»)!’ (/» + i.r") 

(a + fa’")’’ + bx m ~'<h' (a -f &*•»);> . 
SubstituJgig iwr this last value in equation (1), ami collecting together 
the terms lnvSJing the integral J ,v m ~ x d.v (« £, r*)f , wo find 

• | + bx ' i y 

• _ <sjz$,r, . 


(j» + l)»i 


(/> + 1 ) »&• 
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from which wo get J x m ~'dx(a + bx n )** 

= - 1 _L — -J. — Lr r »i-n-i dx ^ + fa* )p ...(A). 

oiyn 4- pn) 6(m + pn) %/ 

156. It is easy to see that as we have, by this formula, reduced the 
determination ofJx m ~ 1 dx(a + bx n ) p to that o fjx m “^ n '~ l dx(a6 + x n ) p > 

we may also reduce this last to that of J <i m ~' ln — x dx (a + bx n ) p , by 
writing m — n for m in equation ( A ) : then, by changing m into m— 2ft, we 

may reduce f x m ~ 2n ~ l dx(a + bx 11 ) p to that of Sx m ^ )l ^ l dx{a^bx n ) p 5 
and so on. 

In general if r denote the number of reductions, we shall at last 

come to J'x Tn ~ rH ~~ 1 dx(u + bx n ) p , and if m be a multiple of ft, the in- 
tegral of x m ~~ l d.v (a + hx n ) p will be a finite algebraical quantity. 
Thus, if m = 3n, tlie index of x without the vinculum will be reduced 
f/om 3# — 1 to 2» — 1, n — 1 successively, and the integral of 
x' l — x dx(a -+■ bx H ) p being known, the proposed differential can bo inte- 
grated in a finite number of terms. ^ 

157. Prop. XII. — To reduce the integral* of x^hlx (a + bx n )P to 
another in which the index m shall be changed to m.^» n. 

When in is a negative quantity, the index of x without the vinculum 
will be increased in magnitude instead of being^ diapnished, by formula 
(A). If, however, we reverse this formula, w^feholl ^ind that it is ap- 
plicable to the case when m is negative. , 

From formula (A) we deduce J x m ~~ l dx (a -f- ) p 

x m—ti( a q. //Cm 4 - np) r -j*,/ 

== — V 1 — 7 — + 1**)*. 

a(m — • ft) a (m — n) ~ * 

Substitute now m 4- n for in. and v^e obtain J <f fh ~ ] dx (ft 4* bx”) p 


a(m — n) 


J\ r m-n—\ dx (a q. ? )X n y ... (A). 


J x f j£~ l (lx£(t 4 ~ bx 1l ) p . 

' ' A 


x m (a 4 - bx n 


b(m f n 4 - np) 


J\i M ~ l -'dx(ci + bx n 'y . . (H), 


an expression which diminishes in magnitude thg exploit m when it is 
negative. * % 

158. Prop. XIII. — To reduce the integral of x m - bx n )Pfo 

another in which the index p shall be diminished by unify* 

Because f x m ~ l dx (a + bx n )j f = fx m ~'dx (a 4 bx n f-4 bx v ) 
as afx m ~'dx ( a 4- bx 11 )*•— *4- bj x m+H - } dx (a -£ bx n j£ r~ l . 

And from the formula f udv = uv — - J vdu , we have 9 ** 
f x m+n— \ d x{a 4* bx n )v~ l = J x m x x n ~~ l dx(a +Sf n 

x m X (« 4* bx n ) p rmx m ~~ x d x (a 4- bx tl ^P |» 
bnp J bnp 

therefore, substituting this value in the preceding equation, and collect- 
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ing together the terms involving the integral J x ,n — l (Lv (a + bx n ) p , 
we obtain ^1 + f iV m ~ l dx (a + hx 11 ) p 


np 

^ cV m (a -f bjo h )p 
np 


+ a J x m ~~ 1 dx (a + bmP ) p "~ l . 


Hence, therefore, J x m ~ x civ (a -f bx n ) p 


A m (a 4 - ba' n )p 

# m + np 


H (a + bx n )p~ 1 

m + np 


(C). 


159. By means of this general formula wo may take away successively 
from/? as many units as it contains ; and by the application of this for- 
mula, *ind formula (A), we may make the integral J <v m ~ 1 clr(a + b.v n )p 

depend on J'x m -' rn ~ l dx (a 4- bx n ) p ~* 9 rn being the greatest multiple of 
M # co»tained in ??/ — l, and ,v the greatest whole number contained in p. 

For example, the integral J x 7 d,v ( a 4- b,r*)t may, by formula (A), 
be reduced successively to 


J j A dx (a 4- hv*)* , J ,vdv (a 4- fw* 3 )’ 2 9 
and, by formula (C), j ,vclv (a 4- baP)* is reduced successively to 
J x&v (a -b baPy* , J xilv (a 4- ba^f . 


160. Prop. XIV. — To reduce the integral of x m ~ hlx (a 4- bx n )P to 
another in which the exponent p shall be changed to p 4- 1. 


By reversing formula (C), we ha \ ej x m, ~ l dr ( a 4 - bj ,H )P~ 1 
x™(a 4- b<r n )P m 4 np r 

= — — J iV sn —hlr (a 4- b<v n )P , 

anp imp J 

and, writing/) 4- 1 in-thc place of p, we obtain J x m — l dx (a 4- b<r n )P 

x m (a-\-hi' n ) p + x m 4 « + np r 

— — 7 77 * J x m - l dx(a + bx n )p +1 . . (D). 

an(p 4* 1) a (P + O ‘ ' V ) 

This formula will evidently diminish in magnitude the exponent p 
when it is negative. 


161. These four formula', cannot b ' applied when their denominators 
vanish. This is the case, for exarnj ’ , with the formula (B), when 
m = 0 ; but in all such cases the pv^tsed differential may be inte- 
grated either algebraically or by logarithms. 

162. In the application of the four preceding formula, the student 
will often find it desirable to work out each example separately, instead 
of substituting in the general forms. In this case, his best plan will be 
to invert the process which we have given above, and, making a proper 
assumption for P 9 to differentiate / J , and divide it into two parts which 
may agree with the proposed differentials. 

* Thus, in art. 157, put P = 4- &r“) p+i > then 


dP = (m — n) at*"* +bx n )*+ l + nb(p + \ )x m - l dx(a +hx»)P 
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= (;»— ~ x dx(a + bx 91 ) p (a + bx 71 ) + nb(p + 1 )x m ^ l dx(a + bx * )p 
=(wa — n) m ~ n -'dx(a + bx n )P + (m + bnp)x m ~ l dx(a+bx n )P , 

from whence we shall obtain formula (A). The same method mani- 
festly is applicable for obtaining formula (B). 

To obtain formula (C), assume P = x™ (a 4- bx n ) p , then 
dP = nx m ~~ ] dx (a+bx n ) p 4- bnpx m+M — 1 dx {a -f bx n ) p ~~ l . 

But np x m ~~'dx (a + bx v ) p = npx vl ~ l dx (a + bx n ) p ~ l (a + bx 11 ) 

= anpx m ~~ l dx (a 4- bx n ) p — 1 -f bnpx m + n ~ l dx\a + 
Subtracting this equation from the last, and transposing, 
dP = (m + np)x frt '~ 1 dx(a 4- bx n ) p —anpx m ~ l dx (<* 4“ 

from which equation formula (C) is obtained, and thcnco formula (D). 
The only difficulty in those cases is that of making the proper assump- 
tion, which may easily he remembered from the following *■> 

Rule . — In formulae (B) and (D) omit dx, and add unity to each of the 
indices m — I and p ; in formulae (A) and (C), add unity to the indices 
to which the integrals are to be reduced. 


dx , , 

163. Pkop. XV. — To find the integral of — (a 4- bx n )P . 

Let ?/ z= a 4- bx n , then log ( / — a) = log(&r" ) = log& 4- »log.r ; 
dif ndx , rdx , , . 1 / % y p dy 

y — a <v J x n'S y — « 

the integral of which may easily he found. 


164. To find the integral of 


A>. 1. 

x 4 dx 


vd -**)• 


By comparing this with the general formula ,i ini - ] dx (« 4* bx n )p , we 
have 

o=l, & = — 1 , « = 2, p = 

Hence we find, from formula (A), 


2 ', and m = 3. 






.rV(l-.t*) 3 


V(1 - * a ) 4 

Again, making »t = 3, wo have, 

aP’da.' ,v \/( l — a a ) 


f- 


,v\lx 


4 -/ a /(1 -**) 


/ • ardx __ 


f) , 1_ /• d* 

2 + ~2«/ ./(l —•*•*) 

-■*■») 1 . 

4* — sin— 1 x 4* const. 


Substituting this value in the preceding equation, we obtain 
p xtdx /xP ,1*3^ 4X , 1 • 3 , * 

“ “ \T + —i’> v( ' -*> + m — 
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Ex. 2. 

■r'd.r 


.J'3 d.v 


105. To find the integral of — — — — 

*/(kv — .*-) — a) 

By comparing this differential with the general formula, we find 
a = h, 6 — — 1, n = 1, jt) = — artel m = 


lienee we have, from formula (A), 


/: 


x*dx 


x% \Z(h — x) 


3& p x-dx 
~4~J */(h - x) ' 


*/{h — x) 2 

Again, making m = wo have 

/ * i v . A /* 

___ = - + 


_ 1 

. , , /• x 71 dx i' (lx , a? 

And since / — rr = / —75 rr = vers- 1 — 4- const. ; 

J V(h — .r) J y/Ju — ,y; 2 ) 

also, _ x) = x*/(Jix — ,r 2 ) ; A’i v(A — •»*) = '/(Ao? — a 2 ) ; 

we have, therefore, by substitution, 


/ • x 6 dx / a? ;t/i\ /7 1.3 , 

— = - ( — + --)/ At’ — x* + - — - A 2 vers- 1 — + const. 

</(/tx — x z ) >2 4 / 2.4 JA 

We have to determine this integral in finding the time of an oscilla- 
tion in a circular arc, page 212 ; and, since the integral is supposed to 
bo = 0 when x = A, ws have, by substituting A for x in the last 
equation, 

0 = 0 + ; A 2 vers— 1 2 + const. ; 


const. = — 
1.3, 


2 . 1 
1 . 3 


2 . 4 


A 2 vers” ! 2 = 
3A X 


1 . 3 
2.4 


A**r. Hence 


rj-Mx = 1-3^ + /• + f V/ u . _ ,. 5 _ 111 A* vers-« ~ . 

^ */(/«?— tf 2 ) 2.4 '2 4/ a-. 4 a -A 

aud when * = 0, /* ■ ~ - x = ,7—7 " Ilich « thc expression 

we have gi\en in page 242. In the same manner wc may find all the 
other integrals in that proposition. 


Kxnmples for Practice. 

i 

J x 

o /'. — = f— + -7-W x— 1 + -j- tan- 1 V(x — 1) 

2 ' JjJU - 11 \2x* 4 x/ 4 


/: 


■W(l + *) 

dx 

— 1) 

* =-(t + 3 ) 


V(1 + x) _ 1 . >/(! + a?) — 1 

,r 2 °V , (I+*)+l 


**(1 + *) 5 


log 


*/(! + #) — 1 


V(H-^) 2 V(l+#)+l 
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^ /• dx I | V (ti + bx ) — •/ a 

5. f- ~ = * 

' ’ •* (« + &e 2 )S « a/(« + i*®) ’ 

‘/vp£ij = (t + o + rri)^- 
». f — i — _ =_(—, + -yrr^i. 

• / ^V(l-.i'*) \3*» 3*/ 

9 . r. d JL— = _ /_L + — L_ynr^ 

\4* 4 + 4.‘2x*r 

3.1, 1 - \/T - ** 

+ JT5 ,0B — ; 

r x A dx /a; 3 3.r\ 1 3 . 

10. / - = — I — --) — — — sin-“ i ar. 


r* X*dx 

-ri . 

3x\ 1 3 

(l - *»)* 

\ 2 

2 ' /'l - > 2 


INTEGRATION OF LOGARITHMIC AND EXPONENTIAL FUNCTIONS. 

ICC. Prop. XVI. — It is required to integrate the differential 
x m dx (log x) n when n is a positive integer , and m any number whatever. 

2>ni \- 1 

If we make x m dx = do, and (log.r) w = u> then v = , 

m -f l 

fidx 

du = (log . Hence, integrating by parts, we have 

x 

Jx m dx (logj^)” = f udo = uv — fvdu 

a ,wl1 (log ,rV* n , 

= ; — : ~ ; — ; J X m dx (log .r)” - " 1 . 

m + 1 m -f i J v b J 

In like manner, if we change n into n — 1 , we shall find 


S x m dx (log x ) n — 1 = ~r~T — — — — f x m dx (log a?)"— 2 . 

* VO/ 7/1 -f 1 W1 -f 1 ^ VO/ 

Proceeding continually in this manner until the index n is reduced to 1, 
we shall have, lastly, 

r , , x m 1 1 log .r x m+l 

fx m dx log x = — - — t — ■ . 

J ° wi -f 1 (rn — 1)* 

Hence we have, in ascending from the last of these integrals to the first, 
% ftc m dx( log#) n = 


1 ( loga ’)"”* 1 7 / — 1 
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When m = — 1, we have (log*)' 1 — 1 - const. 

167. Cor. — In like manner may we find the integral of Pdx (log x) tt , 
when we know the integrals J Pdx = Q, jQdx = H, J Rdx = S, &e. 

x m (lx 

1 68 . Prop, XVII. — To find the integral of - ^ j— — ■ when n is a po- 
sitive integer , and m any number whatever . 

x m dx n . dx 


n = x m+l , 


/» x'~ax r , ax 

Sl,,CC y ( log x y = f‘ v *— ( lo S‘ r ) — “> if wo put 

dx /low 1 

dv = # — (log x )~ n , then r/w = (?n -f- 1 )x m dx, v = — - — -j— 

— - 7 —i : — T • Hence, integrating by parts, we have 

(» — 1) (logo,')’ 1 - 1 ® 

= y «(/y = — J'vdu 

J (log.*)” J J 


(?i — 1) (lag,r) w ”“ l ^ n 


m -|- 1 r x lu ax 
— 1 J (log.r) n ~ 1 
In like manner, if wc change n into n — 1, we shall find 


x m dx 


A 


x m dx 


yiTTl + 1 


- + 


x m dx 


m + 1 /' x ,n ax 

(log <v) n ~ l (n — 2) (log x)*~~- ' n — 2 J (log x ) n — 2 


By continuing these reductions we shall find the last integral to be 
d>v 

- which cannot be obtained in a finite number of terms, unless 

lug x 

m = — l. It may, however, be reduced to a more simple form by 
making x m+1 = z; for then wc have (m -f- 1) log x = log z, 

dx /* dz 

( m -f- 1 ) x m dx = dz, and, consequently, j - - = J . 
When m = — 1, the preceding integral becomes 

ff- Ut = /— JL = riihn = log (log*). 

J log tV J x log « V J log X 

169. Cor . — In the same manner we n ay reduce the integral J ^~yT 

in which P is a function of .r, to another d the form /- — - , bv making 

J log x 

successively 

d{Px) = Qdx , d(Qx) = Rdx d(Tx) = Vdx . 

170. Prop. XVIII . — To integrate the differential a x x n dx, when n U 
a positive integer . 

d • a x 

Since «/ . a* = log a . a x dx, therefore, a x dx = , 

log a 


and 
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yy a X 

J a* dx = — — |- const. Hence, from the formula j udv = uv — fvdu , 


we have 


/> x o'rf* = r-~— /- 

47 lot? « •' 


?i . a ,n ~ 1 rAr a 4 


y t a® /* 

r M— 1 X rt< r = #»— !- — /- 

log a J 

and so on. Iicnce we have, by substitution, 

/» a* r n n(n — 1 ). . 2 .T 

/ a'*" ffe = 5 J j?* — j a?”- 1 . . . b 

%/ log a l log a “ ( 


(n — 1 )x n ~~' 2 dx a x 


■a?"- 1 ... b 


(log a) 




+ const. 


1/1. Prop. XIX. — To integrate the differential , when n is 

x n # 

a positive integer. 

Integrating by parts, as before, we have 

ra r dx r , x~ v]l /; , x-” +1 

/ = / a* X x~~ n dx = a — — /log a . a x dx 

J x n J — /i+I J b — W+l 

— log « pa x dx 

(» — I );r 7i ~ 1 w — l J x n ~~ l 
Again, substituting n — 1 for t? 5 we obtain 

/ a x dx __ — log a r a r dx 

x n-\ (n — 2 ) a*— 5 * n — 2 J x n ~ 2 

By proceeding in this manner, we shall at last arrive at the integral 

y ~*a x dx 

, which cannot be found in a finite number of terms. If we 

x 

jEf 

make a x = z, we have x log a = log z 9 dx log a = — , therefore, 

z 

dx dz <t x dx dz . 

— = — - and = , which is the same expression as 

X Sf Jog Z X log JB 

that to which we reduced the integral in art. ICS. 

u x dx dz 

172. Prop. XX.— To find the integrals of and } in a 


We have, from Algebra, art. .‘195, 

pa x dx /'dx ( , , , .r*(tog «)* A s (log of \ 

=/-(' + -’ iog« + - T7F - + 77273- + H 
, , , , (log r<) 2 ** , (loss) 3 «* , „ 

= lo « * + |0 »“T + T72" 2’ + TT273 T + * c - 

If, likewise, we make a x = s, we have #log<i = log*, therefore, 
_ (Jog^) 2 (log zf - 

«'=' + i«'e' + i nF + Hri+^c, 
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. , dx dz a x dx 

AlSO, = . , 

X z log Z X 


dz 


log a ' 

/ • dz ra x dx rdz / 1 

loss J x J z \ 


\log z 


Hence 


, , , log (log sf 
L . 2 1.2.3 


+ &c.) 


1 Ho.r zY- 

= log (logs) + log S + — - -f &c. 


Examples for Practice. 

1 . f dx log x = x log x — x. 

2. J x 2 dx log x = ^ log x — 

> 3./ J -*(log.r)' = ^{(l» S ,)>- ; ^- ; lug* + <^?} 

y * dr 1 

x (log ,r) li m 2 (log x ) 2 

r a x x a x 

6. / a x xdx — r - rr • 

J log a (log«/ 

_ r a x dx 

7 -/-pr = 


a x 

2x l 


a x log a . (log «) 2 /v / x dx 


2x 


* ra x ax 
J x 


pa* dx 

8 Vf“ 


r 1 1.2 D I 

J i 4- — — - — &c. r • 

x (1— ,r)log«l (1— tf)log« (1— a?) 2 (log«) 2 j 
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173. From articles 47 and 48 it appears that 


d . sin nx 

= 

ndx cos nx, 

J dx cos nx 

= 

sin nx 

n 

d . cos nx 

= 

— ndx sin nx, 

/dx sin ;?j* 

= 

cos nx 

n 

d . tan nx 


ndx 

/ ^ 


tan nx 

~ 

cos 2 nx 9 

J cos® n.r 


71 

d . cot nx 


— ndx 

. r dx 


—cot nx 

= 

sin 2 nx 1 

J sin 2 nx 


n 

d . sec nx 


ndx sin nx 

pdx sin nx 


sec nx 


cos 2 nx 9 

J cos 2 nx 


n 

d . cosec nx 


— ndx cos nx 

pdx cos nx 


— cosec nx 


sin 2 nx 

J sin 2 /i# 


n 
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174. Prop. XXL — To find the integral of dxcos n x, when n is an 
integer. 

For the sake of simplicity, we will suppose n = 5. We have then* 
from Trigonometry, art. 89. 

2 4 cos 5 «r = cos bx + 5 cos 3 x -{- 10 cos#. 


Hence,/*! G dx cos 5 x = f dx cos bx -f J bdx cos 3x + fl 0 dx cos x ; 


J' dx 


1 sin bx f> sin 3x 


COS X = — 
J 0 


:> sm .5# . \ 

+ — h 10 sin# J. 


There are several other methods of integrating this and other circular 
functions. 1st. We may integrate them hy parts, as in art. 176. 2d. 

We may put cos a? = ?/, then x = cos— 1 y y and dx = ^ 


(art. 49), therefore, J " dx cos 5 x = j — ~~ 


V(\ 


W'-9 % ) 

The integral of this 


v v * / 

expression may be found from formula (A), art. 155. 3d. Wo may 

substitute the exponential expression for cos x, given in Trigonometry, 
art. 86, and then find the integral by art. 170. 


175. Prop. XXII . — To find the integral of dx sin n x, when n is an 
integer. 

If n be an even number, 4, for example, we have, from Trigono- 
metry, art. 90, 

2 3 sin 4 x = cos 4x — 1 cos 2# -f- 3 ; 


J dx sin 4 x = ^ J dx cos \x — J J dx cos 2x + J §dx 
= 3 -V sin 4x — £ sin 2x + §#. 

If n be an odd number, 5, for example, then 

2 4 sin 5 (v = sin b.c — 5 sin 3# -j- 10 sin x. 

Hence, multiplying by dx 9 and integrating and reducing 

:os bx t cos 3x 5 cos a? 

80 48 8 * 


/• 


dx sin 5 x = 


176. Prop. XXIII. — 7b integral of dx sin m x cos n x. 

The method which we shall adopt in this case is that of integration 
by parts. 

Since dx sin w x cos 7 * x = dx sin x cos" x X sin"*— 1 #, if we make do 


= i/# sin # cos” #, = sin’"- 1 #, then v—f dx sin x cos" x = — 


oU+l-i 


ft 4 - 1 


du = (w* — 1 ) sin 7 "— 2 x cos xdx ; 

• * . J* dx sill x cos 7 * x X sin”* — 1 l x =, f ndv = uv — J* vdu 

sin 77 **- 1 # cos 7H1 # m — 1 r 

= — H dxsin m ~ 2 xcos n+ ”x. 

n + l » + 1 

But y'da? sin w — 2 # cos n+2 # =zfdx sin 7 "— 2 # cos n a? ( 1 — sin 2 #) 

= J dx sin m — 2 # cos w x —fdx sin m x cos n #. 
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Substituting this in the preceding equation, and reducing, we find 
/^sin*tfcos"tf * 


sm m ~ 1 ^cos M+1 .r m — I r . . 

= — ■ -}- -J dx sin 7 ”— : 2 x cos n (E) 

m + n m + k 

If we apply the same method of reduction to the cosine as we have done 
to the sine, we shall find 


S dx 


sm w x cos* x = 


sin m+ l x cos*"” 1 # 
m + n 


-f - J dx sin” 1 # cos M ~“ 2 #. . (F) 


m + n 


By proceeding in this manner we shall diminish the exponents m and 
n successively by 2, until at length, if they arc both integers, we shall 
arrive at one of the four differentials, 

® dx, dx sin x, dx cos x, dx sin x cos x, 

the integrals of which are 

x , — cos iT, sin x, i sin 3 x. 


dx sin™ x 

177. Prop. XXIV . — To find the integral of ’ 

The index m may be continually diminished by 2, by means of for- 
mula (E), by changing n into — ?i. But if we change n into — n, in 
formula (F), we shall find that the index of the denominator will be in- 
creased instead of being diminished. We may, however, easily reduce 
this exponent by a change similar to that which was introduced in art. 159. 

Wc have then, from formula (F), 


A 


x sin”*# 


cos" X 
fdxd\\\ m x 

* J cos" + 2 X 


1 siu" H *# 
m — n eos M+1 # 
l sin ,#i_t l x 
n 1 eos" +1 # 


74+1 rdx sin w x 
m — nJ cos" +2 # 
911 — n mIx sin" 1 x 
n + \J cos" x 


and changing n into 


j 


mIx sin fr x 
cos" x 


1 cos"— J # 


m — n -f 
n — 1 



dx sin 7 " x 
cos"— 2 # 


178. Co7 \ — In the same manner wo may continually reduce the in- 


dices m and n in the expression 


j 


' dx cos 71 x 
sin 7 "# 


and it is easy to see, that 


if m and n be whole numbers, these two integrals will be finally reduced 
to one of the forms 'dx, dx sin #, dx c. t, the integrals of which are 
immediately given ; or to one of the fou: forms, 

dx dx dx sin x dx cos x 

sin x 9 cos x y cos x 9 sin x * 


the integrals of which expressions will be found in art. 180. 


179. Prop. XXV. — To find the integral of . 

sin m x cos 11 x 

By changing m into — m and n into — n, in formula) (E) and (F), 
art. 176) we find 
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/ ^ 

J sin 7 ”# 


dx 


1 


1 


fa 


COS" X 

dx 


m -f- «sin wl+I « cos 71 " -1 ^ 
- 1 1 


m 4* 1 

;7T 

n -h 1 


- f- 

n J s 


dx 


u. /: 

4- nJ s 


sin 7#,+2 cos w x 
dx 


sin 7 ” a? cos n x m 4* n sin 7 ”— x x cos"* 1 # 1 w + siu w a?cos M+a a? 

Also, changing m into m — 2 in the first of these two equations, and n 


into « — 2 in the second, and reducing, as in art. 179, we obtain two 
new formulae, (G) and (H), 

p * dx — 1 1 

J sin OT # 


fa 


' COS” X 

dx 


«i— 1 sin 7 ”— 1 # cos”"" 1 # 
1 1 


m + n — 2 /• dx 

“i—l J sin m ~ : 


+ 


m • 
in + n —2 


\ -t- n — & 

n — 1 J si 


2 xcos n x 
dx 


sin m ti’ cos 71 — 2 a? 


sin 7 ” a? cos” x n — 1 sin** cos 7 *— hr 

By the continued application of these two formulae, we shall at last 
arrive at one of the four diilercntials 

dx dx dx 

dx , . 


cos x 


sin x cos x 


180. Prop. XXVI . — To find the integrals of the five differentials 

dx dx dx cos x dx sin x dx 

sin x 9 cos x 9 sin x 9 cos x 9 sin x cosx 
(1). We have, first, 

dx dx sin x dx sin x 


sin x 


sin-.r 


1 




-<ty 

i-/’ 


in making cos x = y. Hence we have the integral 

r dx 1 . 1 — v . A / l— cos a? . t x 

/— — — — log — - = log v = log tan — 

J sin x 2 1 4 y 1 cos x ^ 

dy 


(2). In the same way we have 
dx dx cos x 
cos x 


COS 4 X 


dx cos x 
1 — sin’hc 


1 - 


in making sin x = y. Hence, therefore, 


r dx 1 , 14-y , 4 /l + sin x A /\ 4-cos(90°— x) 

fzr, = 2 r-i, = 108 V r^^ =, ° 8l/ r^»r=7) 

= log cot ^(90° — x) = log tan (15° 4- \x) 4- const. 

, N r dx cos x r d • s * n x , 

(3.) / : = / : = h)g sm x. 

N 7 J sm x J sm x 


<<•>/ 


sm X 
>dx sin x 


cos d 
dx 


=/- 


— d . cos ,r 


= — log cos x. 


COS X 

dx cos# pdxsmx 


p dx __ pdx cos a? p 
^ 'v sin x cos x J sin x J 


cos x 

. = log sin x — log cos x ss log tan x» 
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Hence it appears that the integral of dx s\n m x cos M # can be obtained in 
all cases in which tn and n are positive or negative whole numbers. If 
these exponents arc fractional, wc must in general* have recourse to 
series. 

181. Prop. XXVII. — To find the integral of zx n dx, tohere 
z = sin-" 1 #. 

We have, from the formula./ udv = uv — J'vdn, 

/• , x n+l , zx n+l r x n + 1 dx 

J «-f-l J n + 1 n + l J n+l a /(1 — x 2 ) 

4 

and the integral of — mav bo obtained from art. 159. 

. b x 1 ) " 

In the same manner we may find the integral of zx n dx , when z is put 
far cos— 1 1 #, tan- 1 #, &c. 


Examples. 

1. Jdx s\n*r = — J- sin x os ,v + J#. 

2. J dx sin 3 # = — ^ sin 2 # eos x — cos x. 

3. J dx sin 4 .*? = — \ sin*# cos x — % sin x cos x + $#. 

4. S dx cos 4 # = £ sin x cos 3 # + sin x cos x + §#• 

5. J dx sin x cos" x = cos" 4 l x, 

n + 1 

6. J dx sin 2 # cos 2 # = \ sin 8 # cos x — ■£ sin x cos x -f \x* 

7. f dx sin 8 # cos 2 # = ( J sin 4 # — j l - 5 - sin 2 # — T ‘v ) cos #. 
dx 


8. r — t — a — = — cot x — ~ cot 8 #. 
./ sm 4 # ,s 


>/- 


'» dx 


= tan x -f- 1 tan 8 # 

1 


cosV 


10 


sur# 


dx 


sur 1 # cos 2 # 


sin*# cos x 


3 cos x 3 . x 

+ T losl ”T 


ARBITRARY CONSTANTS AND 1* 2 ORATION BY SERIES. 

182. In finding the integral of any proposed differential, wc always 
add an arbitrary constant to, it, to give it all the generality that is requi- 
site. In ordinary cases, wc determine this constant by making the 

, ftU + 1 

integral vanish fora given value of #. Thus, since J x n dx = — y - y -J- C, 

C denoting the arbitrary constant, then, if this integral ought to vanish 
• «»+i 


for a value of x = a, we shall have the equation 0 = 


n + l 


+ C 7 and 
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subtracting this equation from the preceding one 

v n + \ _ a n + 1 


•/ w 


+ 1 


183. The value of a? = a, which makes the integral vanish, is called 
its origin , and the integral is then said to commence when x = a. If 
we stop at the value of x = 6, we then say that the integral is complete 
when x = b. In this case 


J X n dx : 


ptt+1 ( tfl + l 

* T i — 


6 *+ 1 — « /Ml 

— r7TT~ • 


The two values x = and a? = arc called the limits of the inte- 
gral. This is now conveniently written thus : fix 11 dx , the first limit 
being placed at the bottom of th oj, and the other at the top. 

184. Every integral which we express without indicating its limits, 
is called an indefinite integral , and ought, in order to be complete , to 
include an arbitrary constant . When we assign these limits, the inte- 
gral is definite . If they are x = a , and x == b , for instance, we then 

say that the integral f x 11 dx ought to be taken from x = a to x = b. 
As these expressions are frequently ined, the student should make him- 
self familiar with them. 

185. When wc cannot determine the exact integral of a proposed 
differential, wo must then have recourse to the method of approximation 
by series. Thus, if it he required to integrate the expression Xdx t 
where X denotes any function of ,r, we must endeavour to expand the 
function X into a series, according to the ascending or descending 
powers of x ; then multiplying by dx, w*o can find the integral of each 
term separately. 

186. To find the integral of — — . 

a + x 


Sfhce 


a -f- x 


dx 

a 4- x 


2 + 

(r cc 

dx xdx 

a a 2 

Um 


x~ X* 
a ~ ~ i + 


+ 


<r 
x l <!x 

j* 


xhtx 


+ ; 


log (a -I- x) = c + — - — + —i - + &C. 


1 Ur 


3a 3 


4rt 4 


To find the value of the constant quantity, put x = 0, and then this 
equation becomes log a = C, Hence 


log (a + «) = log a + — 


X " 
2^ 


or 

3a 3 


- 4? + **• 


187 . In the same manner we may find 

~ ^ dx ^ 1 — ■** + ^ + &c> ) 
tan - * x = C + ® — -J* 3 -f -j-® 8 — + &c. 
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a i p dx /• . / 1 „ 1.3. 1.3.5 v 

( + 2 + 2“4 2TiT6^ + &C ') 5 

. , ^ la- 3 1.3a 5 1.3.5a 7 ,. 

sin~>a = C + x + ---- + -t— — + -=- + & c * 

2 3 2 • 4 j 2 . 4 i 0 7 

If we suppose this to be the least arc whose sine ov tangent is x, the 
arbitrary constant disappears, for when x = 0, the arc is also = 0. 

183. Since the object of expanding the differential X dx is to trans- 
form it into a series of terms, each of which may he integrated separately, 
it is not necessary that the form of this expansion should be always ac- 
cording to the powers of x. The following example gives the length of 
the arc of an ellipse whose semitransverse axis = 1> cxcenlricity = e 9 
and abscissa measured from the centre = x. 


dx a/( 1 — 

a 189. Prop. XXVII f. — To find the ir.icgral of in ascrivs ' 

When a is small, wc may expand \/(l - eV) into a converging 
series, since x 2 is always < 1. Now 

V(1 - .V) = 1-4- ~ c-V - A* - &c. ; 


ind, therefore, the integral becomes 


P ( i 

J ./( t - *-) V 

“ f-s£=r. 


1 1 3 

6 V *V - — ft 


__ ,,2,.2 

2 2.4 


2.4.6 


-;V — &c. ) 


— = sin"' '.f- = A, wc have then (art. 1G1.) 

V( 1 — a,-'-) 


pie VQ - rV) _ A <r( -vVl~A _ A 

J -v/( 1 — x 1 ) - 2 ' 2 2 


(r I x V 1 — j 2 


1 D(>. Puop. XXIX. — To find an approxin ala series for the ih finite 
integral J& Xdx, ta!;en from x = a to x — b. 

Let u = J Xdx ; then, if u f be the value of u when .?■ becomes*?’ -[ //, 
we have, by Taylor's theorem, 

, dit , d 2 u h 2 (l v 'u 1? x e 

u==u + j/ + d?T72 ‘ It? 17273 + &c * 

And because u — J -VAr, therefore — =A, ^-5 = Hence 

dX A* <PX IP 

u'-u = Xh + — — + -^ 5 - jTgTg + * c - 


dx 1. 2 


To deduce from this formula the value of f Xdx f. om x = « toar = 

1 wc must assume « = value of this integral when x = and u' = its 
value when x = b* Ileuce a must be substituted for x in the function 

r. . if. 2D 
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X, and its differential coefficients, which wc will represent by A f A\ A 11 , 
&c. ; and b — afor k . We shall, therefore, ha\c 


faXd.v = u' — u — A ( b-a ) + A' iL ■■■ ?£ +A" + &c. 

1 , jQ L * Jt • %J 


191. This scries is so much the more convergent the less is the inter- 
val b — a . When this interval is too great to be conveigent, we must 
divide it into a number of equal parts, each of which shall be sufficiently 
small to make the soiies converge rapidly, and then we can calculate the 
value of the integral for each pait separately. Let n be the number of 
equal parts into which b — a is diu led, and let * be the value of each 
of these parts, so that ny = b — «; aLo, let A, /?, C, &c. be the value 
of A" when a % a 4* 4 l Jy, &<\, are respectively substituted for & in 

the function A”. Then the value of this, integial between 

a and a + * is> A* + %A'a. 2 4 \A u a 2 + &c., 

a f- Or and « -f 2< - //« 4* } li’a* 4- ^I>' 2 cc 2 + &c > * 

a ■+■ 2a. and a -| 3a - Co. + }C r a 2 4* jG T 'a 2 4* &c. 

If a be taken so sm«!l that its second and liigher powers may bo nog- 

lected, we shall have the appioximate value of J Xdv between the limits 
of <c = a and j = b equal to 

Aa -\- J3a -f* (- J * 4 Ida 4* &c. 


Scholium . 


192. The consideration of curve lines will serve to illustrate the 
preceding remarks. Since the general expression for the differential 
of a curvilincal area L J yd to (Chap. III.), whole = abscissa A /', 
and y = ordinate Pp ; if we lepiesent X an) function of a by the ordi- 


a 




liate Pp , the integral J A xU will here- 
presented by the area AapP . Now 
the expression A dx may ho considered 
either as the diffetential of the aiea 
AapP, or of the area PjtP, and there- 
fore the ordinate which limits the area 
at its commencement is indeterminate. 

If, however, s ho supposed to iuciea«e 
from any determinate magnitude .r = 

AP = a to x = AS = b, the integral 

J Xdx w ill increase fiom the area AapP 
to AasS , and the difference of these 
areas = PpiS, which is entirely determinate, and is the same whether 
wc suppose the areas to commence from the point A or the point 

Since the area PpsS i- manifestly comprised between the sum of the 
inscribed rectangles pQ> qll> iS, &c., and the sum of the circumscribed 
rectangles Pq y Qr, /is, &c., it is evident, if we make Pp = A, Qq = 7J, 
&o*fand PQ = QR =■ &c. = a, that the curvilineal area is comprised 
between the values, 


P Q R S 


* Acc 4* R* + Ca 4- &c. ami JBa + Ca 4* -Oa + StC. l 

The difference between these two values is evidently equal to the rect- 
angle pz, and this difference may be made as small as we please by di- 
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minishing the' distance of the ordinates. When this distance becomes 
infinitely small, the sum of tho^e products becomes ultimately equal to 
the curviiineal area FpcS; and it was on this account that the function 
from which the differential was derived was called its integral. 


CHAP. II. — INTEGRATION OF DIFFERENTIAL 
EQUATIONS. 

193. It has been shown in art. 63, that when any equation is given 
between ,r a variable quantity and y a function of x, we may deduce the 
equation that expresses the .elaMon between dr ami dp. We are now 
t8 consider how we ni ly lcftiiu from the differ ( ntial equation to the 
equation from which it Was derived, and which is u-u illy called its inte- 
gj nl or p) i ni fire equation, 

191. As any j i inutile c juation and its differential equation are both 
true together, it follows that, by means of the two equations, we may 
eliminate any one of the constant piantitics, and thus deduce a differen- 
tial equation, in which one of the constant quantities contained in the 
primitive shall not be found. 

If, for example, we take the primitive equation y + av + b — 0, we 
shall have, in taking it > elide rontial dy }- mix = 0, an equation in which 
b is not found; if, however, it be lequiied to find an equation in which 
a shall be wanting, we have only to eliminate a fiom the two equations 

y F ax -p b = 0, dy -f ad# = 0, 

and the resulting equation ydx — srdy + bd,r = 0 may likewise be con- 
sidered as the differential equation of the primitive y 4- + b = 0. 

It appears, from what wo have stated, that a differential equation may 
contain one constant quantity less than it. primitive equation contains; 
and, on the comiary, when any differential equation i. given, its primi- 
tive eqmtion may contain one constant quantity moio than the differen- 
tial equation. 

195. Any equation which expresses the relation between dy and dr 
is called a differential equation of th c /list older; an equation which 
expresses the relation between a 2 y, dy and dx, h called a differential 
equation of the second order, and so oi . 


DIFFERENTIAL EQUATIONS OF T1IE FIRST ORDER. 

196. When it is required to find the primitive equation corresponding 
to any differential equation of the first order, we may cndeJVour to sepa- 
rate the* variable quantities, that is, to bring the equation to^ie form 
Xdx + Vdyl— 0, where X is a function of x alone, arid Y a function 
of y al<f^. # W l vvC have arrived at this equation, the terms Xdx 9 
» Ydy, nfay be integrated by the methods alread^explained in the first* 
chapter and we Uave/'A’ck + S Ydy — C, C being an arbitrary 
constant. 
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Ex . — Let mydx + nxdy = 0. 

, . . . tndx 

Dividing the terms of this equation by ry, it becomes 



= 0; and taking the integrals, we have m log x + » log^ == const. 
= log c, since the aibitrary constant may be considered as a logarithm. 
Hence 


log x m -f* lop y n = log ) = log c ; and x^y* = r. * 


197. Prop. I. — To separate the i (triable quantities in homogeneous 
equations . 

When the sum of the exponents of the variable quantities x and y is 
the same in each term, the equation is said to be homogeneous. In this 
case we may alua>s separate the vaiiables by assuming y = xz . 'Thus, 
if we take the example 

xdx f ydy = nydv f 


then making^ = az and cly = zdx -f ad z, we have 

a dx -f is (zdx -f- edz) = nxzdx ; 

or, (1 — nz -|- z 2 ) dx + a zdz = 0 ; 

dx zdz _ .T 

— -f - — — - = 0. Hence, integrating. 


lop +/- j 


zdz 


ns h s 

The foim of the integral / — — 

J 1 — ns -f js 2 


- = C. 

will depend upon the lalue 


of n. If n be > 2, it will be a logarithmic function, and if ;i be < 2, 
it will be expre^ed by means of a < ire lo. 

19S. As a second examph , we may take the differential equation 

xily — t, d.i — cl V(a 2 + ;r)‘ 

Assume, a> 1 cforo, y ■= .is, dj — rtfc ?>fx; then the equation 
Locomes 


dx a/( 1 + z 2 ) — xdz = 0 ; or — — 

' JP + z 2 ) 

lienee, taking the inte 0 ia!s, 

log x — log (^r + /i + z 9 ) = const. = log r; 


= 0 . 


•** r— TF) ~ ‘ r(v/l + *) = vW*»-jr = r. 

We have, therefore, finally, c?2 .p 


.JJtt^pROl*. — // j.v required to integrate thq cqnatidfQ ** 

(a V mx + «y) dx + (b + px + ^qpdy 
1 Assume a? = t « + ft then dx == r//, and'efy = au. Ilencc 

(a + nP *+> wN+ nu) dt + $ + P* + 9)9 -f^pf + y«T^« = o, 
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and assuming a + met + = 0, h 4- pa, 4- q 3 = 0, since we have 

two indeterminate quantities a, and ft, we shall then have 

(mt -f- »«) dt -f ( pi 4* qit) du = 0, 

which is an homogeneous equation, and thcrefoto may bo integrated by 
tlie last article. 

200 . This transformation will not apply when mq — up = 0 , because 
then the values of a and ft would be infinite. But in this case we have 

iij) p 

q = — , and therefore pv + qq = — (nuv 4“ ww) ; hence the proposed 
w m 

equation becomes 

p 

M ad v 4- id p 4- (mt -f ny) (dt 4- <///) = 0. 


Assume now, wu* } ny = xr, 



then Jq = 

‘ /i 


?>ic/ r 

> 

n 


and those values being substitute l in the pieadim* oquition, wc obtain, 
after picq tr it IuUuj.i, 

{bm \-pz),b 

rfi - — = 0, 

(Uiin — bm * 4 - ( hin — pm)z 

an equation which may easily be intcgiatod bj the mles in the last 
chapter. 


201 . Prop. Ilf . — To inter) ate t J ic cqu ition dy 4 Pydx = Q <\\ y uhen 
P and Q dr note any functions of \ . 

Assume y ~ vz, tlnni dy ~ zdv h vdz ; substitute these values in the 
proposed equation, and it becomes 


zdv 4 V i(dz \ Pzd i ) = Qdt. 

Now, as we have only one equation between the two indeterminate 
functions v and z , namely y = iz , we may a- ume 

vdz 4* Peril i = 0, and consequently zdv = Qdr. 

Fiom the fust of thc-o equations w r e have ^ 4* Pd<v = 0, therefore 


log z = — f Pdv = — /? by subs! ’tntinn. Hence, by the nature ot 
logarithms (Alg. ait. 391 ), s — c ~ R . r t is not necessuy to add a con- 
slant quantity in this pluc, as >*t will T Mifficiuit to add it at the end of 
the operation. From the second cquition we have 

(l, = QJl* = e R Qdv; v = f ( n Qd.v -f C, and 

y = r j = e- n (fe R Qdi + t 1 ) ^ 

The gcneial equation c/y 4- Fb/c/ar = which involves the fiist 

power only of y and d /, ha* been railed a linear equation of the fiist 
ordci ; it Ins also, with more propiiety, been called a dtffci ential equa- 
tion of tin first dtgicc and the first order . 
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202. The most general form that can be given to a differential equa- 
tion of the first order, and consisting of three terms only, is 

au m z n (lz + bid* r? du = cu r du. 

To give this equation a more simple form, let all its terms be divided by 
u m z ' , it then becomes 

az 11 ' s dz -h hit p-m z q-9 ( [ u — c tp*— to c/m. 


Suppose now, // = £>'— 1, ,7 ■= up —" 1 h 1 , then 

dy = (;/ — v<? hi) , di = (/; — m -f 1) vJ~ m du t 

and it is menife t th it 

i » of ill 1 form y 1 , and «* ~~ "du c f the foun di* 

Substituting tlieso different values abo\r, and reducing, wo obtain finally 
an equation of thi-. funn, 

dy 4- by ’ (h - ( ' di . 

20.' . We ha\e alroa Iv ton iJe’ hI the case *»hui a. = 1, in art. 201. 
When « = 2, ve g *t tl e ccgirtj >n 


dy -h btp 1 1 — ( ~ G d » , 


fii t»t considered b) Jilctatr , an Ifaliin 111 lthcmatic iaii, wheno name it 
bears. lie c 1 1 ) sLirceJt d, I >w ia sep 1* th \aiiibles when 

jS = — 2, or °> = ~ — j — j t where i denotes an;, positive integer. 


INTEGRATION OF JUVO*'E q 'Wimi n L Tlfi "UE CONDITIONS OF 
inti ( iMRiniy. 


2 (M. An rq« at*on of the foim W 4 -Vi/// = 0 , does not alwa)s 
arise from diHeuiitial'iig .1 h ncticn of two i.iih bits ; for, aflir dilleien- 
tiaiion, it 11 \ bo lmdtijbid m di'idid In a»n niuctic 11 ; orthisoqui- 
tion m iv be si t », osed <0 aii,e born Ji » ebeiinit! n of on ..Junur) con- 
stant botaecii l 1 .' piimithe 1 juiti 11 uul its hum diite dillerenti.il 
(ait. 191 ) If, for example, we 3 > id the equation xdy — yd 1 = 0, it 
could not be 1 111 nu dial 4 \ ^rodmed hj taking tbc differential of any 
funrlion of 1 aud t/ , 1 ul 'f r e dix I le the equation In a 2 , c o as to gi\e it 


the form 


.1 dij — yd < 
«# ’ 


— 0, i' becomes a complete differential, namely, 


that of the fraction — . lienee 
<r 


— 4- c = 0 , or y >h o.c = 0 
v 

fa tho primitive equation. The equation xdy — ydx = 0 may also be 
supposed to arise from eliminating c between the equation y 4- ex = 0 
and its differential dy 4" cdx = 0. • 

When a differential equation may be obtained immediately by the 
process of differentiation, it is called a complete differential* 
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205 . Prop. IV . — To dele* mine when ai equation is a complete ( liffi - 
f enhaL 

Let u = y) be any equation between x ami i ) , ami let du == 
rfic du 

Mdr 4- Ndt/i then - = il/, — = N. Now it appears, from art. 59, 
dr dy 

that 

dV _ dht _ d'a _ ^ 
r/y c/-»c(y rfyc/i di 

lienee, if the condition be sitisfiul, the function Mdx 

vi/ dc 

-f Ndij is a complete chile c nti il. 

In the evimple td t — i/di = 0, M -= — N = , therefore, 

= — 1, = I , he ice Mil cqu iti m is n >1 i complete duleien- 

d^/ d t 

i „ , ? ty — nd* „ r V -» ▼ - i 

till. But if mo take 7 = 0, i*/ = — , > A — — “ » 

. r/il/ 1 cAV , 

theicfore, = = _ , c*u S con oqi»en*h, tins c quation i> i 

dy d 

complc (e dilkienti il. 

2 t)h. Prop. V . — To integi a to on e ^ atioi huh is a ample* t dif- 
fatntial. 


Cilice, in the c pnlion 

da 

r- Mh 

} W/, th 

tin 

mi Mdi 

Il is 

bun deduced from w, l y c 

lisidui i 

• l \ 11 1 dlk 

I , 

i c o isl nit, it 

billow th it nil the turns* 

rf i 

us 1 h 

>k . i/ 

*) 111 

is t h i\e cl i^ ip- 

p ucd. lit me, it ^e pip 

1 

t«> i ] n t 

h *ei n , 

W s 

1 i 1 hi\u 


7 

- 

J ’ > 

> , 




the inlc nrml J Mdi 1 c* i_r 

t 

hell 1 

1 in 

» Oil 1 

\ > \ i 

ild . 

1 he luiKtion I nny b c’i 

Lt 

i ini l 1 

h\ omp i m 1 

the 

diitc ll lit! 

ll of 

J Mdr + T with the pn on 

dill* i out i il 

Mdt r A du 





Ti . I. 

K ' — ? 7 / 

207* Po n te£iato the diffeieiil il d / — — , • 

° > i r 

This exprcssioi beinjf ledi ccd to th * * mu Mdi f- A d //, i\ s 

V isr - * rfl/ _ ' _ (IV 

M i . > > ** — > • • j . ~ . . ..j ~ ^ . » 


+ r 


// 0 frr 


and, conseqi ei tl) , Jthis function i ^ i complete diikicntial. V e* ha\e, 
therefou*, 

/ Wi •= /V — 7 = tur 1 — . 

•/ j i i/J ti 


Hence « = tan- 1 h 1’. 

. '/ 

Diflfeientialmg this expression upon the supposition thM both i and // 
are variable, we shall find 
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A = SiL^S + d y. 

,v l 4 - y l 

And, comparing this with * the proposed differential, we have dV = 0, 
and V = C T , a constant quantity. 

Kv. 2. 

208. To integrate the differential 


du = d<r\/((r + ?/) + dy 
4 «*»’// -j- 2/y 2 


« 2 + *•// + V 
V(a\+ y 2 ) 


Hero M — */(«*+/), A== “^7-v > "r; 


c/J/ 




dN 


f) 7 dij V {try if) d.v 

and, consequently, this expression is a complete differential. Heilfce 

J M d.v =J rf.rv'O* 2 4 f) -= ,?*a/(« 2 4 f ) j ' 

n = aV(« a + r) + r. 

To letermine i r , wo take the differential of this expression, consider- 
ing both ,r and y \ariable, and we obtain 

ay/'ty 


da = dv^/{d l + 7/) + 

+ *r) 

And, comparing this with the proposed differential, 


+ *r. 


r/# = (uvV(rr 4 f) 4 dy 


we find d V = 




(ff 8 4 2y g Hy 

vx** 4- yo 

(a 2 4- 2// 2 ) (/yy 


rr + try 4 2yr 

vV 4- f) 


r- 


, and, consequently, 

= y a/(« ? + f) ■ 


V{tr + f) 

Hence the required integral is 

v = «V(« 2 4- y") 4 yV(a 2 4 - f) = (x -h y) V 7 a*~ 4 y 2 . 

200. It upper rs, from what we hate stated in art. 204, that when the 
equation Mdx f Ndy = 0 does not satisfy the condition of in legi- 
bility, some factor has disappeared, which, if it were known and restored, 
would render this expression a complete differential. A general me- 
thod, however, of determining this factor is attended with such difficulties 
that \ery little progress lias been made in this way, except in some 
particular cases, whose solutions bad been previously obtained by more 
simple and direct means. 


EQUATIONS OF TIIE FIRST ORDER, IN WHICH TIIE DIFFERENTIALS 
EXCEED TIIE FIRST DECREE. 

210. When a differential equation involves the second or higher 
pow r ers of dx and dy, such as the equation ^ 

df 4 Pdf dx 4 qdydx 2 4- lid** = 0, 

which may be put under tiie form, 
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f P 



0 >. 


we may, by the theory of algebraic equations, deduce from it as many 
values of ~~ as there are units in its highest exponent (Alg. art. 262 ). 


Representing these roots by p, p' f p v t wo shall have the equations 
(1 / ^ dy , „ dy 


-p 


0 , 


which may all be treated by the preceding methods, since the differen- 
tials in each do not c\( eed tlie first degree. Let the integrals of these 
equations be represented by 


• L = 0, , 1 / =0, N = 0 , 

then each of these integral may evidently bo conri leicd as the integral 

of the proposed equation ; fu if // = 0, wo have dL = — p = 0, 

and, Minsequeiitl}, equation (1) = 0 . A No, the piodu n l of all these 
eqiwlir n*, Ad/A — 0, in 13 be considered as the integral of the gi\on 
e ]uation. For if L UN 0, one of its factor*, for example A, must 
necessarily = 0 . We have, likewise, 

dL . MX -f dM . LN {- dN . L U = 0, 


which reduces itself to the single te*m dL . ]\IN = 0 Hence dJu — 0 , 
d'j 

or -j- ■— p = 0, and, consequently, the proposed equation will be uni- 
fied by the equation LMN = 0. 

ff i\ -To integrate the equation d j* — a 2 dx 2 = 0. 

This equation mw be decomposed into two others, 

dy + ad# = 0, dy — adv = 0, 
and the integrals of these equations are 

y 4- (hr f c =r 0, y — ax f- c r = 0, 


from cither of wlihh the differential equation dy 2 — u 2 dx l = 0 may be 
derived. It miy also be deduced from their product 

(y + ac + c) (y — aj f < f ) — 0. 

211 . When the proposed equation contains only one of the tw r o vari- 
able quantities a* and y, for c xarrpl * a, we may, by the resolution cf 

equations, obtain — = A” a function «t, from whence y ~ fXd,i\ 


but if it be more easy to resolve the equation with icspcct to ,r than 

with respect to , which wo shall denote bv p 9 then wo shall have 
d,v 


a = P, some function of p. And, since dy = pdi, therefore y = f pd.v 
= p.v — J udp = Pp — J Pdp . The lehlion between ,i ami y is now 
be found by climim ling p from the two oquitions 

/ = p, j = Pp - S Pdp . 

Ea \ — To intcgiate the equation xdx 4 - « dy = by/^h- dy 2 ). 
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<*y 


Substituting p for •— 
ctx 


therefore, 


this equation becomes x + ap = b*/(\ +p 2 ). 


x = b V(l + p *) — ap = P, 

y bp V(\ + p 2 ) — i«/) a — bfdpV( 1 + ;> 2 ). 

And, when/) is eliminated from these two equations, we shall obtain the 
required integral. 


212. Prop. VI. — To integrate the equation ) = px -f P ; P being 
a fundion of p only . 

Differentiating this equation, wo ha\e 

dy = pdr + dp = 0; 

* • 
/ dP 

and, cilice dy = there lemains -f /") = ^5 thciefoie, 

dP 

x H — — = 0, and dp = 0. 
r/y; 

If we eliminate/; between (lie fust of thc^c and the proposed equa- 
tion, wc obtain a piimitivc equation which will sitLfv tlu* gi\en equation, 
but it contains* no arbitrary constant. The second hictni dp = 0 being 

integrated, gnes p = = <*, thcrefoie, dy = edv and y = cr + c\ 

The constants c and c 1 aie not botli aibitiary, for by making in the pro- 
[used equation p = c, we have y — cr 4- C\ C being the same fimc- 
tu n of r t licit P is of p Hence it follows, that o' = C, and the inte- 
gral of the proposed equation, thciefoie is // = < i + ( \ 

213. ]Ja \ — Let yd v—xdy = n \/(di 2 -\- dy 2 ), or y p,v + n \/ 1 +p 2 . 

By diflcicntlating, we have dy = /jj/,i -f t*//j + ; and, 

since dy = /?</;, there remains ad/) H — ■ — = 0, which may bo 

decomposed into the two factors 
np 


* + ■ 


= °> aud < ] P 


V(1 b/> 3 ) 

The second factor gives ;; == c, and, consequently, 
V = n + w a/( 1 + r*) 


0. 


■ 0 ) 


is the complete integral. The first factor gi\cs p = ^ , 

w/) — n 

a/( 1 + p*) ^ ~ ^ ^7^TZr*7^ * anc ^ substituting in the pro- 

posed equation, wc obtain 

if -j- t t 2 = n 2 . ® 

This equation involves no arbitrary constant, nor can it be derived 
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from the complete integral (1), by ghing any particular value to the 
arbitrary constant c; it has, therefore, receded the name of a particular 
solution . 


Scholium . 


211. In the differential equation which wo ha\c given in the last 
article, wc obtained a solution in which there is no arbitiary const int, 
and which has a foim entirely ditfeicnt from that of the complete inte- 
gril, nor can it be derived from it by giving any particular \alue to tlie 
aibitrary constmt. Those particular solutions were fc r «■ mie time con- 
sidered a sort of paradox in the Integral Calculus, until Lagiange, 
Poisson, and others, smeecded in elm idatiug some of the difficulties con- 
nected with this subject. Lagiange* s theory mi) ho Inicfly stated tli is : 

21m When we have a differential equation V = 0, it may be sup- 
posed to aiise fiom tliminiting theaibiti .ry const mtln twee . i the pritni- 
tne equitien u -- fit* y, c) ™ 0, an l its imm diale differential ilu = 
J I'h b Xdy -= 0. Now, whatever value be i»i\en to c , it isc\idcnt tli it 
wc shill bine ihosunc e pillion V ~ 0 resulting from this elimination, 
e\on if c be ioim Li*h 1 as a fum tion of a and y. Let us, then, suppose 
( to be sari tide, \ e dull now 1. >o Ju =. Md i b IStij -b Cdr = 0; 

1 lit if Cdr — (), wo sh ill still li i\e <hi = Mdv b -A hhj = 0 , and, there- 
fore, the pi opened equation V -= 0 will aLo result from the elimination 
if ( between the two equation-, u -= 0 , du -= 0 , in the same mamur as 
before. Now, if (Wr = 0 , v. e in >y either lnuc dc = 0, and, therefore, 
c = com* , end tlie complete integial J‘( r, ?/, c) = 0 will remain the 
‘aims ; or we may hau? C = 0 . If, fiom the equation C = 0 , we derive 
a value of c = £(/, ;/) — 9 , a funcli »n of <v and y, and substitute this 
\alue in u = y*(«r, //, <) = 0 , the foim of the function will be changed, 
and ) et its differential du = Md -f JSdy = 0 being the same, the equa- 
tion resulting from the eliniiiiatioii ot 9 between the two equations 
,A‘ r ’ v) = 0 and Md • -f *w// l) must bo V = 0 , the srne as in 
the first case ; ai d consequently the intcgial ti = J(<v 9 y, 9 ) will satisfy 
tlie differential equation V =• (>. 

21G. To apply these remaiks to the e pi ’tion <»i\ cn in ail. 213, we 
ha^c the complete inteciul 

u = // — cv — n a /(1 \ c l ) = 0, 

taking the diffcrentiil, and miking c \ ary at the Mine time with .cam!//, 
w r e obtain 

( nc \ 

a + ) do = 0 ; 

i + r l/ 


hence 


— C = .v -b 


nc 

V (1 + c"0 * 


Making C = 0, we line! c = 


— — -77 . This value of c changes the equation 

V(n* - a 2 ) 

y — c t v = n //(I 4* c 2 ) into a- 2 -by 3 = 

# ghich is the particular solution given in art. 213. 

217. As another example, let n = a 2 — 2c// — -a 2 — c 2 = 0, be a 
primitive equation whose differential, after the elimination of c, is 
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. dx* 


<y _ a*) - 2.ry ^ = 


If wc differentiate w, making c also variable, we shall find C = c+y ; 
hence ^ + c = 0, or c = — // 3 and, therefore, u becomes 
,v* 4- y 2 — a 2 == 0 ; 

which is the particular solution in this example. 

21S. The theory of particular solutions may bo elucidated from 
geometrical considerations. It will bo seen, that the first of these 
equations arises from the solution of the problem, To find a curve 
such that all the perpendiculars , let fall from a given point C upon 
the tangent 9 of this cui ve, shall he equal. Now, it is evident that 
the circle whose radius is n 9 and centre C 9 will satisfy the conditions 
of the question. This circle hating <r 2 + t/* = n 2 for its equation is 
the particular solution found in art. 213 ; but every straight line situated 
so that its least distance fr» in the ghen point C shall be = n, will a!4o 
reso'\e the problem ; and, as an infinite number of straight lines may be 
drawn so as to satisfy this condition, it follows that it is in the equation 
comp *chendiug all those linos, that we are to look for the complete 
integral of the aboye differential equation, which is, in fact, 

y — c,r = n a /(1 + 


INTEGRATION OF DIFFERENTIAL EQUATIONS OF THE SECOND AND 
IIlGIinit ORDERS. 

219. Whatever difficulties occur in finding the integral of a differen- 
tial equation of the first order, it will easily be conceived that they must 
be greater and more numerous when w$ have to consider differential 
equations of the second and higher orders; and it is only in a small 
number of very limited equations that mathematicians have succeeded 
in effecting their solutiou. 

220. Piior. VII. — To find the integral of d°y = Xd.\ 2 , X being a 
function nfx. 

7 

Since dx is constant, and = Xdx, we hayc — - = fXdx -f- C. 

Let the integral J'Xdr =rr P, then ~~ = P -f- C and dy = Pd# 4- Cdx 9 
and, taking the integrals a «ccond time, 

y =- fPdx + C* + C, 

where C 7 denotes a second indeterminate constant quantity. 

Ex. — Let d 2 y — axdj 2 = 0. 

We have then — = faxdx = \ ax’ 1 4- C, 

and y = fd<r(\cuv 1 4* C) = £ff,r 3 4- C,v 4* C\ 0 a 

The integral of d*y = Xdr 3 ,. , „ . d n y = Xdx n may be found in the 
same manner. 
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221. Prop. VIII. — To determine the integral of an equation involving 
, d 2 y dy , 

only d? * *dx 9 an( * con$tan * quantises. 

If in this equation we make = p, and, consequently, ; 


dx 2 


dx* 


tin 

then such an equation may be generally expressed thus : — = P , P be- 

ax 

ing a function of p. Hence we have d.v = and x = 4* V • 


we 


pdp rpdp 

Also, dp =? pdx = -p- , therefore, y = J~p b C* then, 

can eliminate p between the two equations 

. ' ‘■=/f + c - !‘=f J 7- + v ’’ 

wc shall have the integral required in terms of x and y. 

222. iV-Ut = „. 

dxd 2 y 

By putting pdx for dy and dpdv for d 2 y f this equation becomes 
( 14 - p 2 )^dx 
dp 

dx = ; , dy = pdx = ; 

(1 +P')* 0 4 -P^ 

ap a 


= « ; from which we deduce 


x = C + 


<✓(1 - Hy / 2 )’ 


y = v - 


+ v a ) 


Eliminating we obtain (.r — f7) 2 4- (// — f? 7 ) 2 = « 2 * 

This differential equation is ov identic formed by putting the general 
expression for the radius of cun at ure equal to a constant quantity, and, 
as we should expect, the integral is the equation to a circle of which this 
constant quantity is the radius. 

223. Prop. IX. — To integrate the equation d 2 y = Ydx 2 , Y being a 
function of y. 

Making, as before, dy = /;c/r, and d 2 y = dpdx, wc obtain = F, 
and multiphing by dy, pdp = Ydy. Ilencc, we have, by integration, 

p 2 = C + 2 fYdy , and x = /* - = / — . 

J V J </(C+2jYdy) 

Ex.— Let a 2 d 2 y 4- ydx 2 = 0. 

Here a 2 pdp = — ydy , a 2 p 2 = const. — y 2 = C 2 — y 2 . 

Wy r ady . y 

Hence a? = / — = / 77 7 75 5T = asm- 1 * 

^ -/ */(C 2 — «r) 6 


e sin* 1 ' 4- C 7 , 


y . x-C C’ . x . C' x 

or — = sin = cos — sin — — sin — cos — 

C a a a a a 
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X tV • 

therefore y is of the form c sin p c 1 cos — , c and c 1 being considered 

# a a 

as two arbitrary constants. 

d 2 y dy 

224. Prop. X . — To integrate an equation which involves -j~, > 

and the independent imiahle x. 

This equation mu bo transformed immediate]) to a differential equa- 
tion of the fn^t older, by the suhstifutiw of pdi and dpdx instead of 
dy and t n y If wo can find the integral of (his equation, and thence 
the \aluo of p in teims of a, we shall ha\o the wiluc of y fiom the 

equation y = Jpdc\ oi, if (he uilue of <r be giwn in teims of p, we shall 
ha\ey —Jpdi = pi — ftdp . 


22fi. Ex . — Let 


(di* + rV)- 


duly 

r,,. ... ( 1 4- jr)~dr 

11ns equation becomes - = A, 

'dx „ p 


= .V an) function of a. 

di dp 


dp 

■■■ / J r+ C = 


X 


(1 + p*)* 


+ P') ' 


rih V 

If we reptesent J — + Ch) V, then p = — , 


and 


y =fp<h + C' yi) + C- 

^ d®y dy 

22 6. Prop. XI. — 7b mtegiate an equation involving — 3 - , , 
and y. 

If we substitute for its \aliio dpdi , and then eliminate dx from 
this equation by means of the eqn ition dif — /;c4r, the result will be ail 
equation of the fust order, containing only /;. dp% and dy. When this 
last equation can be integrated, if p can he found in terms of y> we shall 

get x from the formula x = J'— ; or > if y can be obtained more easily 

v r ydp 

in terms of p y we shall find <i from the formula x = — + J • 

2 27. Ex. — Let ^ -t- A 4- By = 0, or — ■ + Ap +/?y = 0. 

(1). Multiplying this equation by pdx = c/y, we have 
pdp f- Apdy 4- %c/y = 0. 

As this is a homogeneous equation with respect to p and y, the variables 
may be separated by making p *= uy y and dp = ydu 4- udy; we then 
find 



DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 


415 


a and b being the roots of the equation u® + Au + B — Q. Also, 
d.v — ^ = — = — 

dy 


u !/ 


(« — a) (# — 6 ) * 


, — da 

ac/j? = — , 

y u— b 


— — hix * JZ±- 


u — a 

C (/ 

Hence, logy — aa = log logy — b x = log — ; 

c c 1 

. u — £ = — c** , u — rt = — c hx ; 

Subtracting the second equation fiom the fir&t, we get 

• (a — b)y = — cV l ; which may be put under the form 

y = Co ai 4 - 

m which equation C and T) may be considcied as two arbitrary constants. 
(2). If the roots a and b are imaginary, the) will be of the form 

a =* a 4- ft\/ — 1, b = a — /j\/ — 1, and, thcidbre, this equation 
becomes 

y = e ^Cc^ Z » + ). 

Substituting for $+0*V— i the expression cos fix + — 1 sin/ 3 ,r, and 

putting C D = C f y (C +D)\/ — 1 = />', we obtain 
y = c ar (C 7 ' cos / 3 a* + Z)'sin/ 9 ,r). 

r/y — Wffo — (« — a) du adu 


(J). When a = then - 


Also = 


y (w— -«) 2 (a a) 2 (w— «) 2 ’ 

logy=To 
■ rfo 


r b a 

log + 

u — a u—a 


; , and x + c' = — L. 

(u—ay u — a 


Substituting for u — a in the preceding equation, we have 

logy = log(c2» + cc') 4- a(r 4- c'), consequently 
y = c (x 4 - t 1 ) = ( C.i + D) e aT . 


228. Prop. XII. — To integrate the equation d 2 y 4“ Pdydx 4" Qydx 2 
= 0, P and Q hems; functions of\ only. 

Assume y = eP dv 9 t being a new i*able ; we have, then, 
dy = idxef tdx , dry = ^dx 1 4- dtdx) ef ldx . 

Substituting these \alues in the piopo^ed equation, and dividing by the 
common factor e dtdx 9 we obtain 

Pdx* + dtdx + Ptdx 2 4- Qdx* = 0 ; 
rff 4- (* 2 4-^4- <?) rf* = 0. 

When the coefficients P and Q aie constant, and equal to a 4 and 2 ?, 
this equation is the same as that which we have integrated in the last 
article. 
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METHOD OF RESOLVING DIFFERENTIAL EQUATIONS BY 
APPROXIMATION. 


229. When we cannot by any known methods find the integral of a 
differential equation in finite terms, we must endea\our to resolve it by 
approximation, that is, w$ must express the \alue of y in terms of x, by 
means of a scries. 

When the form of the series is known, we may determine the coeffi- 
cients by substituting the series and its differential instead of y and dy 
in the proposed equation. If, for example, we had the equation 

dy 4- ydv — mx v dv = 0, 

w e may assume y = Ax* 4- Bx a + l -f- Cx a+2 4- &c. 
then dy = aAx a ~~ l dv + (<* + 1 )Bx* dx + + 2) Cy t+1 dx 4* &c. 

Substituting the values of y and dy in the equation abo\e, and dividing 
the whole by dx, it becomes 

*Ax«-' 4- (a + 1) Bv a -f (* + 2) Cx a+ 1 4* &c. i 
— mx n 4- Ax* -1- Bx aA 1 4* d.c. j 

This equation becomes identical if wc assume «. — 1 = n, or a = n 4- 1 
and 



cl 


Hence we have 


— m 

u{» 4 * 1 ) 


, C = 


m 

x(<z 4 “ 1 ) (* 4 " 2 ) ’ 


]) = &c. 


rx tl+1 
y — 


ln+T 


f-J i 

(n 4* 1)0* 4“ -) 


(n 4- l)(n 4- 2)(w 4- 3) 



This \ alue of y is incomplete, since it contains no aibitrary constant ; 
we may, however, obtain a \alue of^ that shall ha\o the requisite gene- 
rality by proceeding as follows. * 

2d0. Let us suppose wc know that x = a, when y = b. Assume 
x = a 4- t, and# = b 4- u, then it is manifest, that if the value of u be 
found by a seiies involving t , all the terms oi the series ought to \unish 
when t = 0. By this transformation, the equation dy f- ydx — m ? H dx 
= 0 becomes 

du 4- (6 4- t') dt — m ( a 4- t) n dt = 0. 

Assume now, n ■= / if a f Bt* * 1 + O fs 4- &c. ; 
then, pioceeding as befou , we find 

cl At* 4* ( a 4* 1 } Bi a 4“ ( a 4” 2) (Ji a ^ 1 .f- &c. "j 
4 ' b 4- A l* -f- Bt a 1 1 4- &c. I = 0. 

— mod 1 — u*rm H ~ l t — 1 ami (n — — <&c.J 

It is necessary in thio equation to assume a — I = 0, or a = 1, and 
hence we find 


A = ma n b, B = \(tnna n “~ l — fua* 4- b), 

C = £ ( « 2 »(n — 1) a ? *~ 2 — mna n ~ l 4- ma n — , Z) =■ &c. 
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If we now substitute x — a and y — h for t and « respectively, the 
result will have all the generality that belongs to a primitive equation 
expressing the relation between x and y. 

231. The same process which wo have described is applicable to 
equations of higher orders. The most general is that where wo assume 
fory a scries in which both the exponents and the coefficients are unde- 
termined. The following example will be sufficient to illustrate this. 

Ex . — Let d*y -j- at ,n y dx l = 0. 

Assume y = Ax°- + Bd^ 8 -j- O 1 * 28 + &c. 

and suppose 8 to be positive, or the series of exponents to be an in- 
creasiqg one. We have then 


• ax n ydd& = adt * [Ax*-* 11 -f Br* 1 8 1 " + &c.] 

dhj = dv\la.(«.-l)Ai*- 2 \ (u + 8) (*+ 8- I )Bi’'*-2 +&C.2 

It is not possible to give to a such a value that the two terms contain- 
ing x a+n and v a ~~- shall correspond, except in the p irticular case when 
n = — 2. But if the term containing t 1 *” 2 be made to vanish (which 
may be done either by making v = 0, or « = 1), wo may compile the 
terms involving d a[H and Making the exponents of these 

terms equal, we have » + n = * + 8 — 2; and, therefore, 8 = n -f 2. 

Hence, substituting the values a. = 0, 8 = n {-2; and al*o, a = I, 
8 =s n -f- 2, in the preceding equations ; and afteiward* determining the 
coefficients A> B 9 t\ See. in the usual manner, we obtain for the value 
of y the two following series : 


aAx n + 2 a\/d 2n 1 4 

~ (» + 1)(» -r 2) + (» + 1) (» + 2) C2n +.?)(2» + 4) ~ &C * 

a4.t»+' , * «^/i 2 *+ 5 

A * ” (# + 2) ( a + 3) + (n + 2) (n + 3) (2« + 4) (2n + 5) ~ &C ‘ 


These two sciics aic only particular v due* of y, since they contain each 
but one arbitrary constant A. This dillerential equation, however, i* 
of such a uatuie that, from two paiticular values of y, we may deduce 
its general value; foi let us denote these values by y ' amt y", then, as 
each of them must satisfy the cliilerontul equation, we have 

C(d 2 y f + ax n y’dv 2 ) = 0, C\ / " + « H y"dx 2 ) = 0, 

C*and C f denoting two aibilrary constants ; and, consequently, their sum 
must be equal to nothing, independently of the values of C and C ; 
that is, 

{CdhJ + C'dY) + ax n da\Cy f ^ C'y") == 0. 


But the very same result will bejsbtiyned if we substitute Cy 1 -f C r t/ 
yistead of y in the given equation; tlierefoie, Cy 1 -f Cy" is also a value 
of y, and, as it involves two arbitrary constant* C and C", it possesses all 
the generality of which the value of y is susceptible. Hence it follows, 
VOL. II. 2 L 
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that if C be put instead of A in one of the two series above, and C* in- 
stead of A in the other scries, the sum of the two series will be a gene- 
ral expression for the value of y . 


ClIAP. III. — APPLICATION OF THE INTEGRAL 
CALCULUS TO GEOMETRY. 


TO FIND T1IE AREAS OF CURVES. 

232. Prop. I. — It is required to find a general expression for 'the 
area A PM, AP being the abscissa of the curve. AM, and PM its 
ordinate . 


Let AP = «r, PM = y, and the area APM 
= u ; also, let Pp the increment of x = h, then will 
dq d*q 

the ordinate pm = y + * /l 1 


77 - 


M 


da/ 1 dx 1 


+ &c. 


I . 2 

(art. 93). And because u is evidently a function 
of x and y 9 or a function of ,r only, since y is a 
function of x; when x becomes x -f h» « will be 
changed into the area Apm , which, therefore, by 
Taylo's theorem, is equal to 

du h d 2 u IP d*u h 3 

^ -7 %,.J 


A 


j> jp 


U + dx T + A* 


area PpmM = 


da 

dx 


2 ‘ dx 

JV IP 
dx* \ . 2 


1 .2.3 


*-j“ &c. 


dhi IP 

+ d? U273 + &C - 


Now the area PpmM is alvva}> comprised between the values of the 
rectangles Pn and Pm 7 or between PM x Pp and pm X Pp> that is, 
, , , , . du h , d*u IP o . , 

the value of the series — — — + -r-r ; — ~ + &c., is always contained 
dx 1 da* 1.2 * 

between the values of the two functions 

IP d 2 y IP 
1 + dx* 1.2 

and since these functions have the same first term yh 9 it follows, 
from art. 52, that this term is equal to the first term of the other scries, 
or that 


_ . , dy 

yh and yh -f- — 


+ &c. 


— h s 

dx h 


or du = ydxy and u = fydx* 


Hence, to find the area of any curve, we must either substitute for y its 
value in terms of x, or for dx its value in terms of y and dy 9 and then 
find the integral by the methods already explained. * This is called the 
method of quadratures • 
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Examples* 

233. Ex . 1. — To find the area of a curve of the par&bolic kind whose 
equation i * px = y n . 

Here we have pdx = ny n ~~ l dy> and, therefore, 

*ny n dy ny n+l 


fydx -f- 


P 


(» + \)p 


+ const. 


If wo suppose the area to commence at A ; where x = 0, y = 0, 
then u = 0 and y = 0 at the same time ; therefore, constant == 0, and 


nrj 


,m 1 


xy. 


(n + l )p n + 1 

If w» = 2, the curve is the common parabola, and the area is equal to 
two-thirds of the circumscribing parallelogram. 

*234. Ex. 2. — To find the area of a circle. 

If AP = x, PM = y, and the radius of the circle = a, then 
y = yf(2ax — ^ ,2 ) and J ydr = f dx *S(?2ax — 

The integral of ihis expression can only be obtained in a series, and 
it will bo found equal to 

,j i * 1 . 1 ** 1-1.3 ^r 3 v 

2xV2ax ^ 2 . 2 a 2.4 7,l« ! 2.4.6 9.8a 3 & ° 7 

235. 3. — To find the area of an ellipse. 

If a be a semitransverse, and h the semiconjugate axis, and v the area 
of a circle whose radius is a and abscissa == x the abscissa of the ellipse, 

b 

then will the area of the ellipse = u . 

236. Ex . 4. — To find the area of the common hyperbola. 

If a = semitransverse axis, b = semiconjugate axis, x = abscissa 
measured from the centre, then the area is equal to 

h , ah x + \l(x* — a 2 ) 

2a ^ a ) ~ T l0g a • 

237. Ex. 5. — To find the area of a curve of the hyperbolic species 
between the asymptotes. 

The general equation to this curve is 
p . r , y'/jf/.r 

y ~ therefore, J ydx = J — 

/ • , px l ~ n 

px~ n dx = : h const. 

I — n 

To get the value of the area BCMP 
taken from x = A B = « to ,r = 
we must successively make j* = a and x = h 
in the preceding expression, and then subtract the first result from the 
second. We shall thus have the 



area BCMP = 


1 — n 


(b'-"~ a 
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(1) . If n be < 1, and a = 0, or the point B he supposed to coincide 
with the point A) the space BCMP will be changed into AyEMP, 

pb l ~ n 

and the term a l ~ n = 0 ; therefore, the area AyEMP = \~Z 7 ~ n ' ^ c 

be of a determinate magnitude, and b be infinite, we shall get the area 
BCD x 9 which is therefore infinite. 

(2) . If n be > 1, the area BCMP becomes equal to 

j (^rr — fin-i ') * When, therefore, a = 0, or B coincides 

with A y the area AyEMP = ( o — f ) 9 am ^ consequently, 

it is infinite. If a be finite and b infinite, the area JBCDx 

= — — — 7 ( — — ) = - , and is therefore finite. 

n — 1 Xa”- 1 co 7 w — I a n ~ l # 

( 3 ) . If n =s 1, the curve is the common lnpcrbola; and it is called 
the equilateral hyperbola when the angle at A is a right angle. 

nix 

In this case the expression for the area = J — — = p log x-\r const., 
and taken from x = a to x = by the area BCMP = p (log b — log «) 
= p log -A_. The asymptotic spaces arc both infinite in this case ; for 

(X 

this explosion is manifestly infinite, either when a = 0, or b = oc . 

Let AB = BC = 1 , then p = AB x BC = 1, therefore, the area 

BCMP = p log -- = log b = Napeiian logarithm of AP. It was 

from the consideration of this property that these logarithms were ori- 
ginally called hyperbolic logarithm ?. But any other system of loga- 
rithms whose modulus is < 1, maj bo found from the area of the 
hyperbola, by varying the angle between the asymptotes: thus, if the 
angle be 25 ° 44', the area will represent the common system of 
logarithms. 

238 . Ex, C. — To find the area of a t)cloid. 

The whole area of the cycloid is equal to three times the area of the 
generating circle. 

239 . Prop. II. — To find an vxjrresdon for the area of a polar curve . 

Let CM l c any polar curve, -and A the pole. n 

Let AM = «, Z CAM = 9 . Draw MP per- 
pendicular to CAJ and put AP = e, PM = y ; 
also, put the area CAM = v , area CPM = w. 

Now we have 

area CAM = CPM — A PM, or v = tv—%xy; 

. * . dv = dw — rf. \xy = ydx — \(xdy -f ydx) 

= Kydx — xdy). 

But x = u cos MAP = — u cos 0 , dx = — 

y = u sin MAP = u sin 0, dy = du . sin 0 + ud 9 . cos 0 . 
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Substituting these values in the preceding equation, we obtain 

dv = and v = f\u 2 dbl 

240. Ex, 7. — To find the area of the spiral whose equation is n=fl0* • 

pu 2 dO r a 2 &* n d9 «^2»+i 

area = / — — = / — - — = . 

J 2 J 2 4n + 2 

This integral does not require a constant quantity to be added, as the 
area vanishes at the same time with 0. 

In the spiral of Archimedes n = 1, therefore the area = 0 3 . 

d 2 

In the hyperbolic spiral n = — 1 , therefore the area ACM = — - 

4- const. The area of this curve, which makes an infinite number of 
revolutions round the point A, is infinite when 0 = 0. We must, 
therefore, take this integial between two given values of 0, 0 = b, and 

0*= c , and the corresponding area will become /-j- — — ) . 

2 \ b c / 


211. Ex. 8. — To find the area of the logarithmic spiral. 

du 

Here 0 = log u and dO = . Hence 

° u 

f\ «**/= f\udu = 

We suppress the constant quantity, because the area is nothing when 
u = 0. 


TO FIND THE LENGTHS OF CURVES. 


242. The differential of the arc of a curve when referred to rectangu- 
lar co-ordinates is expressed by V dx 2 + dy 2 , fart. 98). If, therefore, 
from the equation of the curve, we find the value of dy in terms of dx 
and x , or the value of dr in terms of dy and y, and substitute either of 
them in the preceding formula, we shall obtain a differential the iutegral 
of which will be the length of the curve. 1 his is called the recti/ita - 
tion of curves. 


243. Ex, 1. — To find the length of the common parabola. 

Let AP = «r, PM = y, arc AM = s ; then the equation of the 

curve being y 2 = 2px, we have dx = , and 

, = yv(rf.r’+ -i df) vw+f) . 

To integrate this expression wo have 

fd) + fry*'™’ 

•/T^TT) = f s * ^rr-p >-> = -Sow+n- 

Substituting this iu the preceding equation, and transposing, we get 
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tfdyVW+p') = yV(y i + />*) 

= V^Of + P a ) + p* log (y + vV + />*) ; 

. = yjM±£> + + v^+?) + c. 

To determine the value of C t wo must consider that when y = 0, 
then £ = 0, and, therefore, 

0 ~ \p log/; + C. 

Subtracting this equation from the preceding one, wo get 

y4y ! + f) , P ,„_y + v/C.y* + ^*) 

s = + - log . 

2p 2 p 


244. 7:2a’ 2. — To find the length of the arc of an ellipse. 

To simplify the calculation, lot the semilransvorse axis AC = J, the 
exccniricit) = e, and the semiconj ugate axis h = a/( 1 — e* 2 ). Also, 
let AP = PM = y, and the an AM = s. Then, from the equa- 
tion of the ellipse 


y = V'l — t 2 VO — a *)> 


dy- 


*/( 1 — c 2 ) # 




= f V{d^ +df)=f- 


(h >v/(l~e 2 r 2 ) # 


The integral of this expression can onl\ he ol)tained in the form of a 
series ; and it has been already given in this form in art. 189. 

If, in *his series, we suppo e <r = 1, and therefore A = a quadrant 
= ^tr, we shall have the value of the elliptic quadiant equal to 


sr 

~2 


o 



1.3 6> 4 

272 . 1.4 


1 . 3 . 3. 5 p g 
2 . 2 . 4 . 1 . 6 ."6 



9 


a series which converges very rapidly when e is small. 


215. P.r. 3. — To find the length of the logarithmic spiral. 

The equation to this curve is 0 = log u, and the difteiential of the 
arc of a polai curve ■= \/(,i 2 dQ l + du l ) t which in this case, therefore, 
= t lu^/2 . Hence 

s ~ u ^/2 -J- C = 

if we suppose the arc to commence from the origin of the radius vec- 
tors. Hence, although an infinite number of revolutions he made be- 
tween the pole and any given point of the curve, yet they include an arc 
of finite length, which is equal to the diagonal of the square described 
on the radius vector. , 
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246. Prop. III .— To find an expression jor the differential of a solid 
of revolution . 


Let AMN be a portion of a solid generated by 
the revolution of the curve AM about the line AP , 
taken in the plane of the curve as an axis. Let 
MN, mn , be two planes perpendicular to the axis 
AP, cutting the plane A PM in the lines PM , pm. 
Draw MQ, mil , parallel to AP . Put AP = ,r, 
PM = y, and the content of the solid AMN sz n ; 
also, let Pp the. increment of a? = /*; then will the 
ogiinate pm = y + ph -f qh % -f &c. =; y -f />; 
(art. 93). And because u is evidently a function 
of x, when x becomes x + h, u will be changed 
into 



u + 


duh_ 
dx I 


<Fu h 2 
dx z 1 . 2 


Ip 

+ Vi + &e., 

Or’ 1.2.3 


( Pt, 


which, therefore, is equal to the solid content Amn . 


MNnm 

dx 1 


(Pu h 2 iPu h z 
+ da 1 iTS + dP 1.2.3 


Hence we have 


Now, the content of the solid MNnm is ahvajs comprised between the 
content of the cylinder NQ , having the circle MN fur its base, and 
altitude Pp, and the cylinder nil ha\ing the same altitude and the circle 
mn for its base, that is, between tt. PM 3 X Pp and v.pm 2 xPp, or 
between the expressions 

isy 2 h and n rh(y + It) 2 . 

And as these functions have manifestly the same first term my 2 h , it 
follows, from art. 52, that this term is equal to the first term of series 
(1), or that 

— h = vryVi 9 or u = mj y*dx. 


Ex amp ft \ 

1. Tfie content of a paraboloid is equal to half that of a cylinder 
having the same base and altitude. 

2. The content of a parabolic spindle, about a double ordinate to the 
axis, is equal to of the circumscribing c) Under. 

3. The content of a sphere is equal to of the circumscribing cylinder. 

9 4 . The content of a spheroid is also equal to -* of the circumscribing 

cy Under. 
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TO FIND THE SURFACES OF SOLIDS. 

247. Prop. IV . — To find an expression for the differential of the 
surface of a solid of revolution . 

The same construction and the same notation 
being used as in the last article, it is evident that 
the surface described by the arc Mm, is > sur- 
face described by the chord Mm and < the sum 
of the two surfaces described by il/7 T and Tm * ^ 

Now, the surface described by the chord Mm is' 
manifestly the surface of the frustum of a cone, 
and thi«, by Geometry (prop. 127), is equal to 

Mm ( 2t . PM + 2-7 r.pm) = nr. Mm (PM pm). 

Also, the surface described hy MT = nr . MT 
(PM -f pT), and the area of the ring described 
by Tvi = nr( pni 3 — pT 2 ) = nr . Tm (pM -f pT). \ 

lienee the surface described by the arc Mm is always contained between 
the values 

nr, Mm(Pm 4- pm ) , and nc.MT(PM + pT) 4- nr.Tm(pm + pT). 
And because MQ = h , Qm = ph 4- qli 2 4- &c. = Jc, 

(fT = ph, and TM = g/i 2 4- rh z 4- &c. ; 
therefore Mm = 4- l 2 ), MT= V(h 2 4- jtW) = hV( 1 4-/> 2 ). 

Hence, substituting these values in the preceding expressions, we shall 
have 

nr . Mm (PM + pm) — nr V(h 2 4- P) (2y 4- k ), 
and nr . MT(PM + pT) 4* nr . (/?w + />7) 

= wA/v'(l + P 2 ) ( 2 y + + nr(qh 2 4- &c.) (2y 4- 2ph 4- &C.). 

Now, it is e\idcnt, if we substitute for A its value ph 4- qh 2 4- &c., and 
expand these two functions according to powers of h, that the first term 
in each is 2nryh*/(l +p 2 )- 

Also, because the surface described by CM is manifestly a function of 
x, if we put it = v, we shall have, by Taylor’s theorem, the surface de- 
scribed by Mm 

_ du h d 2 n k 2 d 9 u h z t 0 

—di T + 172 + U 1.2.3 + &C ’ 

Hence it may be proved, in the same manner as in the last article, 
that 

'lx T = + P 2 ) » u V(dx % 4- dy 2 ). 

Examples . 

2d8. Ex* 1. — To find the surface of file segment of a sphere. 

Let AP = x, PM = y, radius CM = a, then 
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y = V(2 ax — I** 2 ), rfy = 


(a — x)dx 
*/(2ax — <r 2 ) " 


Hence 


, o , o , 2 f (tf — xfdx* a 2 dx 2 

dx* + df = dx* + i- = = 

2ax — a? 2 2«w> — .r 2 

S 2ity V(dx 2 + dV/ 2 ) = f 2<nadx = 2w&r. 


a 2 da? . 


Hence it appears that the surface of a segment of a sphere is equal to 
the circumference of a great circle multiplied into the height of the seg- 
ment ; and also that the whole surface of the sphero = 4 . w« 3 = four 
times the area of one of its great circles. 

Ex. 2. — The surface of a right cone is equal to the circumference of 
the base multiplied by half the slant side. 


2-7T ^ 

Ex* 3. — The surface of a paraboloid is equal to — [ (y 2 -f p 2 ) 2 — •/>*]. 

3p 

• Ex. 4 . — The whole surface generated by the revolution of a cycloid 
round its base = ^nra 2 ; and the suifaco generated by the revolution 
of the cycloid round its axis — -*), 
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249. Problem I . — To find the equation to a curve in which the sub- 
tangent is a given function of the abscissa . 

Let X denote the given function of x the abscissa ; then (art. 95), 
the subtangent is equal to and therefore Jby the question = X 


or 


dy ctx . . rdx 

- = and log y =y — — . 


y 


dx 

X 


■ dx 
X' 


d,r 


/ (lit 
— 

a 

x x y x 

h const. = f- log c, therefore log — = — , which is the equa- 

a a c a 

tion to the logarithmic curve. 

250. Problem II. — To find a curve such that all the perpendiculars 
let fall from a given point upon the tangents of this cuivc shall be equal* 
Let C be the origin of co-ordinates, c 9 =«r, Y 

PM = y ; then, because PT 19 measured in AL- 

the same direction with x, P T = — ; also 

dy 

let CY the perpendicular on the tangent = n, c? 

We have then 

CT : CY : : TM : Pftl 9 that is (art. 95), 
x — : n : : yV (l -j- dy ^ : y 9 and consequently 
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- xdy — ydx = n A(dx 2 + dy 9 ). 

The complete integral of this equation is y = cx 4- n \/(l + c 2 ), and 
a particular solution is x l 4- y* = n a . The first is the equation to a 
straight line whose least distance from the point C is = n f and the se- 
cond is the equation to a circle. (Soe articles 213, 218.) 


251 . Problem JII. — Let CB be perpendicular to AC, and A a given 
point in one of the line 9 AC ; let the line ST be drawn cutting off equal 
segments AT, CS; it is required to find the nature of the curve to which 
ST is always a tangent . 

Lot M be the point in which the tangent <u 

ST meets the curve, draw Ml* perpendicular J 

to AC , and MQ perpendicular to JIC. j 

Put AC = a , AP = X, PM = y ; then 

CP = a — and PT = • And be- /' 

dy My—' — q 

cause TP : PA/ : : : therefore 

QS= (a- x) 2- Hence y ; " ' p < 


Hence 


y + (« - i)*) -f = as = AT- x-^— 
dx dy 


As this equation may 


be proved to bo of the form y = px -f P, its integral w ill be most easily 
found, by first taking its differential (art. 212); thus, making dx constant, 
we have 

d!/ + (a-.v) <l ±-.<lAj' = d.v- &*L=J*Z*L. 

J 1 dx dx df 

(«_,)?* = &*z, aA ± = — . 

J dx dy 2 y^y ^/(a— ,r) 

integrating, we find Ay = ^ — A(a — ,r) ; 
but when x = 0, then y = 0, therefore C = y'#, and 

a/// - An — — «?’)» or .r = 2 l/^y — y 2 , 

which equation belongs to the common parabola. 

The same result would have been obtained by eliminating p between 
d P 

the equations.?’ 4- — = 0 and y = px 4- P. (See art. 212). 


252. Problem IV . — To determine the nature of a curve which shall 
intersect all other curves of a g'ven species at a given angle . 


Tty curves of a given species are meant 
curves like a series of parabolas, which are 
obtained by giving to the parameter all 
possible values, and which have the same 
vertex, and the same axis measured in the 
same direction. 

Let DN> dn , &c. be the curves so in- 
tersected, and MZ the curve which cuts 
them. Through any point M draw the 
tangents MT 9 Mt to the two curves MN, 
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MZ> then the angle TMt* from the conditions of the question, must he 
equal to a given angle. Let «r, y be the co-ordinates of the curve M7j % 
and x\ y' those of the curve DN ; also let a = trigonometrical tangent 
of the angle TML Because the angle TMt = PtM — PTM> and the 

tangents of the angles PtM, PTM are ~ , respectively (art. 93), 

therefore 


tau 


If, now, we find the value of ( lil f in terms of ,i\ y, and the parameter 

d v 

+p, a ul jvritc x ard y instead of and y ' , since at the point M they are 
respecthely equal to each other, we shall have an equation involving p. 
Eliminating p by means of the equation to the cune DN, we shall have 
a result which will include all their intersections with MZ> and will con- 
sequently he the equation to this cune. 

If, for example, 1)N, dn , &c., ho a series of cuncs of the parabolic 

di/ mpx ,n — 1 

kind, whose equation is i/ n = p,v ljn 9 we find ■— = 7 " • We 

may eliminate p from this expression before we substitute it in equation 

(1), and we shall then obtain ^ -= . Substituting this 

d.t J n.r nx 

value in equation (I), and multiplying by nxdx, it becomes 


i(iid dx -h wydy) -|- myd.r — nxdy = 0. 


This equation, being homogeneous, may he integrated by the method 
explained in art. 197* If the cun os be supposed to cut each other at 
right angles, then a is infinite; dhiding this equation therefore by a, 

the part — vanishes; therefore, nxdx 4 - wi/dy = 0 , and 

a 

its integral 

nx 2 + my 1 = c, a constant quantity. 


This equation show’s that the curve is an ellipse, the centre of which is 
in the common vertex of all the parabolas. 

This problem is celebrated by the '’imo of the Problem of Trajec- 
tories ; it was originally proposed b ^eibnitz, as a challenge to the 
English mathematicians, and resolved by Newton the day on which he 
received it. 
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CHAP. IV.— APPLICATION OF THE INTEGRAL 
CALCULUS TO MECHANICS. 


FUNDAMENTAL EQUATIONS OF MOTION. 


253. Prop. I. — To investigate a general equation between the 
space and the velocity , when the velocity is variable . 

When a body passes over equal spaces in equal times, the velocity is 
said to be uniform, and is measured by the space described in a unit of 
time. Let a body be supposed 
to describe the line AB uni- 


L 


M 


■ 

N 


B 


formly ; and let AM = s, ^ 

AN = s’, t — time of describ- 
ing A Mi t' = do. AN, v = the uniform velocity, then will 

-- ^ 

s' — s = v(t' — t) ; and v = - . 

t — ■ t 

If the velocity is variable, it is no longer measured by the space actually 
described in a unit of time, but by that which would have been described 
if the motion had continued uniform from that point, or had ceased to 


increase or decrease. Hence, in this case, 


€ — 


is not equal to v , but 


it will evidently more nearly approximate to the value of v , the smaller 
s' — s and t' — t be taken ; and, if these be indefinitely small, the ultimate 

limit of the quotient * will be the exact value of the velocity v . 

t — t 

But (art. 17)? 

s ds ds 

1 “ d7 ; W === dt' 


limit of ■ 


As this is one of the fundamental equations of motion, we shall establish 
it on the same principles as we have adopted in the previous parts of 
the Differential Calculus. 

Let H — t = r ; and Jet LM also be the space described in the pre- 
vious time r. Now, since s is evidently a function of t , we may put 
s = <p(t ) : we have then, by Taylors theorem, 

_ - r , v v ds d*s 

MN = f>(e + r) - <p(t) = — r + — i — +&c. 

r ' , N , v ds d 2 s 

L3f = tff) -v(t-r) =-T-— t — + &c. 

Suppose the motion in LN to be continually accelerated, then it is 
evident that the space vr, described with the velocity at M continued 
uniform during the time r, will be less than the space MN described 
with a continually accelerated motion, since the velocity at every instant 
of time is less in the former case than in the latter. And, for a similar 
reason, the space vr is greater than the space LM, since the velocity at 
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M is greater than the velocity at every point in Z/JI/. Hence, since the 
value of vr is always comprised between the two series, 


ds 

dT r + 


dPs T 8 

dt* l . 


+ &c., 


i (ls 

and — r 

dt 


tfl 8 


— YT2 < * :C ” 


(l if 

and these scries have the same first term — r, it follows, from art. 52, 

at 

that 


ds 

vr = ~r; 


and v = 




And in the same manner may the proposition be proved when the mo- 
tion is continually retarded. 


254. Prop. II . — To investigate the general equation between any 
€uariabl% force and the velocity . 


The accelerating force is measured by the velocity uniformly gene- 
rated in a second of time ; and, by the second law of motion, if the 
force continues to act upon the body, the additional velocity communi- 
cated to the body in each succeeding second will be the same as if the 
body were at rest. Hence, if /’be the accelerating force, v the velocity 
acquired at the end of t seconds, and v ' at the end of (J + t) seconds ; 


fr ; and f 


v’ — r 


If the force be variable, it can no longer be measured by the quotient 
of the increment of the velocity divided by the time in which it is gene- 
rated ; since the continual accessions of velocity in equal times are 
unequal. But, if we suppose the time to be diminished indefinitely, 
the force in this case will approximate to a constant force ; and, there- 
fore, by taking the ultimate limit of this quotient, we obtain the exact 
measure of the accelerating force. But the 

.. . „ v r — v dv . - dv 

limit of - — ~ ; and . . j — . • 

r at d t 


This theorem may also be proved from Taylors theorem, in the same 
manner as the last. 

Let v = %]✓(/), the velocity acquired at the end of t seconds; 
v f — -f. t), aiul v { = \J/(£ — t\ the velocities acquired at the end 

of t + v and t — r seconds ; then 

dv d^v r 2 

_„ = ^(*+ r) — 'HO = T + 7 ^ T.2 + &c ’ 


• — 1 - ’KO - W - ») = i * - $ o + &c * 

Now, if the accelerating force f continued uniform from the end 
of the time t , the increment of velocity during the time r would be fr. 
But it is evident that fr will be less than 1 / — v, and greater than 
v — V/f if the accelerating force continually increase in intensity, and, 
therefore, fr will be comprised between the two series, 
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d v d 2 v t 8 

7i r + 


+ &C. ; 


and 


dv d*v 

It T “ IF ITS 


+ &c. 


And, since these two series have the same first term -^-r, it follows, 
from art. 52, that 


fr = 



and f = 

J dt 


And in the same manner may it be proved, if the intensity of the force 
continually diminishes. 


255. Cor • 1. — We have alsoy = — 

= L'\ 



dt 


and if dt be constant 


236. Cor . 2. — Since wft = r/v, and dv = jft//, we obtain by multiply- 
ing these two equations together, 

vdv = fds. 

We shall now apply these formulae to a few problems on rectilineal 
motion. 


257. Phobli m. I . — A bod// falls from rest from a given 
point A tow tu ds a t nitre oj force S, whose intensify vatiei 
inversely as the squaw of the distance SM; to determine 
the velocity at any point M, and the time of describing AM. 


Let SA = a f AM = SM =■ x ; therefore, x — a — s. 
Let v be the ^locity at M> and t the time of describing AM, 
Also, let be the magnimdc of the force at the distance 1 ; 


fA 

then - - will be the magnitude of the force at the 
x 

distance x. 


(1). To find the velocity, we hd\e 


A __ 

M -- 


6" 


[A t 

vdv = fds = — x — dx\ and integrating 


?r (a 

-r- = — -j- C. And when x = a, v = 0 ; 
2 x 


0 = — -f- C. 
a 


Subtracting the last equation from the preceding one, 

2ac 2^t a — X m 

x a ax 

(2). To find the time, 

dt - — = i/ - ~ ^ = _ \/lL 

v V ?m Via-*) V 2/* V(ax - J) ' 

* ••• * = 1/5 ['✓(«*-**) + a 


xdx 
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And when x = a, / = 0, therefore 

0 ss — In vers -1 (2) -(- C = — -Jaw C. 

Subtracting the last equation from the preceding one, 

t — y/ ■— £ -/{ax — x 1 ) + w — vers- 1 . 

When the body arrives at S , .r = 0 ; therefore, the time of falling 
from A to S = ( 2 ) J • 

Cor . — The velocity acquired in falling from an infinite distance to 


thejioint M is equal to — ^1 — ^ since a is infinite. 


2/x 


• 258.#Puoblem. II . — To find the velocity and lime when the force 
varies directly as the distance SM. 

Adopting the same notation as in the last proposition, 

f — (Ait ; and vdv = — (Axdx\ v* = /a (a 1 — a* 2 ). 


<>'*) 


Also dt = * = J_ *1 

V Vf* V(a* 

the constant being 0, since t = 0, when x = «. 

When the bod} arrives at S, t = 


£ = cos- 

a/(A 


nr 

2vV 





Cbr.— The times of falling from different distances to the centre of force 
are all equal. 


259. Scholium . — The attraction of the earth on external bodies varies 
inversely as the square of the distance from its centre, supposing it to be 
a sphere. And the attraction on any bodies within the earth vanes di- 
rectly as the distance from the centre. 


260. Problem. Ill — To determine the vertical motion of a heavy body 
at the surjace of the earth ; the forte of guwity being supposed con- 
stant, and the resistance of the air to be proportional to the square of the 
velocity . 

It appears from Mechanics (art. 307) that when a body moves through 
the atmosphere, the resistance of thi r fid is nearl} propoitional to the 
square of the velocity. If the body’' motion be perpendicularly down- 
wards, it will be accelerated by gravity and retarded by the resistance of 
the air ; and the whole force acting on the body will be the difference of 
gravity to the resistance. But if the motion of the body be perpendicu- 
larly upwards, it will be retarded by the sum of these two forces. Hence 
we shall have two different solutions for the motion of the body inasceut 
and descent. 

(1). For the descent . Let R represent the resistance of the air 
measured as a pressure in pounds avoirdupois ; then, by the third law of 
motion, tho retarding force of the air will be to the force of gravity ( g ) 
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as : — r to 1, and therefore the retarding force of the air = 

wt. of the body . e 

— . Suppose this equal to kv 2 , then will k be a constant quantity 

dependent on the density and other circumstances of the fluid, and also 
on the weight and force of the «body. We have then, 

- * , . vdv vdv 

f=g-Hr, *= 7 = _^ ; 

a = C - ~ log (g — /»*) ; 

and if the body falls from a state of rest, v = 0, when s = 0, 

OsnC — i log g ; subtracting this equation from the one above ; 

Aft 

* “ 2k 1<>g J —lev*' 

To find the time : 

Ja _ dv _ dv __ 1 r do 

7 ~ g - w L 7g + vvfc 

and integrating from t = 0, v = 0 ; 




V# — W'A:, 




* = _L- bg 

2l/£* 


In passing fiom logarithms to numbers, 




= ,-*** - 


's/g + 

As / increases, the exponential in the second number of this equation 
diminishes; and when t is ^ cry great, the exponential in the second 
number of this equation becomes extremely small, therefore this equation 
will become 


Vg — v */k = 0 ; or v = y/ 7L 


This* is called the tn minal \elocity. It is the limit to which the \elocity 
continually approaches ; so that, after a certain time, the motion is nearly 
uniform. The same result also may be obtained from putting 

f = g — kv * = 0, for then the body will be no longer accelerated. 

(2). For the ascent. In this case f = — (g + fa?) ; 

dl= ~ gTkv* ttnd * = ?~ U, 8 (S + *•*)• 

< * Suppose V to be velocity of projection, art* s V, when s ss 0} then 

s: C — log (g + kV*), subtracting this from the equafioB above, 
* 2A 
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1 , g + AV* 

2k l ° 8 g + kv* 

If v — 0, wo shall have the whole height ascended 
1 , /, , kV\ 

= 2k °“ ( + T>' 

To find the time : 

do ^ J 

— tail— 1 f v \/ 

g 


dt = - 


* = C 


-tan—' ( v —) ; 


<!f+*** ’ * s/gh 

and when / = 0, v= F, therefore 0 = C7— — — tan— 1 ( V \/ — \ • 

Vgk V v g/ 

Eliminating C from these equations, 

* ‘ ( ; r y/ 7) ~ (• t/7)} • 

When v = 0, the body is at its greatest height, therefore 

whole time of ascent = — tan -1 ( V \/ . 

V gh ' V gf 


Examples for Practice . 

1. A body falls from rest from a given point, towards a force which 
is constant ; to find the velocity acquired at any point, and the time 
of motion. 

2. The force varies inversely as the cube of the distance from the centre 
of force; to find the velocity at any point, and the time of motion. 

— x l ) , a /(« 2 — . r 3 ) 

Ans. v = ; t = a . 

ax y> 

3. The force varies intensely as the square root of the distance ; to 
find the velocity at any point, and the time of motion. 

Ans. v=2a/^(-/« — Vx)~\ t = — j-( y/x+2 */a) ( Va — \fxfi . 

uv/* 

4. The force varies inversely as the wth power of the distance ; to find 
the velocity at any point. 


/P 2/x a n ~ l — - a ,n ~ I q 

A,,Sl "--V \jT=T T-V- J • 


TIIE CENTRE OF GRAVITY. 

4 

26 1 . Prop. III. — 7o o&tam a general formula for finding the centre of 
gravity of any body . 

Let MBN be any body, Ax the axis of x, and let the body bo cut 
by a plaue MPN perpendicular to Ax, Let G } & 9 g be the cen* 
VOL. XX, 2 P 
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tres of gravity of the bodies 31BN, 7 nBn 9 and 
MNnm , and suppose Git , GW^gk to be drawn 
perpendicular tor a plane passing through the 
origin A parallel to the plane 3IPN \ 

Let AP = *r, Ap == x + h = x 1 ; the 
mass A//HV = il/» = 71/', and MNnm 
= m. Also let (7& = j*,, (7'/c' — . rr'„ and %k 
= A:. Now we may suppose 31BN , w/iw, 
MNnm to be collected at their respective cen- 
tres of gravity fr, 6 V , 5 ; and we have, from Me- 
chanics (art. 71), 

3Va ' j = 3 ft\ Hr mlc \ 



or, 


M\\ — 31 1 \ = mh. 


Because 31 is a function of ,r, by Taylor’s theorem, 
eJM h d l 3l 7* 2 

"'-"+*7 + ^iT 2 +&c - 

dM h PM h 2 , . 

*’* 1,1 ~ dr 1 + dJ 1.2 + C * 

Now the value of A; is evidently complied between x and x + k. Hence 
the value of mk is comprised between 7/2 1 and in(x + h ), or between 
the two series, 

1(131 h t (PM lr 

L dx 


0) 


1 


1 


■f &c. I, and 


r dM h 

(a,+A) br*T + 


+ &C. 


dx 1 

d 2 M ft 3 

f/ r z 1 . 2 

Let 3/rf*! = ?< a function of x ; then will M'x\ — u' the same func- 
tion of . v + h; therefore, by Taylor’s theorem, 

, , r du h d 2 u h 2 . 

M.i, Mr - j + dj i ! . 2 + 

And since the value of this function is always contained between the 
values of the two series (1), ard these series ha\c the same first term 

x d Jih it follows from art. 52, that 
lUv 


du (131 r 

— h = x — A, 

dx ax 


\ du = xd31\ and 3U\ = u = f xd31 . 
J&d3! . 


Hence *r. =‘ 


M 


262. Case I . — To find the centre of gravity of a symmetrical area . 

Let MBNbe a curvilineal area of which Ax is a diameter bisecting 
all the lines 31N at right angles. Then if we suppose this area to be of 
uniform density, it is evident that the weight or quantity of any part will 
be as the area of that part. Let AP = .r, P31 = PN = y 9 then the 
differential of the area = 2 ydx ; hence dM = 2 ydx 9 and, therefore, 


•*T 


Jx . d3t 
31 


J x . 2 ydx 

Jhydx 


Jxydx 

Jydx 
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263. Case. II .— To find the centre of gravity of a curve line* 

When the body is a curve line of uniform density, let ds be the dif- 
ferential of its length, then dAf will be proportional to cfo. Hence 


= 


fxdM 

fdM 

where ds =s + dy 2 ). 


Jxds 

fds 


; and^ 



If the curve be symmetrical with respect to Ax> the ceutre of gravity 
will manifestly be in this line. 


264. Case III. — To find the centre of gravity of a surface of revo- 
lution • 

Ifsjae the length of the curve, 2ryds is the differential of the surface, 
and, as before, this is proportional to dAL Also the centre of gravity 
w'dl be manifestly in the axis of revolution. Hence 

__ JxdAI _ fxyds 
fdM ~~ fyd »' 


265. Case IV. — To find the centre of gravity of a solid of revolution . 
The differential of the solid vy 2 d<r, and therefore 
__ JxdAI fxy 2 dx 

fdM fy 2 dx 

Also the centre of gravity will be in the axis of revolution. 

For other surfaces and solids, and for curves not lying in one plane, 
or curves of double curvature, we must refer the student to Whewell, 
Pratt, Poisson, &c. 


266. Scholium • — We may in the same manner apply Taylor’s theo- 
rem to investigate the general equations on the moment of inertia, the 
centres of oscillation, percussion, tVc. ; but as these may always be more 
readily found by taking the infinitely small elements of these functions, or 
the limits to which the increments may be reduced — and as we have al- 
ready pioved that these limits, or indefinitely small elements, are always 
file same as the second term in the expansion of Tajlor’s theorem — we 
shall not in future go through a formal demonstration, but leave this to 
the consideration of the student himself. 

J£x* I 

267. To find the cent ; e of gravity of a circular segment 
Let AP = x 9 PM = y , the radius of the circle == «r, 

we have then (vol. ii. p. 18) y =s s/ 2ax — x*\ 

— fedx ✓ 2 ax — x 2 

fydx fdx V 2 ax — x 2 

Now f dx'/2ax — & (taken from x = 0) = area 
AAIP • Also, 
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fxdx l/ 2 ax — x 2 = — f(ttdx — .rcfo) V 2ax — x 2 + fad* V 2ax~ x 
• = — \(2ax — a? 2 )^ + « X area AMP ; 

y 8 


area AMP 


•f* a* 


Hence CG = 


jL. 


3 area AMP 
DF 3 


3 area AMP 
, and when «r = AF, 


CG 


3 area ADF 


Ex. 2. 

268. To find the centre of gravity of a circular arc DAE. 

/ xds 

Retaining the same notation, AG = . Let p = the angle ACM 

s 

or the corresponding arc whose radius is 1 . Then — = sin q>, and 

a 

dy ds a — x 

— = dtp cos <z> = — . 

a a a 

Hence ady = ads— xds, or xds = ads — ady, 

4G — f — S(“ds — a dy ) as — ay _ 


= a 


au 

Hence, CG = — ; and when x = AF, CG = a _ . „ 
<y arc DAE 


ay 

s s 

chord DE 


Ex. 3. 

2G9. To find the centie of gravity of the sector of a circle CAB. 

Draw any radius CM, and CN indefinitely near to CM. Then 
the sector CMN may be ultimately consi- 
dered a* a triangle, whose centre of gra\ity 
is in sn, at § of the distance CM. Suppose 
the sector CAB to be divided into an 
infinite number of equal sectors, each of 
these to be collected at its centre of gravity, 
these will manifestly form the arc ad, and ^ 
the centie of gravity of this arc will be the 
centre of gravity of the sector CAB . But, by the last example, 

CG = Ca - h i rJ -f. = § CA^° tAAB 



arc ad 


arc A B 


This also might have been obtained by dividing the sector into a 
segment and a triangle, and finding the centre of gravity of each of 
these separately. 


Ex. 4. t 

270. To find the centre of gravity of the surface of any spherical 
segment , (See the figure to Ex. 1.) 
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Retaining the same notation, and putting <p for the arc corresponding 
to AM \ and having a radius = 1, we have 

a? , dx . ds y • 

— — vers f ; hence, — = a<p sin <p = — — , and yds = adx, 


AG = 


__ fxyds __ Jaxdx 

~ "5* ^ 


= 


Examples for Practice . 

1. To find the centre of gra>ity of the area DAE , when the cune is 

a parabola. # Ans. AG = J^/7. 

2. When the curve js of the parabolic species, whose equation is 

3 / m+n »= a m x n . 

* 3. When the area is a semicircle, 


a m + 2w 

Ans. = - — r- AF. 


2m 4* 3n 

Ans. CG = — -r-fC. 

T . 3tt 

4. W T hen the area is the segment of an ellipse, whose semi-axis CA~a, 


and the other semi-axis = 5. 


Ans. CG — 


OF* 


3 area ADF 

5. When the area is the segment of a hjpcrbola, whose semi-axis 

a 2 J) f ? 3 

CA = a , and the other semi-axis = b . Ans. CG = . 

Ir 3 area ADF 

6. To find the centre of gravity of the semi-circumference of a circle. 

Ans.GY,’=“\ 

m 

7. To find the centre of gravity of the surface of a cone. 

Ans. VG = §dist. from \ertex V to the centre of the base. 

8. To find the centre of gravity of a hemisphere. 

Ans. AG = I* radius. 

9* To find the centre of giavity of a paraboloid. Ans. AG = %AF . 

10. To find the centre of gravity of a frustum of a jaraboloid, of 
which the radii of the two ends are a , b , and the length of the axis h . 

A /i 3 -f- 2A 3 

Ans. Dist. from the end whose radius is « = -r- . — ; rr* . 

3 a 3 4- A 4 


MOMENT OF INERTIA, CENTRE OF OSCILLATION, &c. 

271. Prop. IV.'— To obtain a general formula for finding the mo- 
ment of inertia of any body . 

Let CMN be any body revolving abuut an axis 
passing through C perpendicular to the plane A IN. 

Let CP = r, Cp = i*'; and let A/ = mass in- 
cluded within the distance r from the axis ; A/' == 
do. within the distance id : u = moment of inertia 
of the mass A/, or the sum of each particle mul- 
tiplied by the square of its distance from the axis : 

’ «' = moment of inertia ol the mass A/'; and 
m = M* — A/, the mass MNnm included be- 
tween the two distances r and r'. We have then, 
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u' — u = moment of inertia of the mass m 2 which is evidently 
> mr 3 and < 


tn 


u — u 

or ■ — > r 2 and <r' 9 . 


M f - M 


Now, when Pp is diminished indefinitely ^ becomes ultimately 

= and r' is ultimately = r . Hence, 

du 

— = r 2 , du = tVil/; and w = fPdM. 

In determining the moment of inertia of lines and planes, they are 
supposed, as in finding their centre of gravity, to be made up of par- 
ticles of matter uniformly diffused over them. 


272. Ex. 1 . — To find the moment of inertia of the straight line AJL 
revolving about an acis perpendicular to it at C. * 

Let AD- DB=a, CD=b CM=r. 

In this case dMis proportional to dr; 1 i i T 

therefore, A C D M Jj 

J Pd M = fr l dr = *r\ 

And this integral is to be taken from r = — (n — 6) to r = a + b ; 
.% moment of inertia = *[(« + bf -J- (a — A 1 )] = 2a(b 2 + J« 2 ). 


CD = b, CM = r, 



2/3. Ex. 2 . — To find the moment of inertia of a line vibrating length- 
ways in its own plane , the two extremities A and B being equally dis- 
tant from C the centre of suspension. 

Let AD = DB = 

DM = x. 

In this case 

dM is proportional to dx y and r 2 =b 2 +x 2 ; 

S Pd M ~fdx{b 2 -f x 2 ) ss b\v + %x\ 

And this integral is to be taken from ^ 

x = — a to x = + a ; therefore, 
moment of inertia = 2 a{b 2 4- £« 2 ). 

274. Case I.— To find the moment of inertia of a symmetrical area 
or curve line vibrating flatways , or in a direction perpendicular to its 
plane. 

(1) . Let CD be the axis of rotation situated 
in the plane AMN. Let CP = x, PM = PM 
= g ; then the moment of inertia of the elemen- 
tary area MNnm is evidently a? 2 X 2 ydx ; there- 
fore, the moment of inertia of the area AMN is 

f'lpydx. 

(2) . Also, the moment of inertia of the arc 
MAN is 

f2x*ds. 


Mm 
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275. Case II .— To find the moment of inertia of a symmetrical area 
or curve line vibrating edgeways in its own plane . 

(1) . The moment of inertia of the straight line MN vibrating lengthways 

= (** + h/ 2 ) X 2 y (art. 273); 
moment of inertia of the elementary area MXnm = (# 2 + £y 2 ) X 2 ydx. 

Hence, moment of inertia of the area AMN = f2yds(x 2 + iy 2 ). 

(2) . The moment of inertia of the elementary arc Mm = r 2 ds = 
(a? 2 -f* y 2 )ds. Hence, taking both branches of the cur\e, 

moment of inertia = J 2d&( '■* + /)• 

276. Ex. 3. — To find the moment of inertia of a circle , having its 
plavte parallel to the ads of rotation CD. 

# Let the diameter AB be parallel to CD ; 
and let # 0C be drawn from the centre O per- 
pendicular to CD • Draw any chord AAV 
parallel to AB, and OP perpendicular (o 
MN . Let OA = a, OC = b, OP = A ^ 

PM = // ; then, since every point in the 
line MN is equally distant from the axis CD, 
the 

moment of inertia of MN = 2y . CP 2 = 2y(b 2 + x 2 ) ; 
moment of inertia of the elementary area MNnm = 2yda(b 2 + «r a ). 
Hence, the moment of inertia of the circle is equal to 

J'2ydx (b 2 4- x 2 ) = b 2 J 2ydr -f f 2x 2 dc a/(u 2 x 2 ), 

'8ovr,J'2ydx = area of the circle AMNB = r ra 2 i taken from v = — a 
to ar = + «• 

Also, f'l&dx: */(a* - x°-) = - >x(* 1 - a*)3 + J«V V*V(«* - ; 

and, taking the integral from x = —a to x = -i-a, the term —\i {a 1 — x*)^ 

vanishes, ,/2xVx* V(a 2 — .**)= jW 2</x(o a — x 2 )-‘ = £<** X ir« 3 

taken from x = — « to ,r = + 

Hence the moment of inertia of the circle == ira\b 2 + }« 2 ). 

277. Ex. 4. — To find the moment of inertia of the circumference of 
the circle AMNB. 

This is evidently the integral of 2a l 2 + x 2 ), and will be found to be 
2 ira(b 2 + 

But we may find the moment of inertia in the following manner. 
Since u , the moment of inertia of the circle AMN, is ita 2 b 2 + Jwa*, 
considering a variable, wo have du = 2mi (b 2 4- la 2 ) da. This is 
manifestly the moment of inertia of an elementary annulus contained by 
the circumference AMN, and having a breadth = da. IJcncc it is 
evident that the 

moment of inertia of the circumference AMN ss ~ = 2 va(b 2 4- id *). . 
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278. Case III, — To find the moment of inertia of a solid and a 
surface of revolution , whose axis CP is perpendicular to the axis of 
rotation CD. (See fig. to Case I.) 

(1) . Putting CP = x, PM sss y as before ; the moment of inertia 
of the circle generated by the revolution of MP (ait. 27(i) is 
vy 2 (x 2 -1- f^ 2 ) ; and, therefore, the moment of inertia of the elementary 
solid MNnm is nry 2 dx{x 2 + if)* Hence, 

moment of inertia of solid AMN = y^Vr(r a + fy 2 ). 

(2) . Wo shall find, in the same manner, from art. 2 77, the moment 
of inertia of the surface generated by the curve AM ~ J 2iryd6(x 2 +ly 2 ), 

270. Case IV. — To find the moment of inertia of a solid and a sur- 
face of revolution about its own a us, ( 

(1) . The ipoment of inertia of a circle re\olving in its own plane about 
its centre is *na 2 x and, therefore, the moment of iuertip of thC 
elementary solid MNnm is iry 2 dx x \if 

Hence, moment of inertia of the solid AMN = f^nfdx, 

(2) . The moment of inertia of the ciicumference generated by the 
point M is 2 iry x y 2 ; and, therefore, the moment of inertia of the ele- 
mentary surface geneiated by MN i& 2 myds x y 2 , Hence, 

moment of inertia of the surface AMN = % f2iry*ds. 

Ea amplesfor Pi actice . 

To find the moment of inertia in the following figures : — 

1. A circle revolving in its own plane about its centre. 

Ans. %Ma\ 

2. A circle revolving in its own plane about any other point at a dis- 
tance b from the centre. * Ans. il/(6 2 -f- la 2 ), 

3. The circumference of a circle revolving in its own plane at a dis- 
tance b from the centre. Ans. M(b 2 -f a 2 ), 

4. A rectangle, whose length and breadth ajo 2a, 2b, about % point 
in the axis at a distance c from its centre Ans. jl/(c 2 -f fa 2 + f 6 2 . 

5. A cone revolving about its axis (rad. of base = a). 

Ans. ^Ma\ 

G. A sphere about a dianfeter. Ans. %Ma\ 

7. A parallelopided about an axis. Ans. \M(a 2 + £*)« 

8. A cylinder about its axis. Ans. filfa*. 

9. A sphere about an axi» at a distance b from its centre. 

Ans. M{b 2 + fa 2 ). 

10. A paraboloid about its axis. Ans, J3/<? 2 . 

11. A right cone revolving about an axis passing through the vertex 

perpendicular to the axis of the figure. Ans. f M(b 2 -f fa 3 ). 

12. A paraboloid about an axis pa«sing th tough the vertex perpendi- 
cular to the axis of the figure* " Ans. M(\b 2 -f fa 2 ). 



EMPTYING OP VESSELS. 


441 


280. Prop. V. — To find the centre s of gyration and oscillation 
given figures. 

We have, from Mechanics, art. 321, % 


Mk 2 = moment of inertia; therefore, k = 




in 


Also, art. 325, k 2 = CO x CG ; therefore, CO = 


JL 

c(r 


Ex. 1. In a straight line vibrating about its extremity, CO = §0. 

2. In a circle vibrating in its own plane, CO = /* + • 

3. In a circle vibrating about an axis in its own plane, 


4. In a sphere, CO = h -f 


2a 2 

5/7 * 


TIIE EMPTYING OF VESSELS THROUGH SMALL ORIFICES. 


281. Prop. VI. — To investigate a formula for the time of emptying 
any vessel through a small orifice . 

Let PM be the surface of the descending fluid. 

Put AP = «r, PM = y t h = the area of the trans- 
verse section at the vena contracta, and K = the 
area of the descending surface. The velocity of the 

fluid at the vena contracta = V2gx ; therefore, the 
quantity of fluid discharged in the indefinitely small 

time dt is equal to kdt V 2 gx. Also, if wo suppose 
the surface of the fluid to descend from PM to pm in the time dt; then 
PP = — dx ultimately ; and the content Mn is ultimately = — Kdx ; 
but this is equal to the quantity of fluid discharged, theretore 



— Kdx = kdt V 2 gx; and dt = 


— Kdx 


k V 2 gx 

From this differential equation, the value of t may be found, when K 
is given in terms of x. 

282. Cor . — If MAm be a solid of revolution round the vertical axis 
AP , then K = my 2 ; therefore 

dt = - 

k ^ 2gx 

Ex. 1. — The time in which a cylinder will empty itself is — ^ . 

kVg 

2. The time in which an inverted cone will empty itself by a small 

. 2*r« 2 Vh J 

orifice at the bottom is — 7 — • 

5/r */g 

3. The time in which <&n inverted paraboloid will empty itself by a 


small orifice at the vertex is 


Amp#* 

JkVg 
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r 4. A sphere is filled with water ; to compare the times of emptying the 
upper and lower hemispheres by a small orifice at the bottom. 

' Ans. As 8 a/ 2 — 7 to 7* 


THE RESISTANCE OF FLUIDS. 


' 283. Prop. VII. — To investigate a general expression for the re- 
sistance of any plane figure or solid of revolution ADE moving in a 
Jluid in the direction of its axis. 

(1). Let Mm be an indefinitely small arc, which 
may ultimately be considered as an inclined plane. 

Let Ma represent the force with which Mm strikes 
against any particle at M . Then, if the figure be 
constructed as in Hydrodynamics (art 449), the 

whole force against a particle at M : effective force 

«** 


Ma 1 : Mb- : : l : -% 



Also, tho number of particles which impinge against Mm is proportional 
to mn or dy. Hence the effective force of resistance against Mm is as 

dy ; and, therefore, the whole effective force of resistance against the 
curve ADE is proportional to 

r dy 2 j __ r dy 3 

J~dF d ' J “ J </> + d,f ' 

(2). If the figure be a solid generated by the revolution of the curve 
AD about the axis AB> the number of particles impinging against the 
annulus generated by Mm is as 2 icy x dy > and the force of each particle 
thf 

being as , the effective force on the surface is proportional to 


rvW_ 

J ds 1 ‘ 


Ex* 1. — If DAE be a semicircle, the resistance on DAE is § of 
the resistance on the diameter DE. 

2. If DAE bo a cone, the resistance on the base DE is to the re- 
sistance on the surface DAE as AD 1 to BD % . 

3. The resistance on the surface of a hemisphere is half the resistance 
on the base DE. 

4. If AD be a cycloid, the resistance against this solid, generated by 
the revolution of AD about its base AB , is to the resistance against the 
circle generated by BD as 1 to 3. 
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CHAP. I. — MOTIONS OF THE HEAVENLY BODIES. 


1. Astronomy is that science which treats of the motions of the 
• heavenly bodies, and explains the laws by which those motions arc 

regulated. 

2. When we look at the heavens oil a clear night, all the stars seem 
to be at the same distance from us* and, therefore, appear to be situated 
in the surface of a sphere, having the eye for its centre. If we continue 
to look for some time at this hemisphere, we shall perceive that its ap- 
pearance is changing every instant. New stars are continually rising 
in the cast, whilst others, in the meantime, are setting in the west. 
Those stars that, in the beginning of the evening, were first seen above 
the eastern horizon, will be found, in a few hours, to be situated towards 
the south, where they have their highest elevation, and may be traced 
moving gradually westward, until at last they sink altogether under the 
horizon. If we look to the north, we perceive that many stars in that 
quarter never set at all ; but appear to move round a fixed point, as a 
centre, in circles of different magnitudes. A little more attentive ob- 
servation will convince us that every star appears to describe a circle, or 
portion of a circle, in the heavens, as far as its course lies above the 
horizon ; and that the motions of all the heavenly bodies are exactly the 
same as if they were situated in a hollow spherical dome, which turned 
uniformly round an axis passing through the eye of the spectator and 
the fixed point in the north called the pole. 

3. Before wc attempt to explain the cause of these apparent motions, 
it will be necessary to form some idea of the figure and size of the earth ; 
and to ascertain whether we are at rest or in motion ; as the apparent 
motions of all surrounding objects ure considerably modified or changed 
by the real motion of the observe* himself. Thus, when a person is 
seated in a carriage, and travelling lapidly along a highway, all the trees 
and houses appear to bo moving in an opposite direction. When a person 
is placed in the cabin of a vessel, which is moving with considerable 
velocity through the water, the same appearance takes place ; and, if 
the water be very smooth, the spectator is hardly conscious of his own 
motion. It is only in consequeuce of the jerks and inequalities of the 
motion that we are made to feel that we are in reality not at rest. 
The earth, then, may be in motion, although we ourselves are uncon- 
scious of its motion. 

4. The first rude notion which any one;forms of the figure of the 
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earth is that of a flat surface of indefinite extent in all directions. We 
soon, however, barn to correct this idea, when we perceive the sun 
rising apparently out of the earth in the morning, and setting or sinking 
within the earth in the evening, as it is not probable that the sun has 
actually passed through the substance of the earth. It must, therefore, 
have passed under the earth, from the western part of the horizon, where 
it set, to the east, where it rose again in the morning. The same things 
may be observed with respect to the moon and stars, which set and rise 
again in all points of the vUible horizon. We conclude, therefore, that 
the earth is limited, not only in a horizontal direction, but also immedi- 
ately under us, so that the sun, moon, and stars, can pass freelj without 
interruption. 

Again, when we observe any objeef, such as a ship, moving from us at a 
distance on the surface of the sea, we first lose sight of the hull, or lower 
part of the ship, afterwards the lower parts of the masts, and at length 
the whole disappears ; and jet it is evident, from the distinctness with « 
which the last portion of the sail is seen, that we only lose sight of the 
vessel in consequence of the roundness of the earth, or a portion of its 
opaqueness being interposed between the vessel and ourselves. 

Lastly, when the earth is situated directly between the sun and the 
moon, the shadow of the earth falls upon the moon, and causes an 
eclipse ; and it is observed that this shadow is alwajs circular, whatever 
may be the position of the sun and moon with respect to the earth. 

From these facts it is inferred that the earth is an opaque bodj, 
nearly spherical ; and it will afterwards be seen that its circumference is 
about 25,000 miles, and its diameter a little more than 7900 miles. 

5. The diurnal motions of the heavenly bodies may either be pro- 
duced by a real revolution of the heavens from east to west, or by the 
rotation of the earth on an axis in the opposite direction fioin west to cast. 

1 he reality of the diurnal revolution of the heavens is liable to very 
serious objections, as it supposes that a circular motion is common to an 
immense number of bodies, far distant, and entirely detached from one 
another; and that this motion is so regulated that their i evolutions are 
all performed in the same time, and in planes parallel to one another. 
The impossibility of explaining this upon any physical or mechanical 
principles, re n dels it extremely improbable that the heavens should re- 
volt e round the earth Hut the rotation of the earth about an axis is 
perfectly consistent with analogy and the laws of mechanics; as we 
find that the sun and many of the planets, much larger than the earth, 
revolve round an axis: and the simplicity with which this accounts for 
the diurnal motions of all the heavenly bodies, justifies us in adopting this 
as the true explanation. It will be seen that this hypothesis becomes 
absolutely certain from other considerations, which we shall afterwards 
notice. 

G. Besides the diurnal motions of the heavenly bodies, which are com- 
mon to them all, there are several which have motions peculiar to them- 
selves. The sun, which is the great source of light and heat, is obvi- 
ously much farther to the south duiing winter than during summer; it 
does not, therefore, keep the same station in the heavens, nor describe 
the same circle every day. The moon not only changes her form, 

* diminishes and increases but if we observe the stars near which she is 
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situated one evening, the next evening we shall find her considerably to 
the eastward of them ; and every day she removes to a still greater dis- 
tance, until, in about 27 days, she makes a comp/etc tour of the 
heavens, and approaches them from the west. There are, besides, several 
stars which $re continually changing their places ; sometimes they move 
to the westward, sometimes to the eastward, and sometimes they appear 
stationary, but, upon the whole, their motion is towards the cast. These 
stars are called planets.* There are some other bodies, ha\itig apparent 
proper motions, called comets.f But the greater number of the heavenly 
bodies are stationary, and retain nearly the same relative distance from 
each other, and are, therefore, called fixed stars • 


THE SUN. 

• 

• 7- If we observe any large stars to the east a little before sunrise, we 

shall find that they rise earlier every day, with respect to the sun. 
Those stars which are situated nearly in the path of the sun, and which 
set soon after it, in a few dajs are lost altogether in the sun’s rays, and 
afterwards make their appearance in the east before sunrise. The sun 
then moves towards them in a direction contrary to its diurnal motion. 
It was by observations of this kind that the ancients ascertained that it 
described a great circle in the heavens in about 365£ days. 

8. When the sun’s motion in the heavens is determined by observa- 
tions on the meridian from day to day, we find that it is not uniform, 
but is continually retarded from January to July, and accelerated from 
July to January. If, at the same time, the apparent diameter of the 
sun be observed with the heliometcr (an instrument that measures 
small angles with great exactness), it is found to he greatest on the 3 1st 
of December, when the angular motion is greatest, and least on the 1st 
of July, when the angular motion is least. Now, it is manifest, that, in 
the case of the sun, the apparent diameter must be inversely propor- 
tional to its distance from us. For, if E be 
the earth, S the centre of the sun, ET \ EV 
two tangents to the surface of the sun, then 
will the apparent semidiameter of the sun be ® 
represented by the angle SET =5. We 

have then sin& = — ; and because $ is a small angle not exceeding 
ES 

16J- minutes, S will not differ sensibly from sin $. Hence, 

$ ST fan of the sun 

ES di&t. of the sun 

Now it appears, from observation, that the sun's angular motion in its 
orbit is proportional to the square of its apparent diameter, and, there- 
fore, inversely proportional to the square of its distance. Let ASa be 
the sun’s orbit, E the earth, and S the sun. Suppose the sun to move 
over the space Ss in one day, then will the radius vector ES be trans- 
ferred to the situation Es , having described the small sector SEs. Now, 



* From irAavlrrr)s t a wanderer. 


t From ndfxrjf a bush of hair. 
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the angle SEs being very small, the 
sector ESs may he considered as a tri- 
angle, and \i • 

area = %ES X Es x sin SEs 
= sin a (Mens., prob. 2). 

Let be the radius vector of the sun 
in any other position of its orbit, and 
£ its angular velocity: we have then, 
from observation, 

f 3 : f' 3 : : a! : « : . sin <*' : sin a, 
since a and aJ are veiy small ; and, therefore, Jf 2 sin a- = J 2 sin 
Hence it appears that equal an a ? me described by the radius vector in 
equal times ; and, in am times whatever, the aieas are proportional to 
the times. 

9. On comparing the sun’s diameter, measured from time to time 
with its angular distance u from that point in its orbit when its diameter 
is lea<-t, Kepler discovered, after much labour and calculation, that, if 
its greatest distance be represented by 1 -f e, and its least distance by 
1 — c, then the ladius \ector at any other point would be expressed 

thus, p = — ; but this is the polar equation to an ellipse 

(prop. 22), where A is equal to the semiparameter. Hence it follows, 
that the apparent orbit described by the sun is an ellipse, with the earth 
in one of its foci ; and that if the semimajor axis or mean distance = 1, 
the cxcentiicit} is equal to 0*01679. 

10. Although we are thus enabled to compare the relatne distances 
of the sun from the earth in different parts of its oibit, we have hitherto 
had no means of ascertaining its ical distance, or the actual magnitude 
of the sun itself. This nid} be done neaily upon the same principles as 
wo determine the distance of any inaccessible object in Trigonometry, 
by taking a considerable distance of the earth's surface, whose length is 
known, as a base line, and observing the clnnge of the sun's situation 
in the hearens aiding fiom this cause. We shall consider this more 
full} when we tieat of Parallax; in the meantime we may obsene, 
that from this, and other methods of a more refined nature, the sun’s 
horizontal paiallax, or the angle which the radius of the earth subtends 
at the centie of the sun, is found to be about 8"*6 ; from whence it 
followa, that if a = mean distance of the sun from the earth, and r = 
earth's ladius, a X sin tf'^G = r ; if, therefore, r = 3956 miles, a will 
be found equal to about 95 millions of miles. Also, since ttfe sun's 
diameter at this distance subtends an angle of 32' 3", its real diameter 
must be 882,000 miles. Hence it may be easily shown that its bulk is 
to that of the earth in proportion of 1384472 to 1. 

11. Although wc have seen that the sun apparently describes an 
ellipse about the earth, situated in one of its foci, it does not necessarily 
follow that the sun is really in motion, as the same phenomena may 
be as readily explained by supposing the earth to move round the sun. 
When we reflect that the sun is above a million times greater than the 
earth! and, also, that all the planets describe elliptic orbits round the sun. 
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it is extremely probable that the earth also, like the planets, moves 
about the sun. This argument derives additional fores from physical 
astronomy, where it is proved that the earth is subject Jo the same laws 
as the planets ; and the phenomena of the aberration of light are proved 
in the most rigorous manner to arise from the velocity of light combined 
with the motion of the earth. 

12. We shall, therefore, assume that the earth describes an elliptic 
orbit about the sun, situated in one of its foci, and that the species or 
relative dimensions of this ellipse are given from observation. The cal- 
culation of the sun’s place at any time, therefore, is reduced to the pro- 
blem of drawing a line through the focus of a given ellipse, so as to cut 
off an area equal to a given area. We shall now proceed to define a 
variety of terms which are generally used in astronomy to ascertain the 
positions of the heavenly bodies ; and we may observe, that they are all 
dependent either, 1st, On the plane of the equator; 2nd, Oti the plane 
4>f the ecliptic ; or, 3rd, On the plane of the horizon. 

DEFINITIONS. 

13. That line about which the earth revolves from west to east in 
24 sidereal hours, is called the a.ris of the earth; and if it be produced 
to the heavens, it is called the aais of the heavens . 

14. The celestial concave, or surface, in which the fixed stars and all 
the heavenly bodies are seen, is an imaginary spherical surface, sup- 
posed to be at such a distance from the spectator, that all lines drawn to 
the same point in it from different parts of the earth, make no sensible 
angle there, and, therefore, may he considered patallel. 

The fixed stars are generally considered to bo at such a distance from 
the earth, that lines drawn to any of these stars from opposite points of 
the earth's orbit have no sensible inclination. 

15. The two points where the axis of the earth meets its surface are 
called the poles of the earth ; and the points where this axis produced 
appears to meet the concave of the heavens, arc called the poles of the 
heavens . 

16. If a plane pass through the centre of the earth perpendicular to 
its axis, the intersection of this plane with the surface of the earth is 
called the terretsrial equator ; and if it be produced on all sides, its in- 
tersection with the celestial concave is called the celestial equator . 
This circle is also called by astronon ers the equinoctial* 

fi 17. If a plane pass through the of the earth and any place on its 
surface, the intersection of this plane with the surface of the earth is 
called the terrestrial meridian of that place ; and if the plane be pro- 
duced on all sides to the sphere of the heavens, it marks out the celestial 
meridian . 

18. If at any place of the earth’s surface the direction of gravity (that 
is, the direction of the plumb line) be produced upwards, the point in 
which it cuts the celestial sphere is called the zenith of the place ; and 
if the same line be produced downwards, the point in which it cuts the 
heavens on the opposite side is called the nadir . 

19* If a plane perpendicular to this line pass through the place itself, 
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it is called the sensible horizon ,* and if a plane parallel to the former 
pass through tha centre of the earth, and be produced to the heavens, it 
is called the ratio nal horizon . 

20. The latitude of any place on the surface of the earth is the angle 
which a vertical line (or the direction of gravity) makes,, with the plane 
of the equator. The intersection of any plane parallel to the equator 
with the earth's surface is called a parallel of latitude . The longitude 
of a place on the earth’s surface is the inclination of its meridian to that 
of some given station, such as Greenwich. 

21. Vertical circles , or circles of altitude , are great circles passing 
through the zenith and nadir, or great circles perpendicular to the 
horizon. 

22. The altitude of a heavenly body is the arc of a circle of altitude 
intercepted between the place of the body in the celestial concave and 
the horizon. The azimuth is the arc of the horizon intercepted between 
the north or south point and the circle of altitude passing through the 
place of the body. A circle of altitude passing through the east or west 
point is called the prime vertical . 

23. The great circle which the sun appears to describe in the heavens 
is called the ecliptic . It is inclined to the equinoctial at an angle of 
about 23° 28' ; and the intersections of these two great circles are 
called the first point of Aries and the first point of Libra. 

24. Circles of declination arc great circles .perpendicular to the celes- 
tial equator ; and parallels of declination are small circles parallel to 
the celestial equator. 

25. The declination of a heavenly body is the arc of a circle of de- 
clination intercepted between its place in the celestial concave and the 
celestial equator. The right ascension of a heavenly body is the arc of 
the celestial equator intercepted between the first point of Aries and the 
circle of declination passing through the body. The right ascension is 
always measured from west to cast, entirely round the circle. 

20. Circles of latitude , in the celestial concave, are great circles 
perpendicular to the ecliptic. Parallels of latitude are small circles 
parallel to the ecliptic. 

27. The latitude of a heavenly body is the arc of a circle of latitude 
intercepted between its place in the celestial concave and the ecliptic. 
The longitude of a heavenly body is the arc of the ecliptic intercepted 
between the first point of Aries and the circle of latitude passing through 
the body ; it is measured from west to east, entirely rouud th sircle. 

28. The ecliptic is divided into 12 equal parts, called signs, each 
containing 30 degrees. They begin at the first point of Aries, where 
the sun, in its motion in the ecliptic, passes from the south to the north 
of the equator. Their names and characters are as follow : — 


Northern. 



Sout 

1 . Aries t 

4. Cancer 

25 

7. Libra 

& 

2. Taurus « 

5. Leo 

a 

8. Scorpio 

Y\ 

3. Gemini n 

6. Virgo 


9. Sagittarius 

t 


10. Capricornus w 

11. Aquarius 

12. Pisces x 
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These signs take their names from twelve constellations which formerly 
occupied the same place in the heavens ; but they ar/ now separated 
from each other by an interval of about 30 degrees, in /consequence of 
the precession of the equinoxes. The zone, which lies 8° on each side 
of ib$ ecliptic, is called the zodiac. In this zone the moon and all the 
older planets appear to make their revolutions among the fixed stars. 

29. We shall now proceed to illustrate these definitions by reference 
to a figure* 

Let C be the centre of the earth, Z 

which is not exactly a sphere, but more 
nearly an oblate spheroid of small ex- 
centricity, generated by the revolution 
of an ellipse about its minor axis NCS : 
thenJVf S are its poles; the great circle 
EQ , perpendicular to NS, is the equa- 
tor ; thejsmall circle Aa is a parallel of 
latitude: the. line AP , paralh?! to SN, 
is the direction of the elevated pole of 
the heavens, and the vertical line AZ 
that of the zenith. The angle ARE is 
the latitude of A ; this is evidently equal 
to the distance of the zenith from the 
celestial equator, and also is equal to the angle PAO> the elevation of 
the pole. NAES is the meridian of A , and NGS the meridian of 
some fixed station G , or the first meridian ; and the angle contained 
between these two planes is the longitude of A . If the plane HO be 
perpendicular to AZ, it will be A s sensible horizon. 



30. Also, if PEpe represent 
the celestial concave, C the 
position of a spectator on the 
surface of the earth, the mag- 
nitude of which may be neg- 
lected in observing the fixed 
stars; then will Z be the zenith, 

N the nadir, Ho tho celestial 
horizon, P, p tho poles of the ® 
heavens, Po the altitude of 
the pole, which, by the last ar- 
ticle,; is equal to the latitude 
of . the. place. Also, if S be 
any Jheaveniy body, ZSN will 
be a circle or altitude, and PSp 
a. circle of declination. The A 

small circles Hh, Oo, parallel 

to the equator, are parallels of declinaion. Now, a sttar on the mert-V 
dian at ^ wyi come to the horizon in the west at a point 90° distant . 
from ijt will iben descend to e, and afterwards rise again in the cast 
at dfctcmt from H and o, and will then ascend to E. Thus, 

the $t^^Sf vise^ue east and set due, west ; and as the great circles Ho , 
•Ee bt&ft mth, 'btheivtt wilbbe as long above the horizon as it is below it. 
A ''stenr 0 will descend to #, and afterwards rise to 0, and will 
V- . V ' 2 0 
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manifestly never set. A star at H will describe the circle Hh in its 
diurnal revolution, and will never rise. It is evident, therefore, that those 
stars which are in the surface PoO are always above the horizon, and 
never set. Those stars which are between the parallels Oo and Hh 
describe circles of diurnal revolution which are cut by the horizon, and, 
therefore, rise and set every day. And, lastly, all the stars which are 
situated between the circle Hh and the pole p 9 are continually below 
the horizon, and never rise. It is manifest likewise, that all the circles 
of diurnal motion, except the equator, are cut into two unequal portions 
by the horizon, and, therefore, the times above and below the horizon 
are unequal. 


THE MOON. 

31. The moon, next to the sun, is the most remarkable of all the 
heavenly bodies. It appears to advance, like the sun, among the stars 
in a direction contrary to the general diurnal motion of the heavens, 
but much more rapidly; and after 27^ days it makes a complete revo- 
lution of the heavens. 

32. From observations of the moon’s apparent diameter, similar to those 
which were made with respect to the sun, Kepler ascertained that the 
orbit of the moon is an ellipse, having the earth in one of its foci. Its 
radius vector describes equal areas in equal times, andits angular motion 
is inversely proportional to the square of its distance from the earth. 

33. The distance of the moon may be determined from its horizontal 
parallax. The moon’s parallax, like the sun’s, may be found by observa- 
tions at remote geographical stations, or by means of occupations ; 
from which, also, its apparent diameter is most easily and correctly 
found. From such observations it results, that the moon’s distance is 
about 60 semidiameters of the earth, or about 240,000 miles ; and that 
the excentricity of its orbit is about 0*05484 of the mean distance. 

34. When the moon is opposite to the sun, or is due south at mid- 
night, her appearance is a complete luminous circle, and she is then 
said to be full. About 7 days afterwards, when the distance between 
the sun and moon is nearly a quadrant, her disk has the appearance of 
a semicircle, and she is called half moon. When she is nearer to the 
sun than this distance, she has the form of a crescent, with its convex 
side always turned towards the sun. 

All the phases of the moon are easily explained, on the supposition 
that the moon is an opaque spherical body, which moves in an orbit 
round the earth, whilst il receives its light from the sun. At full, she 
has the same phase turned to the earth that is turned towards the sun ; 
it appears, therefore, to be completely illuminated. At new moon, the 
dark side is turned towards the earth, and, therefore, she' is invisible ; 
and, in other positions, part of the dark side and part of the illumined 
side being turned towards the earth, she assumes all the different ap- 
pearances which we see during a complete lunar month. 

THE PLANETS. 

35. Besides the sun and.moon, which have an apparent motion inde- 
pendent of the diurnal revolution of the heavens, there arc several stars 
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which change their relative situations among the rest* «Four of these, 
Venus, Mara , Jupiter , and Saturn , are remarkably largjf and brilliant. 
Mercury is also visible to the naked eye as a large stOT, but from its 
proximity to the sun is seldom seen. A sixth, Uranus (which has also 
been called Georgium Sidus and Herschel) is scarcely visible without a 
telescope ; and six others, Ceres , Pallas , Vesta 9 Juno , Astrcea, and a 
planet lately discovered, can never be seen by the naked eye. 

36. The apparent motions of the planets are much more irregular 

than those of the sun and moon. Sometimes they advance rapidly, like 
the sun and moon, in a direction contrary to the diurnal motion of the 
heavens ; afterwards their motion becomes continually retarded, and at 
last their apparent motion ceases altogether, and they become stationary. 
They then reverse their motion, and move back upon their former 
coursS, first with a continually increasing motion, then diminishing, 
until the reversed or retrograde motion ceases altogether, and they be- 
come stationary again ; after which their motion is again progressive 
from west to east. On the whole, however, the amount of the direct 
motion much exceeds that of the retrograde, and by this excess the 
planet gradually advances from west 
to east. Thus, if EC represent a 
portion of the ecliptic, the track of 
the planets in the heavens will be C f 
represented by the irregular figure 
PQRS, the motion from P to Q S * 

being direct, at Q stationary, from Q to R retrograde, at R stationary, 
from R to S direct, and so on. 

37. All these apparent irregularities may easily be explained, on the 
supposition that the planets do not move round the earth as their centre 
of motion, but round some other body, such as the sun. Two of these 
bodies. Mercury and Venus, evidently always accompany the sun. 
Venus, for example, never recedes farther from it than 46°, and is 
alternately an evening or a morning star, as she is east or west of the 
sun. When her disk is viewed through a telescope, her phases vary 
precisely in the same manner as those of the moon. She gradually 
increases from a thin crescent to a complete circle, and again diminishes, 
until at last she becomes altogether invisible. 

38. From these observations it is evi- 
dent that Venus is an opaque spherical 
body, shining only by the reflected light 
of the sun, and that her orbit surrounds 
the sun, but excludes the earth. Thus, 
if S represent the place of the sun, E 
the earth, and Venus be supposed to 
describe an orbit ABCD round the 
sun, in the order of the letters ; when 
she is at C she is at her greatest angu- 
lar distance to the east of the sun, and 
the appearance of her disk is nearly a 
Semicircle; as she approaches to D , 
more of her dark side is turned towards the earth, and she has the ap- 
pearance of a crescent. At D she isTgenerally not visible, but some- 
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times she is seen like a dark spot passing over the body of the sun. 
From D to ^\he is a morning star, and the crescent is turned the 
contrary way, toith its convexity still towards the sun. At A, her 
greatest elongation from the sun, her disk is again nearly a semicircle, 
and from A to B the illumined part of the disk gradually increases, 
whilst her diameter diminishes. At B she turns her illumined disk 
towards the earth, and, consequently, her appearance, as seen through 
the telescope, is a complete circle, like that of the full moon. If the 
earth were stationary at E, Venus, in moving from A to B and C in 
her orbit, would appear to move from a to b and c , among the fixed 
stars, in the same direction as she actually moves in her orbit, and, 
therefore, her motion is said to be direct; but from C to D and A her 
motion among the fixed stars would be from c to d and a, contrary to 
her former direction, and, therefore, it is said to be retrograde. m 

39. If the orbit A BCD be nearly a circle, the angle SCE will be 
nearly a right angle; and, as the angle SEC is known from observation, 
we can immediately determine the proportion of SC to SE . By cal- 
culating this value of SC, when Venus is in different parts of its orbit, 
we find that it is not always the same ; and that the orbit of Venus is, 
in fact, an ellipse, with the sun in its focus. 

40. Mercury, like Venus, accompanies the sun, and never recedes 
from it farther than 28° 48'. Its orbit is very elliptical, as is evident 
from the inequality of its greatest elongations from the sun, when ob- 
served at different times, which vary from 1G° 12' to 28° 48'. 


MARS. 

41. The two planets, Mercury and Venus, appear to accompany the 
sun, like moons or satellites, and they never go farther than a certain 
angular distance from the sun. But the remaining planets go to all 
possible distances, and are seen in opposition to the sun as well as in 
conjunction. We will begin with Mars. 

42. If this planet be observed several times in the same node, or 
when it is in the plane of the ecliptic, the intervals elapsed will be ob- 
served tojbe alwa)s the same, whether the motion of the planet, at the 
moment of such passage, be direct or retrograde, swift or slow. As the 
situation of the planet in its node proves that it is really at that time in 
the plane of the ecliptic, we are enabled from thence very easily to de- 
termine the time of the revolution of Mars in its orbit, whatever be the 
body round which it revolves. When Mars is in opposition to the sun, 
its apparent diameter is about 18"; and when it is in conjunction, or 
when seen nearly in the same direction with the sun, its apparent dia- 
meter does not exceed 4". If the phases of Mars be observed, it 
appears perfectly round, both in opposition and conjunction ; and in the 
intermediate positions, it has a gibbous or an oval appearance, the 
breadth of the enlightened part being never less than j»thsof the whole. 
From these circumstances, it is evident that the orbit of Mars includes 
both the sun and the earth within it; and Kepler has proved that thk, 
orbit is an ellipse, with the sun in one of its foci, nearly in the follow- 
ing manner. 
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43. Let the planet Mars be observed at 
M \ when the earth is situated at K ; and in 
686 days after, when Mars has made an en- 
tire revolution, and returned to the point 
M, let the earth be at e. Then, from the 
time elapsed, and the construction of the 
earth’s orbit, SE, Se, and the angle ESe, 
are given, and, therefore, Ee , and the angles 
SEe, SeE , can easily be found. Also, the 
angles & 'EM, SeM are known from observa- 
tion ; therefore, the angles EcM , eEM, 
and the base Ee, are given, to iind the sides 
EM , cM. Hence SM may be found from 
the triangle ESM, and also the angle ESM; and, consequently, the 
situation of Mars, with respect to the sun, is obtained. 

Jn the preceding construction we have supposed Mars to be in the 
ecliptic ; if the planet be situated without this plane, we must conceive 
M to be the orthographic projection of the planet’s place on the plane 
of the ecliptic. 

44. The distance of a planet from the sun, in different parts of its 
orbit, being determined in this manner, it appears that ‘these orbits are 
ellipses, having the sun in their common focus ; and that the angular 
motions of a planet round the sun are inversely as the squares of their 
distances from the sun, so that the sectors described by the radius vector 
are proportional to the times. These two important propositions are 
generally known by the name of the First and Second Laws of Kepler . 

45. When we have determined three radius vector of an ellipse, and 
the angles between them, the ellipse may be constructed ; and hence 
the major axis, the cxcen tricities, &c. of the planetary orbits may be 
computed. Thus, let SP , SQ , SR, be 
three radius vectors of the ellipse Aa , 
found as above, which put equal to f, 

£ , respectively ; then the angles PSQ, 

PSR arc also known from observation ; j 
put these equal to a, /3: also, put the 
transverse axis = 2a, the excen tricity = 
ae, and the angle ASP = 9 . We have, 
then, from the ellipse (prop. 22), 

gO - *») , = «(1 -«*) . „ = «(1 - e *) 

^ 1 + e cos 9 ' * 1 -f e cos (9 -f- * > * ^ 1 + e cos (9 + fi ) 5 

from which three equations we may easi.y determine the three un- 
known quantities, a, e, and 9. 

46. When the mean distances of the planets are compared, and also 
their periodical times, it is found that the squares of the periodical 
times are as the cubes of the distances. This is known by the name of 
the Third Law of Kepler . 

47. From the preceding observations we shall now give a general ac- 
count of the solar system. The sun (©) is an immense body, above a 

million times bigger than the earth, and occupies very nearly the centre 
of the system. Thirteen primary planets revolve about the sun in 
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elliptic orbits, the sun being situated 
and order of thVse planets are : 


1. Mercury V ? 

2. Venus £ 

3. Earth . © 

4. Mars 


5. Vesta 

6. Juno 

7. Ceres 

8. Pallas 

9. Astrcea 


in one of the foci. The names 


a 

? 

$ 


10. Jupiter V- 

1 1 . Saturn h 

12. Uranus W 

13. Leverrier’s planet. 


The earth is attended by one moon or satellite ( C ), Jupiter by four 
satellites, Saturn by seven and a ring, and Uranus by six satellites. 

48. The planets Mercury, Venus, Mars, Jupiter, and Saturn, have 
been known from the earliest ages in which astronomy has been culti- 
vated. Uranus was discovered by Sir William Herschel in 1781. 
The four small planets, Ceres, Juno, Pallas, and Vesta, were all disco- 
vered in the beginning of this century; they are extremely small, and 
revolve in orbits at nearly the same distance from the sun. In Decem- 
ber, 1845, Hencke discovered a fifth planet belonging to fhe same 
group; and in September, 1846, a new planet was discovered situated 
beyond Uranus. 

49. It is a remarkable fact that Kepler had predicted the discovery 
of a planet between Mars and Jupiter. He observed that the distances 
of the planets from the sun, beginning with the nearest, formed a series, 
each term of which was nearly double the preceding one; but, between 
Mars ami Jupiter, a term was wanting. The discovery of Uranus, 
which followed also the same law, directed the attention of astronomers 
to this inquiry; and, in 1/89, Baron \on Zach published the elements 
of the orbit of the planet which ought to be found between Mars and 
Jupiter. After the discovery of Ceres in 1801, Professor Bode, of Ber- 
lin, formed the following scale of the planets' distances from the sun : — 


Mercury 

Venus 

Earth 

Mars . . . 

Ceres, Pallas, Juno, 
Vesta, Astrsea . . 


4 = 4 

7 = 4 -f- 3. 2° 
10 = 4 + 3. 2 1 
16 = 4 4- 3. 2 2 

28 = 4 4- 3. 2 s 


Jupiter 52 = 4 4- 3. 2 4 

Saturn 100 = 4 + 3. 2 5 

Uranus 1 96 = 4 4* 3* 2° 


New planet. . . . 388 = 4 -f 3. 2 7 
772 = 4 4- 3. 2* 


The five planets between Mars and Jupiter are so extremely small, 
that they have been supposed to be the fragments of some greater 
planet, which has burst by an explosion, and that more such fragments 
may hereafter be discovered. 

50. The discovery of the planet beyond Uranus was also predicted, 
and is Justly considered as one of the greatest triumphs of astronomical 
science, Jn comparing the calculated with the observed places of 
Uranus, a difference appeared which could only be explained by the at- 
traction of a planet situated beyond Uranus. M. Leverrier, in 
France, and Mr. Adams, at Cambridge, both undertook, independent of 
each other, to calculate its place; and the situation of the new planet, 
discovered by M. Galle in 1846, is nearly the same as that indicated by 
the theory. 

51. All tho larger planets revolve in planes which are inclined tot 
the plane of the ecliptic at very small angles, and they all revolve round 
the sun in the same direction with the earth* that is, from west to east* 
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52. The satellites observe the same laws in their revolutions about 
the primary planers, as these do with respect to the suS ; that is, they 
describe ellipses with the primary planet in one of t4je foci— they de- 
scribe equal areas in equal times, and the squares of the periodic times 
are as the cubes of the mean distances. All their orbits, also, are 
inclined, at very small angles, to the orbit of the primary planet ; and 
all the satellites move from west to east, except those of Uranus, which 
are a remarkable exception to the general rule ; for these move nearly 
in one plane, perpendicular to the orbit of the planet. 

53. Besides the satellites, Saturn is surrounded by a circular ring, 
concentric with itself, which, being seen obliquely, is of an elliptic form, 
more or less elongated, according to the obliquity under which it is seen. 
The ring revolves on an axis at right angles to its ovvti plane, in the 
sanfte time with the planet itself ; and it is remarkable, that if a satellite, 
at the mean distance of the middle of the ring, revolved about Saturn, 
Vie time of its revolution would be the same as that of the ring. 

We shall now proceed to explain, as briefly as possible, the very im- 
portant conclusions which are derived from the three laws of Kepler. 

54. Prop. I. — When a body , acted on by forces tending to a jived 
point, has a projectile motion impressed on it in a?iy direction not passing 
through that pointy it will move in a curve line situated in one plane; and 
the radius vector , drawn from the centre of force , will describe areas 
proportional to the times . 

Suppose the body to describe AB uniformly 
in a unit of time, then, by the first law of mo- 
tion (Mech., art. 227), if no force were to act on 
the body, it would in the next unit of time go on 
to c, in the same straight line, describing Be 
equal to AD- But when the body comes to B, 
let a force tending to the centre S act on it, and 
by a single impulse cause it to describe Bb in a unit of time, if this 
force alone acted on it. Complete the parallelogram BcCb, and join 
SC, Sc, Because the body would describe Be in consequence of the 
original motion, and Bb from the attractive force at S, by the composi- 
tion of motion (Mech., art. 229) the body will describe BC, the diagonal 
of the parallelogram. Also, since Cc is parallel to SB, the area SBC = 
SBc , and, therefore, is = SAB, because AB = Be, 

In like manner, if an impulsive fovee act on the body at C in the 
direction CS, the body will describe a area, in the next unit of time, 
equal to the areas in the two preceding units ; and so on successively. 

Suppose, now, the unit of time to he diminished, and the number of 
units to be increased, indefinitely ; the areas described in these units 
will still be equal to each other. Also, the polygon ABCB . . , will 
ultimately become a curve line, and the force which was supposed to 
act by impulses at B, C, D, &c., will be a continuous force acting at 
every point of the curve. And, because equal areas are described in all 
equal times, it is manifest that in dilFercnt times the areas will be pro- 
portional to the times. 

55. Cor, 1.— * Conversely, if a body move in a curve, so that the radius 
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vector drawn to a fixed .point describes areas proportional to the times, 
it is urged by a central force lending to that point. 

5(3. Cor . 2. — The velocity at any point A is inversely as the perpen- 
dicular SY ( p ) drawn from 8 to the tangent AY. For, since the area 

2 A 

SAB = A = \AB x SY - n x p, therefore v = — . And, be- 

V t 

cause A is proportional to t y the velocity is inversely as the perpendi- 
cular on the tangent. 

57. Cor . 3. — Hence it follows, from the second of Kepler s laws, that 
the primary planets are all urged by forces tending towards the sun, and 
that the secondary planets are urged by forces towards their primary. 


58. Pnop. II. — Jf a body describe an ellipse , and is urged by a force 
tending to the focus of that ellipse , the intensity of the force is inversely 
as the square of the distance . 

Let a body describe the ellipse MA, 
about a centre of force S, situated in its 
focus. Let v be the velocity of the body 
at M \ and t the time of describing an in- 
definitely small arc Mm. Draw SY per- 
pendicular to the tangent at M; also 
draw mn parallel to SM, and sup- 
pose a circle to be drawn through the 
points M, m 9 and a third point indefinitely 
near to them; this will ultimately be the 
circle of curvature (Ellipse, art. 121). Let MS be produced to meet 
this circle in V, MV will be the chord of curvature. Join Mm, Vm . 
The angle mMn=m VM (Geom., prop. 48), and the angle Mmn~mMV 9 
because mn is parallel to MV, therefore the triangles VMm 9 Minn are 
similar, and MV \ Mm : : Mm : mn, consecpiently, 

MV 2 

mn . MV = Mm 2 = Mn 2 x — rrr . 

mV 2 



But, since the force through the indefinitely small space mn may be 
considered constant, we have mn = \Ft 2 (Mech., art. 254); also, Mn 
MV 

ultimately = vt 9 aud —p = 1 ultimately : hence, putting MV = c, 

and the area described in a unit of time = A , we have 

2v 2 8 A 2 

iFt 2 . c = ^ — (art. 54). 

cc/r 

2 (a 2 — e 2 x 2 ) 

But (Ellipse, art. 124), c = ; 


and (Ellipse, art. 94), p = b y/ 5 

2 b 2 

cdhsequently, cp 2 =s — ex) 2 = 2a(1 — e 2 )i* (Ell., art. 78) ; 
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59. Cor . 1. —Hence it appears that the forces which make planets 
describe ellipses, having the sun in their common focus, are inversely as 
the squares of the distances from the centre of the sufy 

fjt, 

60. Cor . 2. — If (a be the force at the distance 1, then will be the 
force at the distance r ; hence 

4 /^ / - — ■■ -i ~ i . 

t* = ~7i and ^ \ V v-‘ a 0 — «*)• 

— or) 

61. Prop. III. — If several bodies revolve in ellipses about the same 
centre of force , varying inversely as the square of the distance , the 
squares of the times of revolution will be as the cubes of the major axes. 

for the whole area of the ellipse = <nab = na 2 */(l — o 2 ). 

_ _ . . area of ellipse 2w * 

-Also, the time of revolution = = — — a 11 • 

* • A vV 

If, therefore, T and T' be the times of the revolution of two planets 
in elliptic orbits whose major axes are 2 a, 2 a 1 ; 

T : T r :: a* : a'v , or, T 2 : 7 T/2 : : a 8 : a' 3 . 

Thus the third law of Kepler is derived from the action of a centripetal 
force, which tends towards the sun, and varies inversely as the squares 
of the planet’s distance. 

62. “ Of all the laws to which induction from pure observation has 
ever conducted man, this third law of Kepler may justly be regarded as 
the most remarkable, and the most pregnant with important conse- 
quences. When we contemplate the constituents of the planetary sys- 
tem from the point of view which this relation affords us, it is no longer 
mere analogy which strikes us — no longer a general resemblance among 
them, as individuals independent of each other, and circulating about 
the sun, each according to its own peculiar nature, and connected with 
it by its own peculiar tie. The resemblance is now perceived to be a 
true family likeness ; they are bound up in one chain — interwoven in 
one web of mutual relation and harmonious agreement — subjected to 
one pervading influence, which extends from the centre to the farthest 
limits of that great system, of which all of them, the earth included, 
must henceforth be regarded as members.” * 

COMETS. 

63. Comets are luminous bodies whiu l ave motions peculiar to them- 
selves, and which appear to be a collection of vapour, having a nucleus 
in its centre, in general not very distinctly defined. These bodies do 
not remain long visible ; some appearing only for a few days, and 
others only for a few months. The most remarkable phenomenon, 
which makes them objects of attention to all mankind, is the tail of 
light which they often exhibit. When approaching the sun, a nebulous 
tail is seen to issue from them in a direction opposite to the sun : this, 
after having increased, again decreases as they retire from tfie sun, until 


* Sir J. Herschel. 
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it disappears. The stars are not only visible through the tail, but have, 
in some instances, been seen through the nucleus, or the central part of 
the comet. ( 

64. It is now established that the motions of comets are regulated by 
the same dynamical laws as those of the planets ; and that, in general, 
they describe ellipses round the sun, situated in one of the foci. In a 
few cases, they have been ascertained to move in hyperbolas, and, con- 
sequently, when they have once passed their perihelion, they run off into 
infinite space, never more to return. There are three comets, whose 
orbits have now been determined and given in tables. The first is 
Halley it comet, the most remarkable of all ; its period is 75 or 76 
years ; it appeared last in 1835. The second of these is tho comet of 
Encke ; it revolves in an ellipse of great excentricity, inclined at an 
angle of about 13° 22' to the plane of the ecliptic in about 3-j yerrs. 
The third is the comet of Biela . It is a very small comet, without a 
tail, or without any solid nucleus whatever. The time of its revolution; 
is about 6J years, and its orbit nearly intersects that of the earth. An 
interesting question has arisen from observing the periodic . times of 
Encke’s comet. It appears that these periods are continually diminish- 
ing, and, consequently, its major axis is becoming continually less. This 
effect is precisely the same as would be produced by a very rare resisting 
medium, and, consequently, this explanation is generally received by 
astronomers. It will, therefore, either fall ultimately into the sun, or 
be dissipated altogether in space, before it reaches this centre of force. 

FIXED STARS. 

65. Besides the heavenly bodies which we have described, there is 
an immense number of objects called fired .stars. These are said to be 
fixed, because they always preserve the same situation (or very nearly so) 
with respect to each other. They are so far distant, that the diameter 
of the earth's orbit has been supposed to subtend no sensible angle as 
seen from them. Later observations, however, appear to show that 
some of these stars have a small sensible annual parallax. 

Several stars, which appear single to the naked eye, when examined 
with a good telescope, appear to be formed of two or three stars, very 
near each other; such are Castor, a Ilerculis, the pole star, &c. Some 
of these double stars appear of different colours. The larger star in 
eu Ilerculis is red, the smaller blue ; * Lyras is composed of four stars, 
three white and one red ; y Andromeda is double, the larger reddish 
white, the smaller a fine sky-blue. 

66. Considerable changes have taken placo among the fixed stars. 
Several stars have disappeared, and new ones have appeared. Some 
stars also change their lustre periodically ; the most remarkable of them 
is Algo], or £ Persei. When brightest, it is of the second, and when 
least, of the fourth magnitude. Its period is about 2 days 21 hours ; 
it changes from the second to the fourth magnitude in hours, and 
back again in the same time; and so remains during the rest of the 
time. These are called periodical stars. 

67. Although the fixed stars have been supposed to have no proper 
; potion with respect to each other, yet later and more correct observa- 
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tions have shown that many of the double stars revolve, about each other 
in regular elliptic orbits,- thus proving that the same dynamical laws 
which govern the solar system extend throughout* ^11 space* One of 
the most remarkable of them is y Virginia. The major semiaxis of the 
ellipse is 12"*09, the excentricity 0*83; and its period of revolution 62 9 
years. It is a bright star, of the fourth magnitude, and its component 
stars are almost exactly equal. The period of the two stars in Castor is 
253 years ; and the period of £ Ursa* is 58 J years. These have been 
named binary 8tar3. 


CHAP. II.— VARIOUS CORRECTIONS. 


REFRACTION. 

68. When a ray of light passes through a medium of uniform density, 
it proceeds in a straight line, without any deviation; but if it passes 
obliquely from one medium to another of different density, its direction 
is changed, and the deviation trom its former course is called, in astro- 
nomy, its refraction . 

69. Suppose, now, a spectator placed 
on the earth’s surface at A. A star 
situated at S, if there were no atmo- 
sphere, would be seen in the direction 
AS; but, in consequence of the air 
which surrounds the earth, the light, 
which proceeds in the direction *S 'A , 
will be bent out of its course at d, and 
never reach the spectator at A . Con- 
ceive the atmosphere to be divided into 
several successive strata, by boundaries 
which are concentric with the earth s 
surface ; then, if we suppose the den- 
sities in each of these strata to be uniform, a ray of light which proceeds 
in the direction SD will be deflected at D, in the direction DC; at C, 

again, it will be deflected in the direction 67? and it will at 

length enter the eye at A , in the direr’ inn BA ; thus, the star will be 
seen in the direction ABT> instead . f AS. If, now, we suppose the 
number of strata to be increased, and their thickness to be diminished 
indefinitely, this will represent the true state of the atmosphere, in 
which the density of the medium continually varies. Also the poly- 
gonal figure DCBA will ultimately become a curvilineal figure, and the 
ray of light SD will enter the eye in the direction of AT, a tangent to 
the curve AD . 

.70. We have already seen, in Hydrostatics (grt. 399), that the density 
of the air is affected not only by the weight of the superincumbent at- 
mosphere, but also .by its temperature. The refracting power of the 
atmosphere is likewise considerably affected by the moisture contained 
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in it, and, as neither the temperature nor the quantity of vapour are 
subjected to any known laws, it is difficult to determine the exact amount 
of refraction, particularly when the bodies are situated near the horizon. 
It is seldom, however, that the astronomer is obliged to make observa- 
tions on altitudes less than 10 degrees. 

71. It is proved, in works of optics, that a ray of light passing through 
several media, with parallel surfaces, will be as much refracted alto- 
gether as if it passed at once into the last medium. In the case of the 
earth's atmosphere, the surfaces of the different strata of air are not 
exactly parallel to one another at the different points D> C, By &c., 
through which the ray passes, yet the approximation will in general be 
sufficiently correct, if we suppose the whole atmosphere to be com- 
pressed into a single stratum of.the same uniform density as at the earth's 
surface. * 


Suppose this homogeneous atmosphere to extend to 
D y and let a ray of light SD be refracted at D in the 
straight line DA, Let the angle ZAD = z y ADC 
= yy YDS = y -f p, then the amount of refraction is 
equal to p. Also, let the radius of the earth CA = r, 
the height of the homogeneous atmosphere == 7i, and 
therefore CD = r -f h. Now, from the principles of 
optics, 

sin YDS : sin CDA :: sin(y-f-p) : sin y : : n : 1 , 
a given ratio ; 

n sin y = sin {y+p) = sin y + p cos y , nearly, 



since f is always a very small quantity ; hence % ^=(n — 1 ) 


cosy 


But sin y : sin z : \ CA : CD : : r : r + h; 

siny = “ 7 ^ sin * = (* sin z = (1 — ft) sin z, nearly, 


and cosy = V 1 — (1 — P) 2 sin 2 jsr = v'Ccos 2 z + 2psin 9 z) 

= cos z (1 + p tan 2 z), nearly, 

putting ~ = p, and neglecting all powers of p higher than the first. 

Hence g=(n-l 3 7osl(l+S l ) =C«— 1)<1— tan ,(l-0tan**). 

In this equation ? is determined in parts of the radius. If g be esti- 
mated in seconds, the equation becomes, by reduction, 
n — - 1 

e ! = ■■ ■ » ~ (lan z — B tan z sec 2 z). 
s sm I" 

• 72. When the height of the barometer is 29*6 inches, and the tem- 

fi — 1 

perature = 50°, has ^ een ^ oun ^ hy numerous experiments, 

jp 57*82". Also, at the same altitude, the refraction is nearly proper- 
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tional to the density of the air, or is proportional to ■■ ■ ■ — - (Hydr. f 

A(1 + otr) 

art. 397 ) ; where p is the pressure on a unit of surface* or is equal to 
the height of the barometer, A; is a constant quantity* *= *002083, 
and r = t ° — 32°. Hence, if f be the refraction when the height of 
the barometer is b inches, and the temperature = t°, we shall have 

b 29-6 

£ : 57*82" X (tan * — / 3 tan 5 sec 2 *) 


€ = 57*82" X 
where 0 = *00128. 


29*6 


1 + *(*-32) * 1 + 18* 1 
1*0375 (tan * — jS tan * sec 2 *) 

1 + *002083 (t° - 32°) ’ 


•73. The absolute quantity of refraction may be found by observing 
the greatest and least altitudes of a circumpolar star. The sum of these 
altitudes, diminished by the sum of the refractions, is equal to twice the 
altitude of the pole : from whence, if the altitudo of the pole be other* 
wise known, the sum of the refractions will be had. Hence, as the law 
of refraction is known from the preceding article, and the sum of the 
refractions is given, the refraction due to each altitude may easily be 
determined. These refractions, being calculated at all altitudes from 
the horizon to the zenith, are arranged in tables, and they are always to 
he subtracted from the observed altitudes. 

74. It appears, then, from what has been stated, that the refraction is 
nothing in the zenith, that it increases from the zenith to the horizon 
nearly in the ratio of the tangent of the zenith’s distance ; that, at the 
altitude of 46°, the refraction is 57"*82, and in the horizon it is 33'. 
If a spectator were situated at the centre of the earth, there would be 
no refraction, because all the rays of light would pass through the air in 
a direction perpendicular to the different strata. 

75. The atmosphere not only refracts light, but it also reflects it, 
which is the cause of twilight, and a considerable portion of daylight. 
The light which comes from the sun, when it is a little below the hori- 
zon, passes to the upper regions of the atmosphere, and is there par- 
tially reflected, arid thus produces that inferior species of illumination 
called twilight. From repeated observations, it is found that some 
twilight can always be observed when the sun is less than 1 8° below 

* the horizon. 

76. From the effects of refraction, the sun and full moon appear of an 
oval figure when they are in the horizon. The refraction of the upper 
limb being five minutes less than tha* at the lower limb, the vertical is 
so much less than the horizontal diameter. 


PARALLAX. 

77. As the place of an observer on the surface of the earth is conti- 
nually changing, in consequence of its rotation about its axis, while its 
centre is unaffected by this motion, astronomers have agreed to refer 
the situations of all the heavenly bodies to the earth's centre. It is 
necessary* therefore* to calculate the effect arising from this supposed 
change in the oosition of the observer. 
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78. Def.-TH© parallax of any object in the heavens is the differ- 
ence of its angular position as it would be seen from the centre of the 
earth, and as seen $rom its surface. 


79 . Prop. I. — To find the effect of parallax* 

Let C be the centre of the earth, which 
wo will first suppose to be a sphere, A the 
situation of an observer on its. ‘surface, M 
any object in the heavens, such as the 
moon. Produce CA to Z, the observer’s 
zenith. From A the moon is seen in the 
direction AME , and its zenith distance is 
the angle ZAM ; from C it would he seen 
in the direction CMF \ and its zenith dis- 
tance would be the angle ZCM ; the differ- 
ence of these angles, AMC, is called the 
parallax of M \ 

Let CA = r, Cl 1/ = <U angle ZAM = z y angle AMC 

CM : CA : : sin CAM : sin CM A or sin p ; 

CA r 

sin p = 7 . sin CAM = — sin z. 

r CM d 



: p> then 


Hence it follows, if r and d be given, that the parallax is the greatest 
when z = 90 °, or when the body is in the horizon. If P be put for the 

)• 

horizontal parallax, sin P = — , therefore 

sin p = sin P sin z, or, p = ,P sin jz, 
without any sensible error. 

It is evident that the effect of parallax is in the vertical plane ZCM 9 
or in a plane which passes through the heavenly body, the observer, and 
the centre of the earth. 

80 . We have here supposed t he # earth to be a sphere, in which case, 
the radius of the earth, CA produced, will pa«s through the observer’s 
zenith. In all the heavenly bodies, except the moon, this supposition 
will not produce any sensible error in the res"U, for the greatest parallax 
(namely, that of Mars) does not exceed 22". But when it is necessary 
to make very correct observations on the moon, whose greatest parallax 
is 61 ' 32 ", we must take into consideration the spheroidal figure of the 
earth. 

81 . Let C be the centre of the earth, p its 
pole, pA a meridian passing through A t the 
place of the observer; then pAq is very nearly 
an ellipse, whose minor axis is pq . Draw the 
vertical line AR> and produce II A, CA , Cp, to 
meet the heavens in F, Z 9 P . 

The true zenith of A is Z, but V is the point 
in the heavens in which a heavenly body has no 
parallax, because the points C, A , V are in the 
same straight line. Also, the parallax of any 
body in the heavens will take place in the plane 
CAVM, and not in the vertical plane AZM ; 
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and these planes never coincide with each other f except when the body 
is on the meridian. * 

The latitude of the point A is the complement of PZ . If, then, 
PFbe used for the colatitude, instead of PZ* and VM be found from 
the triangle VPM \ all the preceding formulee will be true for the 
spheroidal figure of the earth. The point V is called the geocentric 
zenith, and the complement of PV the geocentric , and sometimes the 
reduced , latitude. 

82. Prop. II. — To find the effect of parallax in right ascension. 

Let V be the geocentric zenith, P the pole of the |r 
heavens, m the situation of any heavenly body as 
seen from a place on the surface of the earth, and M 
it* situation as seen from the centre: then the arc 
Mm is the effect of parallax, and is in the circle VM . 

• Draw#the circles of declination PM, Pm ; then the 
angle M Pm is the effect of parallax in right ascen- 
sion, and Pm — PM is its effect in declination. 

Let the angle VPM = h, VPm - h\ MPm = h! —// = <*, FP 
= 90° — /, the geocentric colatitude, PAT = 90° — d, Pm = 90° — d\ 
Pm — PM = d — d' = J. We have, then, 

sin MPm : sin PmM :: sin Mm, or sin P sin Vm : sin PM, 

sin PmM : sin VPm : : sin VP : sin Vm 

sin MPm : sin VPm : : sin P sin V : sin PM, 

Hence we have, by forming an equation, and substituting a and P for 
sin * and sin P , 

P cos / sin (7/ -f a) 

* ] • 

cos cl 

83. Prop. III. — To find the effect of parallax in declination. 

We have, from Trigonometry (art. 131), 

cos VP cos VPM = cot PM sin VP - sin VPM cot V, 

cos FP cos VPm = cot Pm sin FP — sin VPm cot V. 

Multiplying the first equation by sin VPm, and the second by sin VPM, 
and substituting, we get 

sin l cos h sin Ji = tan d cos / ~ u h! — sin h sin h 1 cot V. 
sin l cos U sin h = tan d' cos l sin h — sin h sin h' cot V. 
Subtracting the last equation from the one above it, 

sin / sin ( h ■ — h) = cos / (tan d sin 1J — tan d 1 sin h) ; 

. . tan/ „sinS 

tan rf = sin * - — 7 ? + tan a - — j. , 
sin hi sin K 

, „ . tan / sin£\ 

tan d — tan a! as sin^-r-r-. — tan d’ 1 1 — -r-rw • 
sin h ' \ sm n 7 
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sin A c sin A' — sin A 

also, 1 — , = 

sm k 


_ , - sin d sin d 1 sin (d — d!) sin S 

But tan d — tan d! = 3 — j. = — -zr = 3 — 

. cos d cos d ' cos a cos a cos a co 

2 sin cos (A + £*) 
sin A' sin A' 

Making these substitutions above, we get 

sin § sin a tan l 2 sin cos (A + -|a) 

cos d cos d! sin h! sin hi 

. cos l sin hi 

And because sin J=o, sm a=a =2 sm 


i _ P sin 1 _ P 

cos d cos d f cos d 


cos d 

cos / tan d ' cos (A + \a) 
cos d 


tan d\ 
very nearly, 


S = Psin / cos d’ — P cos / sin d' cos (A -f £e&). 

To determine the amount of parallax from observa- 


& s 


84 . Prop. IV. 
tion. 

Let A and B be two places on the 
earth's surface which have the same me- 
ridian, and C the centre of the earth, 
supposed to be a spheroid. Produce CA 9 
CB 9 to V and W, the geocentric zeniths 
of A and B. Let M be a planet, whose 
situation is observed at A and B when 
it comes to the meridian; and S a fixed 
star, whose declination is nearly equal 
to that of the planet. Then £ is so very 
distant, that AS and BS are sensibly 
parallel. Draw il/ 7 T parallel to AS or 
BS, Now, the angle AMT or MAS is 
known, being the difference of the meri- 
dian zenith distances of M and <Sy»as ob- 
served at A . In like manner, the angle 
BMT is found from the meridian observations at B\ and consequently 
the angle AMB is known. The angles SAM y SBM> are measured 
with great accuracy, by means of a micrometer. 

Let the angle CM A = p 9 the parallax at A , the angle CMB = p\ 
the parallax at B> and p + p* = * = angle AMB ; also, put the anglo 
VAM = z, and fVBM = z\ We have then, 

CA CB 

sin p = p = sin s, sinp' = p 1 = -77^7 sin z’ 



CM 

p +p' = a = 


CM 

CA sin z + CB sin z f 


CM 


Let P = the horizontal parallax at the equator, and r = the equa- 

7 * 

tonal radius, then P = > and, consequently, 


P = 


ra, 


CA sin z + CB sin z* ' 
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If the two places, A and B , be not exactly in the same meridian, it 
will he necessary to make a correction for the change &f declination in 
the planet during its passage from one meridian to the other. 
f 85. By a comparison of the observations made at tha Cape of Good 
Hope, by de la Caillc, with those made at different observatories in 
Europe, the parallaxes of Mars and the moon have been obtained with 
considerable precision. This method, however, cannot bo applied with 
advantage, when the parallax is less than 10 or 12 seconds, because the 
probable errors of observation bear too great a proportion to the whole 
amount ; but as the relative distances of the planets from the sun are 
known with tolerable accuracy, from the principles of the last chapter,— 
when the parallax of Mars has been determined, the parallaxes of the 
sun, and all the other planets, can thence be easily ascertained. The 
only other method, which is superior to this in point of accuracy, is 
that furnished by the transit of Venus over the sun’s disk, an account of 
which may be found in Wood house, Delambre, and other writers on 
•astronomy. 

86. The following examples will serve to illustrate the method of 
correcting the altitudes for the effects of refraction and parallax. A 
table of refractions is given in all astronomical tables, which must ho 
corrected for the heights of the barometer and thermometer (see Ma- 
thematical Tables, Tab. (») ; and in many collections there are tables 
combining the effects of refraction and parallax in the case of the sun 
and moon. The parallax in altitude is easily calculated from the for- 
mula p = P X cos app. alt. (art. 79) ; or, 

Prop, log p = Prop, log P -f log secant alt. — log radius. 

Examples. 

Ex. 1. — The apparent double altitude of a star, taken witli the sex- 
tant and artificial horizon, was 15° 20' 10", and the index correction of 
the sextant — 2' 30". Required the true altitude, the thermometer 
bciug at 66° and the barometer 29 ‘87 inches. 


Observed double alt. 15 20 10 ^Refraction (Tab. 6).,,. 6 51*9 

Index error — 2 30 Correction for barometer — 1’8 

Apparent double alt. 15 17 40 thermometer - J4-5 

single do. . 7 38 50 True ^fraction 6 35-6 

Refraction ^0 O’ 35*6 

Star’s true altitude. . 7 31 14*4 j 


Ex. 2. — The apparent double altitude of the sun’s lower limb was 
29° 27' 20"; the index correction wa. j 2' 10", and the semidiameter 
of the sun, taken from the Nautical Almanac, 16' ll"-2. 

Observed double altitude of sun’s L.L. ... 29 27 20 


Index correction -+* 2 10 

29 ~T9T0 

Apparent altitude of sun’s L.L 14 44 45 

Refraction (Tab. 6) — 3 37*6 

Semidiameter (N. A.) ........ . + 16 11-2 

Parallax (Tab. 1) .. _-j- 8*3 

True altitude of the sun’s centre 14 57 26-9 

VOL. II. 2 H 
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Ex* 3. — The^apparent double altitude of the moon'sjower limb was 
48° 10' 20"; its horizontal parallax was 59' 22", and its semidiameter 
16' 10"*6. Required the true altitude of the moon’s centre. 


Observed double alt. 

48 

10 

20 

single do. 

24 

5 

10 

Refraction 


2 

S'6 


24 

3 

0-4 

Semidiameter 


1G 

10 G 


24 

19 

11 

Par. in alt 


54 

G 

True alt. of moon's ' 
centre , 

25 

13 

17 


Prop, log P (Tab. 1 7) .. '48173 
Log secant of 24° 19' • • . . *04035 

j Prop, log * 52208 

Par. in alt. = 54' G" 


THE PRECESSION OF THE EQUINOXES. 

87. In the preceding sections wo have supposed the earth’s axis of 
revolution to remain always parallel t/> itself, and to be inclined to the 
plane of the ecliptic, at an angle of 66° 32'. From the observations of 
ancient astronomers, however, they found that the earth’s axis, or the 
pole of the heavens, has a very slow motion of 50"* l annually, round the 
pole of the ecliptic, bv which it would make a complete revolution in a 
little more than 25,000 years. 

88. A tolerably correct idea of this motion may he formed from ob- 
serving the spinning of a top. If a top spin steadily, its axis will always 
be upright, and point to the zenith of the heavens; but we frequently see 
that, while it spins briskly round its axis, the axis itself has a slow conical 
motion round the vertical line, so that, if produced, it would describe a 
small circle in the heavens round the zenith. A plane passing through 
the middle of the top, perpendicular to its axis, would, in this case, 
represent the terrestrial equator gradually turning round on all sides, and 
the floor of the room, or rather a plane parallel to it, would represent 
the plane of the ecliptic. Jf we suppose the top to go round the room 
in a circle, we should have all the motions of the earth correctly repre- 
sented in kind, although not in degree. The revolution of the top round 
its axis would represent the diurnal revolution of the earth in 24 hours ; 
the motion round the room would represent the earth’s motion about the 
sun in 365 J days ; and the conical motion of the axis of the top round 
a vertical line would resemble the motion of the earth’s axis about a line 
passing through the pole of the ecliptic in 258G8 years. They only 
differ in this respect, that the spinning motion and the wavering motion 
of the top are in the same direction, whereas the diurnal rotation and 
the motion of the equinoxes are in opposite directions. 

89 . If the earth were a perfect sphere, of uniform density, the axis 
round which it revolves would always remain parallel to itself ; since the 
attraction of the sun on the different particles of the earth would exactly 
balance on, a line joining the centres of the two bodies. In this case, 
the celestial equator and the pole of the heavens would remain Axed. 
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But as the figure of the earth is very nearly that of ant oblate spheroid, 
we may consider the earth as consisting of an internal sphere, surrounded 
by an outward shell, which is most protuberant at thb # equator. In this 
case, it is easily shown, from the principles of dynamics, that the 
external shell will not balance itself, but has a continual tendency to 
draw the equator into the plane of the ecliptic. 

90. By combining this tendency with the earth’s rotatory motion, the 
axis of the earth is made to move slowly round the pole of the ecliptic. 
The motion is not uniform, because the action of the sun and moon con- 
tinually varies; but all the different effects may be thus represented. 
The pole of the heavens may be supposed to describe a circle, uniformly 
from east to west, round the pole of the ecliptic, at its mean distauce. 
This is called the precession, and is about 50"\34 annually, of which the 
sur^ produces about 15"*3 and the moon about 35". But, from the un- 
equal disturbing force of the sun, the pole deviates from its mean place 
jn the Jjeavens, and it may be supposed to describe a small circle in half 
a year round the mean pole, with a radius = 0"*43. This is called the 
solar inequality . A second correction, of a similar kind, is applied on 
account of inequalities in the action of the moon on the protuberant 
parts of the earth. This may he represented by describing an ellipse 
round the mean pole, whose axes are 19"*2 and 15", and supposing the 
true pole to describe the circumference of this ellipse in 19 years. This 
correction is called lunar nutation . By physical astronomy we find, also, 
that a slight change is produced in the position of the ecliptic by the 
action of the planets, and that, from this cause, (he equinoxes advance 
about 0"’1G annually, thus making the whole annual regression of the 
equinoxes equal to about 50"*34 — 0"’1G, or 50"* 18. 

91. In consequence of these different motions of the pole of the 
heavens, the right ascensions and declinations of the fixed stars undergo 
continual alteration. Proper formula) have been investigated for com- 
puting these changes, but us they are inserted in the Nautical Almanac, 
we shall omit them in this work. 

ABERRATION OF LIGHT. 

92. The aberration of light, in astronomy, is an apparent change of 
plficc of the celestial bodies, occasioned by the progressive motion of 
light, and the earth’s annual lriottorrin its orbit. 

This effect may be explained thus. Let AB represent the velocity 
of the earth in its orbit, and AC the velocity of light proceeding from a 
star or other heavenly body ; also, sup^ ^ AD to be a tube or tele- 
scope, with which the star is observed. Now, if the earth be at rest, it 
is evident that the tube must be held in the direction AC } and the light 
will pass through it without interruption ; but if 
the earth move from A to B, whilst the light 
passes from C to A , the light will strike the 
side of the tube, and will no longer pass through 
if. Let the tube now be moved forward in the 
direction of AD y the diagonal of the parallelo- 
gram ABDC ; the light will then pass through 
the axis of the tube without striking its sides. 

Thus, if D be a particle of light just entering 
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the tube at D, when the tube has moved into the position be, in conse- 
quence of the progressive motion of the earth, we have 

vel. of earth vel. of light : : AB or DE : DB 

: : De or Ah : Dd (by sim. triangles), 

and therefore the light will move through Dd whilst the tube passes 
over the space Ab. Hence the light will be at d in the axis of the 
tube.. As the light then passes through the tube of the telescope in the 
position ^47.) without interruption, the star will be seen in the heavens 
in the direction AD, instead of its true direction AC. 

From the triangle ABD , we have 

vel. of earth : vel. of light ::AB : BD :: sin ADB \ sin BAD. 
If, therefore, the aberration ADB = « and BAD = <p, we have 


sin a = 


vel. of earth 


X sin if > , or, 


vel. of light 
oc = 20"‘5 sin <p, nearly. 

93. On these principles formuhe have been investigated for determin- 
ing the effect of aberration in right ascension and declination, and also 
in longitude and latitude; but, as the right ascensions and declinations 
of all the principal fixed stars are given in the Nautical Almanac, cor- 
rected for aberration, precession, and nutation, and also their proper 
motions (if they have any), it is unnecessary to introduce them into this 
work. 


CHAP. III. — TO FIND THE TIME AND THE LATITUDE 
AND LONGITUDE OF A PLACE. 


SIDEREAL AND SOLAR TIME. 

94. All the heavenly bodies appear to move round the axis of the 
heavens; and if they have no proper motion, they all return to the me- 
ridian after the same interval of time. This interval is manifestly the 
same as the time of the earth's revolution about its axis, and is called a 
sidereal day. It is supposed to commence when the first point of Aries 
is on the meridian, and the sidereal clock at that instant is placed at 
0 h 0 m 0\ This time, however, is not adapted to the purposes of civil 
life. For these the period of a solar day, or the time elapsed between 
two successive passages of the sun over the meridian, is a more conve- 
nient measure of time. Now, a solar day differs from the time of the 
earth's rotation about its axis, in consequence of the increase of the sun's 
right ascension during this interval. But the daily increase of the sun's 
right ascension is variable, from two causes : — 1st, From the inclination 
,of the ecliptic to the equator; and 2ndly, From the sun's unequal 
.^motion in longitude. It is evident, therefore, that solar days must be* 
» unequal ih length, and consequently clocks* which move uniformly* can- 
not be regulated to keep time with the sun. 



SIDEREAL AND SOLAR TIME. 


469 


95. If the sun moved uniformly in the equator, the interval between 
two transits of the sun over the meridian would bo always the same, 
and would be an exact measure of time. Let us suppose, then, an 
imaginary sun moving uniformly over the equator in* •the same time in 
which the real sun appears to move over the ecliptic, and having its 
right ascension equal to the mean longitude of the sun. The time 
measured by this imaginary sun is called mean solar time , or mean time ; 
and the time measured by the real sun is called apparent solar time, or 
apparent time ; it is also sometimes called true time. The difference 
between mean time and apparent time is called the equation of time ; 
and it is equal to the difference between the right ascension of the sun 
and the mean longitude of the sun converted into time, at the rale of 
3G0° for 24\ or 15° for l h . In the civil reckoning of^ time, the 
day begins at midnight, and is divided into two equal parts of 12 
hours each, distinguished by A. IVI. (ante-meridiem) and P. M. (post 
meridiem) : but astronomers begin the day at noon, 12 hours later than 
flic commencement of the civil day : thus, Nov. 6, 2 1 ' O’" A. M., is Nov. 5, 
14 h 0 m , astronomical time. 

96. The time elapsed from the sun's leaving an equinox until it comes 
to it again, is called a solar year. Since the equinoctial points are con- 
tinually carried backward on the plane of the ecliptic, the sun returns 
sooner to the same equinox than to the same fixed point in the heavens. 
A solar year, therefore, is less than the time in which the earth makes 
a complete revolution round the sun ; this latter interval is called a 
sidereal year. According to Delambre, a solar year is equal to 
395 d 5 h 48 m 5F*G, and the sidereal year equal to 3G6 d 6 h 9“ 1 1*. The 
civil year is made to agree as nearly as possible with the mean solar 
year, because the same succession of seasons, and the same variation in 
the lengths of the days, recur with it periodically. But, as it would be 
inconvenient to begin the civil year at any point of time, except the be- 
ginning of a day, a year must consist of an entire number of days; and 
since the length of the solar year consists of a number of days and a 
fraction of a day (*212264 of a day), there is some difficulty in making 
this agreement. According to the Julian calendar, one day was added 
to every fourth year. This is equivalent to making the year consist of 
365*25 days, which is too great by 0*007736 a . Hence, according to this 
reckoning, the loss in the Julian calendar amounted to 1 day in 130 
years, and to a little more than 3 days in 400 years ; Pope Gregory XIII., 
therefore, directed that three of the centenary years, 17, 18, and 19 
hundred (in which the number of centuries is not divisible by 4) should 
consist of 365 days each, and not of 306 days, as in the Julian calendar. 

97. .Prop. I .—Having the time at any place , to find Greenwich 

mean time . . 

The right ascensions, declinations, «c. of the sun, moon, and planets 
are inserted in the Nautical Almanac, and computed to Greenwich 
mean time. It is necessary, therefore, before we can make use of them, 
that we should know the mean time at Greenwich, at least approximately, 
when any observation was made. For thte purpose we shall give the 
following rule, the reason of which will readily appear. 

Rule.— When the time at the place is P.M., it is the same as astro- 
nomical time, the P. M. being omitted ; when the time is A. M., ta^ 



470 


ASTRONOMY. 


the preceding day, and add 12 hours to the time for astronomical time. 
Convert the longitude into time, at the rate of 1 5° for 1 hour, then will 

Greenwich mean time = mean time + west longitude in.time, 

Greenwich mean time = mean time — east longitude in time. 

98. Prop. II. — To convert sidereal time into mean and apparent time , 
and the contrary . 

Let NESJV represent the horizon, 

NZS the celestial meridian, P the pole, 

Z the zenith, and EAW the celestial 
equator. Also lot r represent the first 
point of Aries, and 0 the intersection of 
a circde of declination passing through the 
sun's place in the heavens with the equa- 
tor. Then, when t was on the meridian, 
the sidereal time was () h 0 ni 0% and, 
therefore, the time of passing over A t 
will manifestly represent the time shown 
by the sidereal clock. In like manner 
A® % converted into time, at the rate of 15° for I hour, will represent 
apparent solar time; also, T0 is the right ascension of the true sun ; 
hence, therefore. 

Sidereal time = R.A. of the true sun -f- apparent solar time; 
and, for the same reason, 

Sidereal time = It. A. of the mean sun + mean solar time. 

If the sum be greater than 24 h , then 24 h must be rejected. 

99 Note, — The right ascension of the mean sun is given every day 
at mean noon, in the se cond page of each month, in the Nautical Alma- 
nac, under the head of Sidereal Time ; and it may be taken out for any 
intermediate Greenwich time, by a proportit^i in the usual manner. 
There is a table, however, given in the Nautical Almanac, for “ con- 
verting intervals of mean solar time into equivalent intervals of sidereal 
time,” which facilitates this reduction. 



100. Prop. Ill , — To find the time at a place by means of a single 
altitude of the sun. 


Observe the altitude of the sun two or 
three times when it is nearly east or ircst, 
and at the same instant note the time by 
it timekeeper. Take a mean of the alti- 
tudes, and also a mean of the times. Let 
■PZE be the meridian, P the pole of the 
heavens, Z the zenith, and S the place of 
the sun. Wo have, then, in the triangle 
ZPS \ ZS the coaltitude, ZP the colati- 
tufte, and PS the codcclination, given, to 
find the . angle ZPS, Put ZP = 90° — 
l^APS = 90°— </=<*', ZS=sm 9 and 
th^iAgle ZPS = h . We have then (Trig., 
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sin*(* + d' - /') sin -}(z - + /') _ 

ra sin <r sill r ; 

rad 2 S * n + l — d) sin \(s — / 4- d) 
cos l cos d 


or, 


In this expression the latitude and declination are supposed to have the 
same name ; if they have different names, — d must be substituted for 
r/. Hence we readily obtain the following 

Rule . — Place the latitude and declination under one another, with 
their proper names marked N or S. If their names are alike> take their 
difference; but if they a^e unlike , take their sum. Under the result put 
the true zenith distance of the sun’s centre ; take the sum and differ- 
ence of these two quantities, and their half sum, and half difference. 

Add together the log secants of the latitude and declination, and the 
Jog sines of the above half sum and half difference. Divide the sum of 
these four logarithms by 2, and the quotient will be the log sine of 
Then 

j^jin time, will be app. lime when the sun isj jof the meridian. 

Find the equation of time from the Nautical Almanac, page I. of the 
month, and apply it, with its proper sign, to the apparent time; the 
result will be the mean time at the place. 


Ei 7. — Sept. 11, 1811, A.M., at Croydon, in latitude 51° 22' 30" N., 
and longitude 0° 5' 47" W., the mean of several double altitudes of the 
sun’s lower limb was 43° 3' 10", and the mean time by a chronometer 
8 h 0 m 10‘*2. Required the error of the chronometer on mean time at 
Croydon, the index correction of the sextant being + 1' 32". 


Greenwich Time. 

• li m 

10th, Ast. time 20 0 10*2 


Declination. 


10th, at noon 4 


Equat. of time. 

u i » 

11 -ON.' 3 8*74 


Long, in time.. 0 23*1 W. 

|Corrcction . . 

19 

2*5 

17-25 

Gr. mean time 20 1 


3 40 

8*5 

3 25-99 


Doub. alt. 

o 

43 

i 

3 

a i 

i° 

Lat. 

Ind. error 

+ 

J 

32 

Dec. 


43 

4 

42 



21 

32 

21 

Zm # • 

Refraction 

— 

2 

20-2 

4 


21 

29 

54*8 


Semidiam. 

+ 

15 

55*21 


Parallax 

+ 

0 

8*0 


True alt. 

21 

45 

58 


z 

68 

14 

2 



O / ll 

51 22 SON. 
3 M 8N. 

47 36~22 
68 11 2 

115 50 24 
20 37 40 

57 55 12,. 
10 18 50.. 


sec, *204602 
sec. *0000 il 
sin. 0*928041 
sin. 9*252052 

19*386590 

9‘6 93298 

24 34 18 

2 


Hour angle 59 8 30 
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Hour angle In time 

Apparent time at Croydon . . . . 
Equation of time 

Mean time at Croydon 

Time by chronometer 

Error of chronometer 


3 56 34-4 East. 
24 


20 

3 

25C 

— 

3 

26-0 

19 

59 

59-C 

20 

0 

10*2 


0 

10-6 


101. Prop. IV. — To find the time at any place by means of equal 
altitudes of the sun taken before and after noon . 

One of the best practical methods of finding the time at any place, is 
to observe the sun’s altitude about three or four hours before noon, 
when its motion in altitude is considerable, and let an assistant note 
the time by a chronometer. Again, in the afternoon, at nearly the 
same distance from noon, let the instrument bo fixed at the same alti- 
tude as before, and when there is an exact contact, or the suu has 
descended to this altitude, let the time be noted again ; then the mean 
between these two times would bo apparent noon, or the time of the 
sun’s passage over the meridian, if there was no change in the declina- 
tion. But as this is seldom the case, a small correction will be neces- 
sary, in order to obtain the exact time of apparent noon. 

In practice, it will be found best to set the zero of the index at an 
exact 5' or 10' on the instrument, and wait in the morning until the sun 
has risen to this altitude. At this instant let an assistant note the time, 
and write it down together with the sun's altitude. Again, set the in- 
dex on the instrument to the next 5' or 10', and proceed as before, and 
thus take eight or ten observations. In the afternoon, as many corre- 
sponding observations must be taken as possible. Then add the times 
in the morning together, and divide by their number; the result will be 
the mean of the morning altitudes. In the same manner find the mean 
of the corresponding altitudes in the afternoon. The middle tune 
between these means will be nearly the time of apparent noon. The 
sun should be at least two hours from noon. 

102. Prop. V.— To find the equation of equal altitudes , or the cor- 
rection due to the change of declination hi the sun . 

Let Z be the zenith, P the pole of the 
heavens, NZS the meridian, A the place of 
the sun at the morning observation, and 
AaB a small circle parallel to the horizon. 

If, now, Pa be taken equal to PA y the angle 
ZPa will be equal to ZPA (Trig., art. 126), 
or PZ will bisect the angle APu; but if t ho 
sun has approached towards the elevated 
pol<? P 9 it must pass through an additional 
angle aPB in its diurnal motion, before it 
descends to the parallel AaB . 

Let PZ = 90° — - PA = 90 Q —D, 

ZA = z, and the angle ZPA = ZPa = h . 


A r 
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Also, let 2 1 = the time of moving from A to B = 2 /, S = the change 
of declination in the time 2 t, and * = the angle aPB . We have, then, 
(Trig., art. 140) 

cos 4 = sin l sin D 4 cos l cos D cos h (a). 

Now, if we suppose / and z to remain constant, and D to vary and be- 
come D 4 the angle h, which may he considered as a function of D, 
will also vary, and its increment, by Taylor’s theorem, will be a series 
ascending by the powers of $. And because $ is always very small, its 
second and higher powers may be neglected without sensible error. 
Also, since the first term of the increment is cqujil to the differential of 
any function (Diff. Calculus, art. 15), the differentials of D and h will 
be very nearly proportional to their increments. Hence, differentiating 
equation (<*), 

(► = dD sin / cos D — dD cos l sin D cos h — dh cos / cos D sin h; 


, # dh = dD (tan / cosec h — tan D cot /j). 

Substituting a. and S for dh and dD, 

«= S (tan l cosec h — tan D cot h ). ...... (£). 

Now, to obtain an approximation to the meridian passage of the sun, 
the half interval t is added to the time of the morning observation ; 
but t LA is manifestly the interval between this observation aud noon. 
We have, also, 

2t = T V(2 h + a); and, therefore, t l - s h = t — ^ Tt oc. 

Hence, the correction ,r (seconds in time) is equal to — (a being 

expressed in seconds of space). Also, if S' be the change in the sun’s 
declination for 1 hour of the given day, set down in the first page of 
each month in the Nautical Almanac, 

S' : 2 : : l h : 2 1, and, therefore, 5 = 2 tS' ; 


or, if instead of S' we take -J (o' 4 5"), 2" being the change for 1 hour of 
the preceding day, wc g^t 

2 = t (S' + 2") = - A V* O' 4 $") very nearly. 

Making these substitutions in equation (6) we obtain 

h(2' 4* # )i 


«r* = 


450 


cot h tan D — cosec h tan l 


}• 


From which expression we obtain the following 


Rui*, 

Find apparent time at Greenwich corresponding to the apparent noon 
at the place of obseivation, and to this date find the sun’s declination 
aud the equation of time. 

Find half the interval between the mean of the morning and the 
mean of the corresponding afternoon observations, and add this half 
interval to the mean of the morning observations, for approximate appa- 
rent noon. Also, convert this half interval into degrees and minutes. 

Add together 7* 34679 (the arithmetic complement of the logarithm 
. of 450), the logarithm of k (in degrees and decimals of a degree), and 
the logarithm of (S' 4 S ") ; and call the sum (A)* 
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Add together (y^), the log cotangent of h , and the log tangent of the 
declination , the sum will be the logarithm of the first part of the correc- 
tion in seconds of time. 

Add together (>f), the log cosecant of h, and the log tangent of the 
lalitudct the sum will be the logarithm of the second par* of the correc- 
tion in seconds of time. 


Mark the 1st part 
Mark the 2nd part 


/ + ) when the declination is f increasing, 
t — J X decreasing. 

{ 4* from midsummer to midwinter, 

— from midwinter to midsummer. 


Apply these two corrections, with their proper signs, to the approximate 
time of the meridian passage, the result will be the correct time of 
apparent noon. 

To the time of apparent noon apply the equation of time, and tfic 
time of mean noon will be obtained. 

•i • 


Example . 

Sept. 11, 1841, at Croydon, in latitude 51 Q 22 f 30"N., and longitude 
0° 5' 47" W„ the following equal altitudes of the sun, and the corre- 
sponding times by a chronometer, were observed ; required the error of 
the chronometer on mean time at Croydon. 

Altitudes. Morning. Afternoon. 

h m • It in ■ 

35 30 9 51 19-5 2 8 24-5 

40 52 55-6 6 48 3 

50 54 32*5 No observation 


36 0 

56 11-3 

, , 

3 31-7 

10 

57 51-3 

. , 

1 51-7 

20 

59 33-5 

. . 

0 10-0 

Here the third observation in the morning must be omitted, as there 

was no corresponding one in the afternoon. 



h 

in ■ 



li in g 

11th, Apparent noon C 

> 0 0 

Mean of 

morning obs. 9 55 34*2 

Longitude in time. . 

0 23- 1W. 


afternoon - 

14 4 9-2 

App. Gr. time 0 0 23*1 

Interval 


4 8 35 0 

Sun’s decl". (N. A.) 4 C 

’ 32' 24" 

Half interval 

2 4 17-5 


ni • 

1st mean 

9 55 34-2 

Equation of time 

. 3 29-4 

Approximate noon... 

11 59 517 

S' + S" = 

= 112"-52 





■ 

| -J- interval in degrees 31 4 = 31*07 

Const, log. . 7*34679 

(-0 

•89028 

(A).... 

. . . *89028 

h. . 1-49234 

cot h ... . 

•22008 

cosec h .. . 

. . . *28732 

V + i".. 2-05115 

tan dm ... 

8-89920 

tan / 

. . . -0973? 

{A).. 0-89028 

1.02 

•00956 

18-83,.. 

... 1-27492 
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h m ■ 

Approximate apparent noon 11 f>9 51 *7 

1st correction — , 0 1*02 

2nd do + • 0 18*83 

Equation of time — 3 29*4 

Time, by chronometer, of mean noon at Croydon 11 5C 40*1 
Error of chronometer 0 3 1 9*9 Slow. 


TO FIND THE LATITUDE. 

103. We have already seen (art. 29) that the latitude of anyplace on 
the surface of (he earth is equal to the altitude of the pole above the 
horizon, or is equal to the distance of the zenith from the celestial 
equator. From this consideration, it is easy to find the latitude, by 
observing the meridian altitude of a heavenly body whose declination is 

•knowtfS The meridian altitude of any object is ascertained by observ- 
ing when the altitude is the greatest. 

104. Prop. VI. — Having' the meridian 
and its declination , to find the latitude . 

Let PZHQ be the celestial meridian, 

JPthe polo, Z the zenith, EQ the celestial 
equator, and iZTV the horizon. Let S be 
any heavenly body on the meridian, then 
its apparent altitude is observed, either 
with a sextant or a reflecting circle, and 
from thence its true altitude IIS is found, 
by correcting the apparent altitude for re- 
fraction and parallax, as in art. 86. Sub- 
tracting HS from 90°, the true zenith 
distance ZS is obtained. Then 

lat. ZE = true zen. dist. ZS + decl“. ES . 

If the heavenly body T be situated between E and H \ or between Z 
and P , the latitude will be found by taking the difference of ZT and 
ET. These different cases may all be included in the following 
• Rule . — Call the zenith distance north or south, according as the 

zenith is north or south of the heavenly body. If this be of the same 
name with the declination, their sum vill Jjg the latitude of the same 
name with either ; but if they have diff rent names, their difference will 
be the latitude, having the name of the greater. 

Note . — The declination of the sun’s centre is given, in the first page of 
each month, in the Nautical Almanac, at apparent noon of each day, 
and in the second page it is given at mean noon. The declination of 
the moon’s centre is given for every hour of the day, from page V. to 
page XII. in each month. The declinations of all the principal stars, 
corrected for aberration, precessioq, and nutation, arc inserted, for every 
tenth day, at the end of the Nautical Almanac. 

& The equatorial horizontal parallax of the moon is given in the Nautical 
Almanac for every noon and midnight, in page III* of each month* 
When great accuracy is required, it must be reduced to the horizontal 


altitude of a heavenly body, 
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parallax at any other place, by means of a small table calculated for that 
purpose (Tab. 9). The horizontal parallax of the sun is given in the 
266th page; its variation, however, is so trifling, that the parallax in 
altitude is generally calculated from its mean value (Tab. 1). 

The semidiameter of the sun is given in page I., and the semi- 
diameter of the moon in page II., of each month. These are their 
values as seen from the centre of the earth. In the case of the moon, it 
is necessary to make a correction, on account of the observer’s situation 
on the surface of the earth ; but with the sun this correction is altogether 
inappreciable. 

Example . 

At Addiscombe, on the 9th of October, 1841, in longitude 0°4' 40" W„ 
the observed meridian altitude of the sun’s lower limb was 32° 4' 30". 
Required the latitude of the place, the altitude of the thermometer 


being 50°, and the barometer 30 inches. 

. li m s 

Apparent time at Addiscombe 0 0 0 

Longitude in time 0 0 18*7W. 

Apparent time at Greenwich 0 0 18*7 


Observed altitude of sun’s L.L 32 4 30 

Refraction (Tab. 6) — 1 32’8 

32 2 57*2 

Semid r . (N.A. p. II.) + 16 2*8 

Parallax (Tab. 1) + 0 7'2 

True altitude of sun’s centre 32 19 7*2 

True zen. distance 57 40 52’8N. 

Decl n . (N.A.p. I.) 6 18 J3-8S . 

Latitude... 51 22 39 N. 


105. Prop. VII. — To find the latitude from the altitude of a heavenly 
body under the pole . 

The meridian altitude of a heavenly body may sometimes be observed 
at its inferior passage from west to east under the pole. In this case 
the observed altitude diminishes, and the meridian altitude is the least. 
Let t be the place of the body at its inferior passage (fig. page 475) : 
then the 

Latitude PN = true altitude Nt + polar distance Pt . 

106. Prop. VIII. — To find the latitude from several observations of 
the sun taken near the meiidian. 

Let PZM be the meridian, Z the zenith, 

P the pole, and S the place of the sun near 
the meridian*. Put PZ = 90° - /, PS = 

PM sss 90° — d% ZS = r, aud the angle 
ZPS = h . We have, then (Trig., art. 140), 

cos z — sin / sin d + cos h cos / cos d, 
and because cos 7* = 1—2 sin 2 ^4, 

cos z s= cos (l — d) — 2 sin a £4 cos l cos A 
Suppose ZS = ZM + «r, or z = /-(/-fa?; 
then, since the altitude near the meridian 
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varies very little, ZS will be* nearly equal to ZM 9 qr x will be very 
small ; therefore 

cos z = cos (l — d + x) = cos (/ — d) cos x — sin «r sin (/ — d) 

= cos (/ — d) — x sin (J — d) 9 

cos x being nearly = 1, and sin x = x. Hence* comparing these two 
values of cos z, we get 

x sin (/ — */) = 2 sin 2 l& cos l cos d . 

Here x is measured in parts of the radius ; if x be required in seconds, 
we have x = x' sin 1", and consequently 

„ 2 sin 2 $h cos l cos d . ~ 

sin 1" * sin (/ — d) 

Hence, if z 9 z\ z", &c. be n zenith distances, taken on both sides of the 
nfferidian, h , h\ h", &c. the corresponding hour angles, and x 9 x\ x" 9 &c. 
the calculated corrections, then the true zenith distance, when the sun is 
* on the meridian, will be equal to 

( s — x) -f (z 1 — x ') -f &c. z -f z r 4* + &c. x Hh ~h x" + &c. 

n ?i n 

In this formulae, z, z\ &c. are known from observation ; a/ &c. are 
calculated from equation (a), in which d is found from the Nautical 
Almanac ; h 9 h\ &c. are determined by means of a timekeeper ; and an 
approximate value of /, sufficiently near for determining the values of x f 
x\ &c., may be found from the least value of z + d. 

Example . (From Biot.) 

Dec. 19, 1802, the following observations were made, at Dunkirk, on 
the star a Polaris . The approximate latitude was 51° 2' 5", the decli- 
nation of the star was 88° 17' 41 w "41, and the time of its passage over 
the meridian, by the clock, 9 h 24 m 44*. 

Times bv the clock. Values of h . Values of tz * 

h iu s ms „ sml 

23 57 2 27 42 1504*7 

58 18 26 26 1370-4 

59 6 25 38 1288*8 


Sum of 26 observations . 2481 1*8 

Log 24811*8 - log 26 2*9796885 

Correction for retardation of pend, . . . *0006986 

cos l cos d sec (l — d). • . . 8*4900862 

29"*55 1*4704733 


Hence, therefore, we obtain 

•aVC* + z ' + 2 " + &c 0 

Befraction .. 
!&(* + + &c 0 
Meridian zenith distance 
Declination 

Latitude 


G / // 

37 15 20*9 
+ 0 46-4 

— 0 29*55 

37 15 37*75 S. 

88 17 44*41 N. 

51 2 6*66 North* 
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107. Pnop. IX . — To find the latitude by the altitude of the pole 
star , taken at any time . 

Let ZP be the .celestial meridian, Z the zenith, 

P the pole, and S th/3 pole star, whose distance 
from the pole is at present less than 100 minutes. 

Put ZP = 90° - /, ZS = 90° - «, the polar dis- 
tance PS = p 9 and the angle ZPS = h, which is 
known, since the time is supposed to be given. 

From S draw S7 y perpendicular to ZP 9 then, since PS is less than 100 
minutes, the arcs ZS 9 Z7\ are nearly equal. Let ZS — ZT = x > 
PT—y\ then 

ZT='ZS-*=:D<P - a-*; also ZT= ZP~PT= 90° - / ; 

90° — .r = 90 ° — l — y; or, /= « + ,*-- y. 

Now, in the right-angled triangle PST 9 we have, by Napier's rules, 
tan y = cos h tan p ; and, because y = tan y — £ tan 3 // + &c. ^Trig., 
art. 87 ), therefore 

y = cos h tan p — ^ cos V/ tan 5 /; + &c. 

But tan /? = /;-+• ; substituting this value in the last equa- 

tion, and neglecting all powers of p greater than the third, we get 

y = /; cos h -f ^/> 3 cos h — -J/; 3 cos 3 A = p cos h + sin 2 A cos It. 

Again we have, from Napier’s rules, 

cos ZT 1 cos PT ^ sin (a + *r) cos y 

cos ZS cos ST cos PS 9 9 sin a cos p 

.1 • . . . cos y 

consequently, sin a cos x + sin x cos a \ sm a — - , or 

cos p 

. /cos y \ 

sm x cos a = sin a [ — cos x ) • 

' cos p ' 

(x — &c.) cos a = sin a (}p 2 — \y 2 -f \x 2 -f &c.) 

Hence it is evident that x is of the second order with respect to p 9 and 
therefore x 2 , which is of the fourth order, may be neglected ; consequently 

x = tan a (|p 2 — \y 2 ) = \p 2 tan a si n 2 4. 

Hence, expressing p , x 9 and y in seconds, wc obtain 
l = a — p cos h + l sin 1" (p sin It) 2 tan a — ij sin 2 1" (p sin h) 2 (p cos h). 

From this formula, tables are calculated, and inserted in the Nautical 
Almanac, by means of which the latitude can very readily be found.— 
(See the explanation at the end of the Nautical Almanac.) 



TO FIND THE LONGITUDE. 

108. When the sun is on the meridian at any place A 9 it is 12 o'clock 
at Ax and as the sun appears to move from east to west in its diurnal 
mojipn, it tvill be on the meridian of a place /?, 15° to the west of A> 
1 ptjr afterwards. The time, therefore, will be noon at jB, when it is 
afternoon at A . The difference of local times, therefore, at 
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A and B , at the same instant of absolute time, will be proportional to 
the difference of longitude. All that is necessary, then, for finding the 
longitude of any place, is to determine the time at B*> by any of the pre- 
ceding methods, and also to find the corresponding time at some other 
given place A . • 

109. Nothing would appear to be more easy than this in theory. If 
wc suppose the errors and rates of one or several good chronometers to 
be carefully determined at A % we shall have the time at A by these 
chronometers when they are transferred to B ; and they have now at- 
tained so great a degree of perfection, that this simple method is very 
generally adopted. But still, as they are subject to variation, and con- 
tinually liable to accidents, it becomes necessary to have some inde- 
pendent method of finding the time at An 

J 10. If we suppose that any instantaneous phenomenon, such as the 
explosion of a rocket, the bursting of a meteor, &c., should be observed 
# at A jnd B , and the times noted at these two places, the difference of 
these times would give the difference of longitude. The first of these 
methods has been adopted by officers in the trigonometrical survey; 
and astronomers have proposed to make a trial of the second for places 
at a considerable distance from each other, as it is now conjectured that 
many of the meteors, or falling stars, lie far beyond the bounds of our 
atmosphere. It would be necessary, however, in such cases, that the 
two observers should communicate will) each other before their differ- 
ence of longitude could be determined. 

111. If the phenomenon to be observed were of such a nature that 
the time when it happened at A could be previously calculated, and set 
down in the Nautical Almanac, the observer at B would be able to 
determine his longitude immediately* by comparing his time with that 
given in the Almanac. Of this kind are the eclipses of the moon y and 
the eclipses of Jupiter s satellites . Neither of these methods, however, 
is susceptible of great accuracy. 

1J2. There are also other phenomena which do not happen at the 
same moment of absolute time at different parts of the earth, such as 
occultalions and solar eclipses. Thus a solar eclipse may commence at 
some instant of absolute time at A, before it commences at B ; and, 
indeed, there may be a total eclipse at A> whilst there is none at all at 
B. These latter phenomena generally require tedious calculations, but 
are capable of great exactness. 


113. Prop. X. — To find the longitude by means of signals. 

One of the easiest, and at the same time one of the most accurate, 
methods of determining the difference of longitude, is by means of the 
explosion of rockets. Let X and {/ i 

Y be two stations, provided with 
accurate means of determining 


B 


their respective local times ; and suppose that they are too far distant to 
be able to see the same signal. Let A , B , &c. be any intermediate 
stations, so selected that a signal a may be distinctly visible both at X 
and A ; a signal b may be sc<m both at A and B ; and so on through- 
out the whole line. Suppose, now, a rocket to be fired at a y at a time 
previously arranged by the observers, and let the time at X and A be < 
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carefully noted £y the observers at these places. About five minutes 
afterwards let another signal be made at b, and noted by the observers 
at A and B . Again, five minutes afterwards, let another signal be 
made at c, and so. on. The time of the last signal is carefully noted by 
the observer at Y . Suppose that x is the sidereal time at X of the first 
signal at a, determined by a sidereal clock ; that a is the difference of 
solar time at A between the signals at a and b , observed by a chrono- 
meter; and that a is this difference converted into sidereal time; that 
b is the interval of solar time observed at B between the signals b and 
c, and that b is equivalent to |3 in sidereal time, and lastly, that# is the 
sidereal time of Y of the last signal at c. It is evident, then, that the 
sidereal time of the second signal at X is x -f a, of the third signal, 
x + a • f /3; and so on. In the present case, the local time at X of 
the signal at c = x -f « + ft and the local time at Y of the same 
signal = y ; and therefore the , 

difference of longitude of X and Y = («? H- a 4* ,3) — y. 

v * 

114. In the <l Philsophical Transactions” for 1826, there is an ac- 
count* of a series of observations made for the purpose of connecting 
the observations of Greenwich and Paris. The rockets required for 
making the signals contained each 8 ounces of powder, and were ex- 
pressly prepared at Paris for similar operations. The instantaneous 
explosion of these rockets at their greatest altitude constituted the sig- 
nals to be observed. 

The following example is taken from this paper, page 107 : — 

Ex. — On the 19th of July, 1825, a signal was made at Mont Javoult 
and noted at Paris to have happened at 1 S h 39“ 52 - *5, true sidereal 
time at Paris, and at Ligniorcs at 10 h 49 m 4 1 **-0, by the Lignieres chro- 
nometer. About 5 m after this a signal made at La Canche was ob- 
served it Lignieres to happen at I0 h 54 m 53"% and at Fairlight at 
10 h 46« 37»*5, by the Fairlight chronometer. Finally, a third signal 
was made, about 5 m later still, at Wrotham, and observed at 
10 h 51"‘ 59*’4, by the Fairlight chronometer, and at 18 u 41 m 7>*l 1, true 
sidereal time at Greenwich. Required the difference of longitude be- 
tween Greenwich and Paris. 


Paris. 

Lignieres. 

Fairlight. 

Greenwich. 

li m s 

18 39 52*5. . 

h m s 
.. 10 49 41-0 

10 54 53*2.. 

h m s 
..10 46 37-5 

i 

h m s 

..18 41 Ml.. 


a = 5 12-2 

10 51 59-4.. 



5 = 5 21*9 



* By Sir J. ' Herschel. The difference of longitude between Greenwich and * 
Paris, at determined from these observations, he conceives to be within a tenth of 

a secoad. 
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h 

m 

s ♦ 

a 

= 

0 

5 

12-2 

b 

= 

0 

5 

21*9 

a + b 

= 

0 

10 

•341 

Reduction (Tab. 3) 

= 



1*73 

* + P 

» 

0 

10 

35*83 

X 

= 

18 

39 

52*5 

X -j- a, -f- (5 

= 

18 

50 

28*33 

y 

= 

18 

41 

7*11 

fference of longitude 

s= 


9 

21*22 


* 115. *Prop. XL — To find the longitude by means of an occultation of 
a fixed star by the moon. 

The moon, during her revolution in her orbit, frequently passes be- 
tween the earth and some of the fixed stars, and thus intercepts their 
view from the spectator. This is called an occultation. As the instant 
of the immersion or emersion of a star can he observed with great accu- 
racy and facility, the method of determining the longitude from an occul- 
tation may be practised with great advantage. The calculations arc 
rather tedious, but the following rule will be attended with no difficulty, 
except its length ; and we are disposed to think that it is as simple and 
direct as the nature of the case admits. 

116. The principle of the solution maybe briefly described as fol- 
lows. At the instant of an immersion or emersion of the star, the 
apparent right ascension and declination of the point of the moon s 
limb in contact with the star are manifestly the same as the right ascen- 
sion and declination of the star ; and these arc given in the Nautical 
Almanac, in a table containing the lt elements for the occultationsf &c . . 
Correcting the apparent right ascension and declination of the point 
of the moon’s limb for the effects of parallax (arts. 82, 83,) we get the 
right ascension and declination of the moon’s limb as seen from the 
centre of the earth. From an approximate Ore: nwich date, find the 
right ascension and declination of the moon’s centre, from the Nautical 
Almanac. If, then, in the annexed figure s be the 
true situation of the point of the moon’s i.’mb in con- 
tact with the star, and M the centre of th we 

know the radius SM , as seen from the eaul.’s centre, 
correctly from the Nautical Almanac, and sn , Mn f 
approximately from the assumed Greenwich date. 

And since the hypothenuse Ms is always less than 
J7 minutes, we may consider Mns as a plane tri- 
angle, without any sensible error. We have, then, 

sn = Ms 1 — Mn 2 = / (Ms + Mn) (Ms — Mn). 

• 

If this value of sn agrees with that derived from the approximate Green- 
wich date, then the Greenwich time has been rightly assumed ; but if 

VOL. II. 2 I 
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not, assume &' second date, one minute earlier or later than before. 
From these two results we may, by double position, find the Greenwich 
time of the occnltation very nearly. Comparing this time with the 
time at the place, we find the longitude. 

117. From the preceding considerations we readily obtain the fol* 
lowing 


Rule . 

(1) . Find, from the Nautical Almanac, under the head of Occulta- 

tions, the star’s right ascension and declination ( (V ); these will be the 
apparent right ascension and declination of the moon’s limb. From the 
latitude of the place subtract the reduction (Math. Tables, Tab. 2), 
the remainder will be the geocentric latitude (/). * 

(2) . Find Greenwich mean time to the nearest minute. To this 
date find the right ascension of the sun (page II., N. Alin.), /o which 
add the apparent time at the place ; the sum will be the right ascension 
of the meridian. The difference between this right ascension and that 
of the star will give the hour angle of the star in lime. Convert this 
into degrees and minutes ( k r ). 

(3) . With this date, also, find the moon’s semidiameter in seconds 
(7?), its horizontal parallax in seconds (7 J ), which must be corrected for 
the latitude (Math. Tables, Tab. 9), and its right ascension and decli- 
nation. Find, also, the right ascension and declination one minuJtc 
afterwards. 

(4) . Find an approximate value of \oc from the expression (art. 82) 

= p cos / sin hi x { sec d' = (A) X £ sec d 1 ; 
then the hour angle corrected = hi — \ot = h + 

Find the correction in declination from the formula (art. 83) 

6 = — P cos l sin d' cos ( h + |-a) + P sin l cos d f . 

The first part of this expression will have a name 

f different from j the declination when the hour angle is«P ess . Ithan 90°. 
(the same as J 6 (greater J 

The second part of the expression will have the same name as the 
latitude. 

These two arcs being added to the apparent declination (d ,y ) of the 
moon’s limb, when they have the same name, and subtracted from it 
when they have different names, the result will be its true declination (d). 

(5) » Find the correct value of <*, in seconds of time, from the formula, 

a 8 — t cos l sin h! sec d = (^) x T V sec 

Add this correction to the star’s right ascension when it is west of the 
meridian, and subtract the correction when the star is east ; the result 
will be the true right ascension of the moon’s limb. 

(6) . Find the difference, in seconds (A), between the true declination 
of the moon’s limb, and the declination of the moon’s centre, for the 
first Greenwich date; then calculate the difference (a) between the 
right ascensions of the moon’s limb and its centre, from the formula, 4 


a s = ^ sec d \/{R + A) (R — A). 
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(7). Let b be the difference of these right ascensions, found from the 
5th direction, and put a — b =s e. 

Calculate the values of a', b f , and e for the seaond Greenwich date, 
then we have, by double position, * 

e — d : e : : 60 seconds of time : correction required. 

Add this correction to the first Greenwich date, and the correct Green- 
wich time of the occultation will be obtained very nearly. 


Example . 


Suppose, at Bedford, on January 7, 1836, in latitude 52° 8' 28" N., 
the immersion of i Leonis to be observed at 10 b 39 m 22**4 P.M., appa- 
rent time, and the estimated longitude to be about 0 h 1“ W. Re- 
quired the longitude. 


Nautical Almanac, p. 455. 

h in i 


R.A. of* 10 23 26*31) Latitude.. 
Declin.do. 14 58 38*8N. Reduction 


Geoc. lat. 


52 b 28 N. 
10 57 

51 57 31 N. 


Greenwich Time. 


R.A. of the Sun, p. II. 


Moon's Semidiameter. 


h 


h m s 


App.t... 10 39 22*4 
Lon. W. -f 0 1 

Gr. app.t. *10 40 22*4 
Equa. t. + 6 30 

Gr. meant. 10 47 


At m. noon 

19 

10 

41*7 

Correction 

+ 

1 

58-0 


19 

12 

39*7 

App. time .. 

10 

39 

22*4 

R.A. M 

5 

52 

2*1 

R.A. * 

10 

23 

26-4 

Hour angle. 

4 

31 

24*3 


In degrees . • 67° 51' 


Noon...... 15 12*4 

Midnight... 15 16*6 

4*2 

h m 

Prop, parts to 10 47 

3*8 
15 12*4 

15 16*2 


916"*2 


Horizontal Parallax. 

Noon. ... 55 48*2 
Midnight.. 56 3*5 

Moon’s Right Ascension. 

h h m s 

At 10.. 10 18 55-52 

11 .. 10 20 i-47 

Moon's Declination. 

h 

At 10... 15 58 50-IN. 
P. pts. . . 9 7-6 

15-3 

2 2*95 

10 47... 15 49 42-5 
11-7 

10 48... 15 49 30-8 

m 

Prop, parts to 10 47 

13-7 
55 48-2 

h ni 

Prop, parts to 10 47 

| 1 3631 

10 18 55*52 

56 1*9 

Reduc. ...... 6*8 

10 47.. 10 20 31-83 

2-05 

55 55*1 

10 48.. 10 20 33-88 


3355M 
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1 ogP 3-56570 

cos / 9-78975 

siii A' 9-96070 

{A) 3-28215 

see d' ...... . -01501 

const, log . . . 9'69897 
299613 

991"= 16 31 

67 51 

(A + 1*).. 67 34 29 
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3-52570 

978975 

sin d' 9-41237 

cos (A + £<*) 9-58152 

2-30934 
203"-9 


3-52570 

sin l. 9-89629 

cos d\... 9-98499 

3-40698 

2552-6N. 
203-9 S. 
2348-7N. 
39 8-7N. 

14 58 38-8N. 

15 37 47-5N. 


(. A ) 3-28215 

see d -01636 

const.log. . 8-82391 

~2- 12242 
132“- 5 6 


h m 8 

0 2 12-56 
10 23 26-39 

R.A.of D ’s limb To 21 13-83 
Do. centre 10 20 31-83 

Diff. W00 


h m 

At 10 4g 


h in a 

10 21 13-83 
10 20 33-88 

39-95 


dec". 5 ’s cent 
„ „ limb 

h * m 

At 10 47 

O / II 

15 49 42-5 

15 37 47-9 

3-21240 

2-30449 

h 

At 10 

Cl 1 II 

15 49 30-9 

15 37 47-8 

m 

48 

3*20933 

2-32858 


11 54*6 

5*51689 

11 43-1 

5*53791 

a. 77 

... 714-6 

2-75844 

703*1 

2-76895 

R. .. 

... 916-2 

•01658 

916-2 

•01658 

R + A . . . 

. .. 1630-8 

8-82391 

1619-3 

8-82391 

R — A ... 

... 201*6 

1-59893 

213-1 

1-60944 

Difference of It .A . 

,39-71 


40*69 

Difference found above 

42-00 


39-95 

Error 


2-29 

Error. . 

.. +-74 

As 

2*29 + *74 

: 2*29 

: : 60 : 45*3 


h ra « 

Hence, Greenwich mean time .... = 10 47 45*3 

Equation of time = — 6 31’0 

Greenwich apparent time .. = 10 41 14*3 

Time at Bedford = 10 39 22*4 

Longitude = 1 51 ‘9 W. 


118. Piiop. XII. — To find the longitude by means of moon culmi- 
nating stars. 

If the moon had no motion in right ascension, the interval of time 
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between its transit and that of a fixed star would be* the same at all 
places. The difference of the intervals arises entirely from the change 
of the moon’s right ascension ; and, if wc suppose \hat this increases 
uniformly, the change in U.A. will be proportional to* the absolute time 
elapsed between the transits of the moon over tfie two meridians, and 
therefore will be proportional to the difference of longitude. In the 
improved nautical almanacs, the time of transit of the moon’s enlight- 
ened limb and that of certain stars differing from it but little in It. A. 
or declination, are computed for Greenwich mean time. This may be 
considered as equivalent to an actual observation at Greenwich ; and if 
the difference of these transits be observed , by means of a portable tran- 
sit instrument, * at any other place, its longitude from Greenwich may be 
easily and accurately determined. The following example will be suffi- 
cient to illustrate these remarks. 

— Suppose that at X, on the 31st of March, 1841, the transit of 
Geiyi norum was observed, by a chronometer, at 8 h 30 m 10 s *3, and of 
the moon*s bright limb at 9 1 ' 16 ,u 57**5; the daily rate of the chrono- 
meter being 3"* 6 gaining. Required the longitude of X. 


Observed transits at X. 

Moon’s limb 9 16 5 7‘5 

Geminorum .... 8 30 10 '3 

46 4/ 2 

Correction for rate. ... — *12 

Diff. of trans. in sol. time 46 4 7*08 
sid. time 46 51*77 


Transits at Greenwich (Naut. Aim., p. 489). 

h m * 

8 22 23-88 

7 35 36*91 

Diff. of trans. at Gr 46 46*97 

Do. at X .. .. 46 54*77 

Diff. of intervals 7 "HO 


We have, then, from the Nautical Almanac, page 489, 

149 M *27 : 7 8 *80 :: 1 hour in long. : longitude of A"; 

and therefore longitude of X = 3 m 8 8 *1 west. 


* The transit instrument is a telescope, with an axis 
fixed at right angles to it, about which it revolves. The 
axis is placed in a horizontal position, .due east and west ; 
and consequently the telescope, when properly adjusted, 

always moves in the plane of the meridian. Portable 
transits are made for the purpose of observing the time 
of the moon’s passage over the meridian ; and as this is 
compared with the passage of some of the fWrd stars, 
whose situations are well known, any slight erroi in the 
position of the instrument, or in the clock, arc by this 
means avoided. 
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CHAPTER IV. — GEODESY. 


119. When an extensive survey is made over large portions of the 
surface of the earth, either for the purpose of ascertaining the exact 
position of the principal places of a country, or of determining the 
dimensions and figure of the earth, it is usually designated by the terms 
Geodesy , or Trigonometrical Surveying . 

120. For this purpose the country is first divided into a number of 
large triangles, whose sides are usually from 10 to 20 miles in length ; 
but sometimes they extend to SO or GO miles, and even occasionally, as* 
in Spain and the west of Scotland, to 100 miles in length. All the 
angles of the triangles arc then carefully observed, and a line situated 
in a level tract of country, called a base line , is measured with extreme 
care and attention. These triangles may bo said to form a spefcies of 
polyedron, circumscribing a portion of the earth, and they are reduced 
to others on its surface at the level of the sea, by supposing perpendicu- 
lars to be drawn from each station to the surface. The latitudes and 
longitudes of the different stations arc then determined ; and also their 
heights, and the angles which the sides of the triangle make with tho 
meridional line. 

121. The great triangles, into which the country is divided in the 
first instance, are denominated principal triangles. They are after- 
wards, by a second series of operations, subdivided into smaller ones, 
called secondary triangles, and these again are broken up into others of 
still smaller dimensions, until at length a survey of the whole country 
is made of any degree of minuteness which may be thought necessary. 
The calculations are finally verified , by measuring other base lines, and 
comparing them with their lengths determined by calculation. 

We shall divide this chapter into thg following sections : — 

1 . The selection of stations and signals. 

2. Tho measurement and reduction of a base line. 

3. The measurement and reduction of the angles. 

4. The calculation of the sides of the triangles. 

5. The longitudes, latitudes, and azimuths. 

6. The heights of the stations, and terrestrial refraction. 

7. Tho measurement of arcs of tho meridian, and arcs parallel to tho 
equator. 

8. The figure of the earth. 

I.— THE SELECTION OF STATIONS AND SIGNALS. 

l£2. In the choice of stations, in a trigonometrical survey, there are 
two points which ought principally to bo attended to : 1st. The angles 
should have such a magnitude, that any small inevitable errors in the 
obs&vations shall produce the least effect on the sides to be calculated. 
2nd/The stations should all be distinctly visible from each other. 
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123. Prop. I. — It is required to determine the most advantageous 
conditions of a triangle . 

Let «, h , c, be the sides of a triangle, and A , B 0 (7, the angles re- 
spectively opposite to them. The angles are all known from observa- 
tion, and the side a is either measured, or determined from previous 
calculation. The side h is then found from the equation 

h sin A = a sin B (a). 

Suppose, now, that the side a is accurately known, but that the angles 
A and B have not been correctly measured. Let a, ]3, be the respec- 
tive errors in A and 2?, and let x be the corresponding error in the side 
5. We have, then, 

(b + x) sin (A 4 a) = a sin (B + ft). 

Expanding this expression (Trig. art. 71), and putting cos a = 1, 
sin a = a, cos fi =s 1, sin fi = fi, since the errors a, fi, are nocessarily 
# very small, wo get 

(b 4- x) (sin A + « cos A ) = a (sin B + fi cos B)» 

Subtracting (#) from this equation, and omitting the term x a cos A , 
which is of the second order, and extremely small compared with the 
other terms, we get 

x sin A 4 - b a cos A = a fi cos B = ft fi cos B ; 

sin B 

x = b (fi cot B ~ a cot A). .(1) 


Ilcnce, if wo suppose the errors a and fi to l>c equal, and to have the 
same sign, the error x will be 0, when A = B ; that is, there will be 
no error in calculating the side b, although the angles A and B arc 
not correctly observed. If the errors a and fi are equal, but have 
different signs, this equation becomes 

x = b a (cot A 4- cot B). 


Now, cot A 4- cot B = 



cos B (sin A + 13) 

B siii A sin B 


Also, 2 sin A sin B = cos {A — B) — cos (A 4- B) 

= cos (A — B) 4- cos C, and sin (A + B) = sin (7, therefore 

2 sin C , oN 

x = ia — - — tv V 2 ) 

cos ( A — B) 4- cos C 

an expression which is evidently the least possible when A = B . 


124. Since the same reasoning is applicable to the third side c , it 
follows that the most advantageous conditions of a triangle are that its 
sides should be as nearly equal as possible . But, as it is frequently im- 
possible to fulfil these conditions, surveyors are in general satisfied with 
rejecting all triangles which have an angle less than 30 degrees. 

125. If the angles are accurately known, but thero is an error in 
the side a, it is evident that the errors in the sides b and c will be pro- 
portional to their lengths ; for the angles being constant, the triangles 
will be similar. Hence, it is of ttao utmost importance to measure the 
base line correctly, for any error in this line, which, is necessarily^ very 
short compared with the extent of the country to be sUtveyed, will b<*> 
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continued through the whole chain of triangles, and magnified in propor- 
tion to the length of the sides. 

12G. Descrij)tioii of signals . — All the stations should be situated in 
the most elevated part of the country, so as to be seen from each other 
without difficulty. In many eases the theodolite was elevated to the top 
of some tower, church-steeple, or other building, and flagstaff's placed 
over the instruments. These can be more easily distinguished when their 
figures arc seen in the sky, than when they are projected on the earth 
or on trees. For more distant stations, Bengal or white lights were at 
first used by General Roy. Afterwards, the reflection of the sun from 
a plane mirror, as recommended by Gauss, was employed by Colonel 
Colby and Captain Kater, in verifying that part of General Roy’s tri- 
angulation which connected the meridians of Greenwich and Paris. 
Drummond lights were used as night signals at some of the stations in 
Ireland and the west of Scotland ; but the practice of observing by 
night has lately been abandoned, in consequence of the unsteadiness of 
the fight, and the quantity of vapour in the atmosphere. At present, 
the signals in the English survey are formed by building a temporary 
slied in the form of the frustum of a cone, over the point which marks 
the centre of the station. When tho distances are not very great, a 
plate of metal is sometimes used, with a narrow vertical slit cut in it; 
in which case the line of light passing through it may be seen very 
distinctly. 

i 127. In elevating a signal for the purposes of observation, it is neces- 
sary that it should be sufficiently high to be easily distinguished from 
the surrounding objects. From tho experience of the French surveyors, 
they state that the angle of elevation .should be at least 31*; .and as 
tan 31* = 0*00015, it follows that the height of the signal must be equal 
to 0 00015 x distance. In practice, therefore, the French usually 
made the height of the signal equal to a seven thousandth part of the 
distance from whence it was to be observed, and the base of the signal 
equal to half its height. Hence, if the distance be 20 miles, a distance 
not unusual in the trigonometrical survey, the signal should be at least 
15 feet in height. 

II.— THE MEASUREMENT AND REDUCTION OF A BASE LINE. 

128. Of all the operations in which the surveyor is engaged, tliat 
which appears the most simple, but which is by far the most difficult, 
is the measurement of a base line. Since this line is seldom more than 
6 or 7 miles in length, and any error in its measurement is multiplied in 
the other parts of the survey in proportion to their linear dimensions, it 
is obvious that, in a tract of country 300 miles long, the error in this 
length would be 50 times the error in the base line. Every precaution, 
therefore, has been taken, which art or ingenuity could devise, to ensure 
the greatest accuracy in this most important operation. 

129 . The first thing to be done is to select a level piece of ground, 
from five to seven or eight miles in length, which shall be free from 
local obstructions, and commodiously situated with respect to surround- 
ing objects. It is also desirable that it should not be far distant from 
an observatory, so that the whole chain of triangles may be connected 

^with a fixed station, where astronomical observations are made with the 
utmQBjjpare and precision. 
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After the ground has been selected, a line is drawn* in the same ver- 
tical plane, by means of a transit telescope, and marked out by pickets, 
the tops of which are brought exactly into the same level. The tract 
which is to be measured is then cleared of all obstructions, and made 
tolerably smooth ; and the extremities of the bas^are permanently fixed 
by dots marked on cannon, or on massive blocks of stone. 

230. Deal rods . In the commencement of the English survey, 
General Roy made use of deal rods, 20 feet three inches long, about 
2 inches deep, and 1 \ inch broad, on which lengths of twenty feet were 
laid off* by ltamsdcn. They were constructed in such a manner that 
they might be used either by butting the end of one rod against the end 
of another, or by bringing fine transverse lines, inlaid into the upper 
surface at the distance of 1.J inch from each extremity, into exact coin- 
cjjlencc ; but the method of coincidences was attended with so much 
inconvenience and loss of time, that General Roy was compelled to 
, abandon it, and to proceed solely by the method of contacts. Notwith- 
standing all the care, however, that was taken to select rods of the best 
materials, they were found liable to such irregular and sudden variations 
of length, from the moisture of the atmosphere, that they were entirely 
abandoned, after the first base on Hounslow Heath had been completed. 
The error in this measurement was found to be about 21 inches. 

131. Glass rods . When it was discovered that the deal rods would 
not prove satisfactory, it was proposed that glass rods should be substi- 
tuted in their place. Tubes were used, rather than solid rods, as it was 
found that a sufficient quantity of melted glass could not be taken on 
the irons which were used at the glass-house for drawing the rods. 
Three hollow tubes were, therefore, selected, and converted by ltamsdcn 
into measuring rods. They were then placed in eases, to which they 
were made fast in the middle, and also braced at two other points ; the 
whole together serving as stays to keep the tubes in their true places 
from shaking, but not binding them too closely. The ends were ground 
perfectly smooth, and at right angles to the axis of the bore ; one end 
having a fixed apparatus, or metal button, attached to it, for making 
the contacts, and the other end a moveable apparatus, or slider, which 
was pressed outwards by a slender spring. The fixed extremity of the 
succeeding rod was pushed against this spring until a fine line on the 
slider was brought into exact coincidence with another fine line on the 
glass rod, in which state the distance between the extremities was 
oxactly twenty feet. 

132. Steel chains . The third method of measuring a baseline, by 
the English surveyors, was with a steel c> a in, made by Ramsden. This 
chain was 100 feet in length, and contained 40 links of 2^ feet each. 
A transverse section of these links was a square, each of whoso sides 
was half an inch. In using the chain, five coffers were arranged in a 
straight line, and supported cither by trestles or courses of bricks ; the 
chain was then placed on the coffers, and stretched with a constant 
weight of 56 lbs. The ends were then brought over the same point in 
this manner : at the extremity of the chain, but unconnected with it, 
and on a separate post, was placed a scale. When the chain was in 
any position, the scale at the preceding end was moved by means of 
screws, until ono of its. divisions coincided exactly with the mark on tho 
handle of the chain. This scale remaining in its place, the chain waf 
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then carried forward into its next position, and adjusted, by means of 
its screw apparatus, until the mark in its following end coincided 
exactly with that division of tho scale which had been in coincidence 
with the mark on the preceding end. 

« Feet. 

The measurement of the base on Hounslow Heath, 
made with deal rods, reduced to the lowest ex- 


tremity, was found to be 27406*26 

Do. with glass tubes 27404*0843 

Do. with steel chain 27404*31 55 


Tho mean of the two last results, or 27404*2 feet, was assumed as the 
true length of the base in tho future calculations. 

133. Notwithstanding the near agreement of the two last methods 
of measuring a base line, it has been objected to the glass rods : 
1st. That some error might arise from the ends of tho two consecutive 
rods being made to rest on the same trestle, because, when the first rod 
was taken off, the face of the trestle being pressed by one rod * only, ' 
would have a tendency to incline a little forward, the effects of which 
would be to shorten the apparent length of the base. 2nd. That some 
error might arise from the casual deviation of the rods from a straight 
line in the direction of the base. 3rd. That, from the manner of sup- 
porting the rods on two trestles only, they would be liable to bend in 
the middle. To the steel chain it has also been objected, by Legendre 
and others, that, as the chain is not uniformly supported at every point, 
some doubt must remain whether it is perfectly straight when placed in 
the coffers, and also that its length is liable to vary from the rubbing 
and wear of the joints. 

134. Mods of platinum and brass . In the French surveys rods of 
platinum were used. These were two toiscs, or 1 2 French feet, in 
length ; their breadth was about six lines (or half a French inch), and 
their thickness one line. On the surface of the platinum was placed 
another rod of brass, firmly fixed at one end to the rod of platinum, by 
means of three screws, but entirely free at the other end, and throughout 
its whole length. It was about six inches shorter than tho rod of 
platinum ; and, from the different expansive powers of the two metals, 
tho two rods united might be considered as a kind of metallic thermo- 
meter. Four rods were used in the measurement, three of which were 
always on the ground at tho same time ; and, in order to prevent any 
derangement from bringing the ends into contact, a small interval of 
about \ of an inch was left between them, which was measured by 
means of a slider attached to tho preceding end of each rod. The ' 
slider was then pushed gently out, until it camo into contact with the 
following end of the next rod. 


. 135. Colonel Colby s method . Tho last method adopted, in the sur- 
vey of Ireland, is an ingenious apparatus made by Troughton, which 
will probably supersede all other instruments. AB is a bar of iron, 10 
feet long, inch deep, 

and 4 of an inch broad, jiP 

A lu>. rtf Krnoo .'I jf F 


and 4 an inch broad, 
united to a bar of brass 
DEy of the same dimen- 
sional.. at the distance of 
inches. These bars are 
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firmly riveted together at their centres, but are free to move at the 
extremities, according to their respective expansions. The base DE 
is covered with a nonconducting substance, to mako the two bars 
equally susceptible of heat. PD, QE, are two tongues of steel, 
attached to the rods by double conical joints, arbund which they are 
capable of turning and forming a small angle with tho lines perpendi- 
cular to the bars. P and Q are two dots of platinum, so exceedingly 
minute as to be almost invisible to the naked eye. At the temperature 
of 60° the bars are exactly of the same length, and the tongues PD , 
QE, are then perpendicular to the bars ; but, if the temperature be 
increased, the bars will expand in different proportions : thu«, if Pad, 
Qbc , represent the position of the tongues at the temperature of 70°, and 
the expansion of iron be to that of brass as 53 to 83, then 

• Aa Dd PA PD 53 83. 

Hence, the situation of the point P, about which the tongue PE 
revolves, is invariable, or at least is sensibly so in practice, for all mo- 
derate variations of temperature. The same thing is truo with respect 
to the point Q, and consequently the distance PQ remains, in all mo- 
derate changes of temperature, of the exact length of ten feet. It is 
evident, however, that this can only be true within certain limits ; for, 
as Pd is no longer equal to PD, the point P will have moved to p , 
nearer to d , making pd = PD ; and the distance of p from PD is evi- 
dently equal to PD x (tan DPd — sin DPd). I5ut as the angle DPd 
is, in practice, always extremely small, tho difference between its tangent 
and its sine is altogether insensible# 

130. In the Irish survey, five or six sets of bars, constructed in this 
manner, and placed in strong deal boxes, supported on trestles, were laid 
along the line to he measured, and accurately levelled. They were 
placed at a short distance from each other, and tho distance between tho 
dots on the adjacent steel tongues of two succeeding bars was accurately 
measured, by means of powerful micrometers, constructed so as to form 
a compensating instrument of the same nature as tho measuring bars. 
It is stated that the greatest possible error of the base, measured on the 
eastern shore of Lough Foyle, cannot exceed two inches, though the 
length is very nearly eight miles. See Encyclopedia Britannica ; Art. 
Figure of the Earth . 

137. The reduction of the hy pathnames'. As the ground on which 
the base is measured is seldom perfectly level, the whole distance is 
divided into a number of inclined lines in ^ __ 

the same vertical plane. LetAZ? be u. e - 

of those lines, whose length is /, DC = h, v — 

the height of this plane, and the inclination 

of the plane BAG = 0, In the first English surveys, BC, tho height 
of B above A was found from levelling, and therefore the base 
AC s= (Z 2 — A 8 ). But in the latter surveys, as well as in those on 
the continent, the angle 0 was measured, and therefore the correction 
AB — A C is equal to / ( 1 — cos 8). 

138. Correction of temperature. In the English survey, the tem- 
perature of the rods and chain was found from the mean'of a number of 
thermometers ; and the rate of expansion was previously determined bjfr 
Ramsden. In the French survey, the measuring rod itself ib the ther- 
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momcter, and the difference of the rates of expansion between the 
platinum and the brass is carefully ascertained before the survey com- 
mences. In eitlicrrcase the correction is easily found by a single pro- 
portion, or by mejins of tables constructed for the purpose. 


139. Reduction to the level of the sea . Let AB 
bo the arc which has been measured, as described 
above, and corrected on account of temperature 
and the inclinations of the liypothenuses. This 
arc may bo supposed to be taken at a mean 
between the heights of the two extreme points. 
Let ah bo a concentric arc at the level of the 
sea, and Ca the radius of the earth. Put 
Ca~ r, Aa = h 9 AB = L , ah = /, we have, 
then, 

CA : Ca : : AB : ah ; 


l = L 


r / h h* v T 

7+h~ ( 1- 7 + r*“ &c - )- L - 



nearly. In order, therefore, to reduce the base to the lovel of the sea, 

Lh 

we must subtract the correction — from the length. 


140. We will now give, as an example, the filial result of the mea- 
surement of the first base, with glass rods, on Hounslow Ilcatli. (Trig. 


Survey, vol. i. p. 87.) 

Ilypothenusal length of the base as measured by Foot. 
130*9-925521 gla^s rods, of 20 feet each, + 4*31 ft. 27402-8204 

Reduction of the hypothenuses, to be subtracted — 0*0714 

Add the difference between the expansion of the glass 

above, and the contraction of it below, 62° + 0*3489 

Add also for 0° difference of temperature of the standard 

brass scale and the glass rods -f 0*98G4 


Length of the base, in temperature 02° 27404-0843 

Reduction from the height of the lower end of the 
base above the mean level of the sea, supposed to 
be 54 foot — 0-07 0G 


True length of the base, reduced to the mean level of 
the sea 27404-0137 


III. THE MEASUREMENT AND REDUCTION OF THE ANGLES. 

141. In all the surveys made in the British dominions, the instru- 
ment for measuring angles has been a large theodolite, rendered as per- 
fect as the ingenuity of English artists could make it. This instrument 
may bo defined to be an altitude and azimuth instrument, or an instru- 
ment for measuring vertical and horizontal angles. The horizontal 
circle was three feet in diameter, and angles could be measured with it 
to the fractional part of a second. 
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1 42. The instrument used by the French and Swedish surveyors was 
the repeating circle of Borda. The principle of the circle of repetition 
is to take the angle several times successively in continuation on the 
circle, and then divide the whole arc by tho number of observations. 

Let ABD be a circle, graduated • 

entirely round tho circumference, q 

from right to left, on the upper ■ 

side only of the instrument. A a, 

Bb, are two telescopes, the one on 
tho upper, and the other on 
the under side of the instrument ; 
these telescopes can either be moved 
independently, or they may be 
clamped and moved altogether with 
the circle. Let P and Q be two 
objects whose angular distance is " 
to be measured ; and let the in- 
strument, by means of a stand, be 
brought into the plane PCQ. Place 
the upper telescope Aa at zero, and 
direct it to the object P; also di- 
rect the under telescope Bb to the object Q. The two telescopes are 
then clamped, and the entire instrument is turned in its plane, until Bb 
be pointed to P. A a will now bo in the position Dd, making the angle 
aCd equal to aCb ; unci amp it and turn it back to Q, while the circle 
itself remains fixed; it is evident that Aa has moved through an angle 
dCb , equal to twice the required angle PC(j. The whole circle must 
now be turned again until Aa points to P, then will Bb be in the posi- 
tion Dd ; turn Bb again through the angle dCb to Q, and clamp it. As 
the under side of the circle is not graduated, tho angular distance of b 
from zero cannot be measured. Now move the whole circle until Bb 
points to P, and turn A a again until it points to Q; tho telescope Aa 
will have been turned through four times the arc ab ; and, by repeating 
the process, the arc can be multiplied any even number of times. It 
will readily be seen that the circle must always be turned to the right 
through the arc ha , and the two telescopes alternately to the left through 
db , or twice the arc ab. 

The advjintages of this method arc obvious. Tho errors of gradua- 
tion may be diminished to any degree, and the errors of observation 
tend to destroy each other. The two circles which Delambre used were 
0*21 and 0*18 metres, or about 7 inches in diameter; and, although the 
instruments were only graduated to miu tus, yet, by successively re- 
peating the angle ten, twelve, or even as fai as twenty times, ho imagined 
that ho could determine the angle within a second. 

143. Various opinions have been entertained with respect to the 
relative merits of tho theodolite and the repeating circle. The French 
have imagined that they could attain any degree of accuracy with the 
circle, and that all errors of division, and errors of observation, might be 
entirely annihilated by repetition. Latter observations, howover, have 
tended to destroy this confidence in the circle, and it is now generally 
admitted, that all repeating circles aro liable to an error, which cannot 
be removed by any number of repetitions, and which, therefore, has 
been called the constant error . One of its greatest defects, perhaps, is* 
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the smallness of the telescope attached to it, which does not exceed 24 
inches in length, and which is incapable of separating the double star ( 
Ursce Majoris, although the two stars which compose it are distant from 
each other 14* off 15". — “ However an instrument may be constructed, 
or in whatever manner it may be used, I have no faith that it can give 
results nearer the truth than a quantity that is visible in the telescope.”* 
The principal advantage of the circle is its great portability, whereas the 
theodolite used by General Roy was 200 lbs. in weight, and required 
two, and sometimes four horses to convey it, with its apparatus, from 
one station to another. 

1 44. When the angles arc measured with a theodolite, no correction 
is required on account of the different altitudes of the signals^ as it is 
the horizontal anglo which is observed with the instrument ; but 
when the sextant or repeating circle is employed, the oblique angles aro 
observed, and these must be reduced to the plane of the horizon. 


145. Pjiop. II . — To reduce the oblique angles to the plane of tfie 
horizon . 


Let 0 be the place of the observer, 

MON the angle observed between two 
signals, M, N; Mm, Nn, two verti- 
cal lines meeting the horizontal plane 
mOn in the points m 9 «. Let OZ be a 
vertical line passing through 0 9 and 
with the centre 0 and radius 1 , con- 
ceive a sphere to be described, and let ^ 
the planes ZOM , ZON\ MON \ cut this sphere in the great circles CA 9 
CB , AB . The angle observed with the repeating circle is the oblique 
angle MQN, which is measured by the arc AB, but the required angle 
is mOn , which is equal to the spherical angle (J (Trig. art. 123). The 
angles MOm 9 NOn, are known from observation, and therefore the com- 
plements of these angles, or the arcs CA, CB, are known. We have, 
then, in the triangle CAB, the three sides CA, CB , AB, given to find 
the angle CL 

Let h, 11, he the altitudes of the two signals M and N, 0 tho angle 
between them ; also, let the horizontal angle =i~- 0 + x; then CA = 90° 
— h , CB = 90° — h', AB =r= 0, angle C = 0 + x. By Trig. (art. 140), 



, cos AB — cos CA 


an 


Now, in practice, h, 11, are always very small, and 0 + x is nearly 
equal to 0, therefore x also is very small. Hence 

cos (0 -p- a?) = cos 0 cos x — sin 0 sin x = cos 0 — x sin 0, nearly. 
Also, cos h cos h ! = ( 1 — + &c.) ( 1 — -JA' 2 + &c.) = 1 — -J(^ 2 + A' 2 ) + &c. 


.*. =1 -j- 4 (A 2 + A' 2 ), nearly, 

cos h cos h' 1 — -J (A 2 A' 2 ) + &c. 

and sin h sin hi = AA', nearly. Substituting these values above, we have 

cos 0 — x sin 0 = (cos 0 — hit) J 1 + ^ (A 2 + h ,Q )\ . 


Jroughlon, 1st volume of the Memoirs of the Astronomical Society. 
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Hence x sin 9 = hh! — ^ (h* 4 - A'*) cos 9 • 

= (A + h’Y - (A - A')« _ (A + h')° + (A - A')« 0 

4 > 

, _ (A + A ') 2 1 — cos 9 (h — ■ A*) € 1 + cos 9 

4 sin 9 4 sin 9 

= -J (A 4 - A ') 2 tan 49 — *(A — A ') 2 cot £ 9 . 

Here x is measured in parts of the radius ; if it be measured in seconds, 
we have x = sin 1* ; therefore 

= (A 4 - AO* tan ^9 _ (A — //) 2 cot £ 9 f4 * 

4 sin 1" 4 gin 1* 


# Ex. Let 0 = 51° 9' 

' 29"-774, 

A = 1° 32' 45", 

A' = 1° 7' 10", 

then £( [h -f A') = 479?' 

'•5, J(A- 

- A') = 767"”5. 


Slog J (A + A') 

7*362030 

to 

o - 

33 

K*- 

i 


tan \ Q 

9*680038 

cot 0, 

0*31 9962 

ar. co. log sin 1 " 

4*685575 

ar. co. log sin l'\ 


53*413 

1*727643 

54)66, 


Observed angle 


o / 

29*744 


4- 53*413 
— 5*966 


Angle reduced to the horizon - 51 10 17*191 


146. It sometimes happens, when the steeple of a church, or other 
remarkable object, is selected as a signal, that the theodolite cannot be 
placed immediately over the point occupied by the axis of the signal. 
In this case, the instrument must be removed to some convenient place 
near it, and a reduction is then applied to the observed angle, in order 
to obtain the true angle at the centre. 


J47. Prop. III. — It is required to determine the <c reduction to the 
centre” 


Let A be the situation of the axis * F the signal ob- 
served from the stations B and (K 0 the place 
of the centre of the instrument. Put A, B, C, for 
the angles of the triangle ABC> and a, 5, c , for 
the sides, respectively, opposite to them. Let AO 
= m, angle AOB = /3, angle A OC = y, angle BOC 
= 0; also, angle ABO = a?, A CO = y. Now, 

angle A = BDG — x = 0 — x + y ; also, 
sin x : sin (3 : : m : c ; sin y : sin y : : m : l ; 


sm x \ 


m sin (3 


, smy = 


m sm y 



• • 


c 
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But since 0 is always near the station A, the angles x and y are very 
small, and therefore 

sin x = x = x* sin 1*, sin y = y = y" sin 1*, very nearly. Hence 

A = 0^ + msin r (5) - 

c sin \* b sin \ H 

148. When all the angles have been observed and reduced to the 
plane of the horizon, if the triangle were a plane one, their sum ought 
to be equal to 1 80°, and thus the correctness of the observations might 
bo verified. But in a spherical triangle, the sum of the three angles 
exceeds 180°, by a certain quantity, called the spherical excess; and as 
this. can easily bo calculated from the J.5th theorem (Trig. art. 136), 
we have the same means of verifying the operation in Spherical as in 
Plane Trigonometry. 

« 

149. Piiop. IV. — It is required to determine the spherical excess in 

a small triangle measured on the surface of the earth . f 

Let A, By (7, be the three angles of a spherical triangle, r the radius 
of the sphere expressed in feet, x the area of the triangle in square 
feet, and t the spherical excess given in seconds; we have then, by 
theorem 15, 

x : 7 r r z : : A + B + (J — 180° (= e) : ISO x GO x 60 seconds; 

x x 648000* 
c =5 ; 

7 vr~ 

and, if wc suppose the mean value of r to be 2 0, 8 8 87 Cl feet, the loga- 

7 t r~ 

ritlim of — is equal to 9-32540. The value of x may be calcu- 
648000 * J 

lated as if the triangle were a plane one, without any sensible error. 
Hence we have the following 

Rule . — From the logarithm of the area of the triangle, taken as a 
plane one in feet, subtract the constant logarithm 9*32540, the re- 
mainder will be the logarithm of the spherical excess in seconds, nearly. 

150. When the triangles are very large, a more correct value of r will 
ho obtained by computing for the mean latitude of the three stations, 
the radius of curvature of the meridian (art. 185), and of the arc per- 
pendicular to the meridian (art. 195), and taking the mean of the two 
for the value of r. 

151. The following example is taken from the Encyclopaedia Britan- 
nica. The triangle connects the west of Scotland with Ireland, and is 
one of the largest which occurs in the Trigonometrical Survey. 

The three stations arc Bcnlomond, in Stirlingshire (-4), Cairnsinnir- 
on-Deugh, in Kirkcudbright (2?), and Knocklayd, in" the county of 
Antriip \C) ; the arc c is 352037*62 feet, and the angles arc as fol- 
lows: 

A, | B O 

79 42 28-69 4°3 34 38-36 

35-43 


43 34 36-89 


56 43 29-97 
; 27*04 

; 28-72 


‘IJfcau.,. 5<^jF98'58 




. The latitude of Benlomond (tiie most northern rtatbnJ ie iao jiVW 
and that of Knooklayd (the moat, southern) is .55° 10'; the .mean of.,- 
the two is 53® 40'. The values of tho radii of curvature are therefore \ 
(art. IB5) . < 

r = 20,924824 feet, »> = 20,908300 feet, mean = 20,940802 feet. v- 

, 180 x 00 ^X 60 _ 

log 6-31443 

. log r* = 14-04224 


0-32781 
log area = 10-80891 

, . . . „ ' m 1 

e s* 34* *76 1-54U0 • 

• . • ■* 1 * 
•;!/ * •• ^ . '■ * <l Y' ' 

152. The the three angles of the triangle being found from 

observation =3i O' 34**16, and the true spherical excess beitur 

U 4.1 3 .L.J j* ^ *5 U. ,1* . . ® 


equally divided among the tliree angles ; biit,’ as it generallyhappens 
of the anglea have been determined from a greater numher of 
ol^l^r-ns, or from observational made under more favourable dre am- 
s^firtJlsntbe others,. this error- should be distributed among the three 


W^es in such n manner that .the i|sgecti ve corrections may b» in vcrsely , ; 
. to .tb® , relative . gopcBly 'Olathe observations. • j?or this 

jmppr'^l^ hr this. work. 


' ®f '-reading uhyjugtie 

thb moan or h'vbnige^ #$! 
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In like manner,* the weights y and z are found for the angles B and (7. 
This error in the sum of the three angles is then divided into three parts, 

proportional to -i, -1 , i, which are to be added respectively to the 
'x y z 

three angles -4, B, and O. 


To apply this to the last-example, we have for the angle A y l= 29 * # 97 , 
V= 2 ?'- 04 , V = 28 "* 72 ; therefore n = 3, m ~ $ (/ + /' + P) = 28 "* 58 . 
Hence 

1 — LLiffi + Qjgj); ± (° ,1 4< ) a _ - 061 . * 

* £ X 9 


The angle /? was given from one observation only. We may, therefore, 
assume the weight y = *1, and - =* 10, 


At C the reciprocal of tlio weight 


4x4 


Hence the error — O^GO is to be divided into three parts proportional 
to the numbers *961, 10, 2'41G; and, consequently, tlie corrections of 
the angles arc, respectively, + 0**04, -f 0 "*46, and -f- 0"*10. The 
true spherical angles, therefore, are 

A = 56° 53' 2 8"* 62 ; B = 79° 42' 29'- 15; C = 43° 44' 36*-99. 


IV. — THE CALCULATION OF TI1K SIDES OF THE Till ANGLES. 

154. The three spherical angles of the triangle being thus determined 
fiom observation, and corrected, and one of the sides being always 
known, either from actual measurement or calculation, it is necessary 
to show how the two other sides may be determined. The triangle 
may he considered as a spherical triangle, Ayhose sides are very small, 
compared with the radius of the sphere; in which case three different 
methods have been employed for its solution : 1st. From the three given 
spherical angles, the angles formed by the chords arc deduced, and from 
the given side of the triangle, the corresponding chord is calculated. 
With these data the other chords are found by Plane Trigonometry, 
and from thence the arcs themselves. 2nd. A second method is by the 
theorem of Legendre, by which the spherical triangle is reduced to a 
plane triangle, whose sides arc respectively equal in length to the sides 
of the triangle of the sphere. 3rd. The third method is to compute the 
sides by Spherical Trigonometry, 


FIRST METHOD. 

155. Prop. VI . — To reduce the angle of a spherical triangle to the 
angle formed by the chords of the containing sides . 

Let a, b , c, he the sides of the spherical triangle, and r the radius of 

the sphere, all measured in feet; also, let -~=a, ~= /3, =sy, then 

will a, j3, y, he the sides of a similar triangle, on a sphere whose radius 
is 1. Let A be the spherical angle opposite to the side a, and let A~x 
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be the corresponcfmg angle formed by tl»3 chords. We have then 
(Trig. art. 140), 

. cos a — cos 3 cos y • 

COS A = s = • 

sm p sm y # 

^ (1 — 2 sin 2 ju) — (1 — 2 sin 2 j/3) (1 — 2 sin 2 Jy 

_ ~ g s i n j^g cos j/3 x 2 sin'jy cos jy 

_ sin 2 j/j -f sin 2 jy — sin 2 jq sin j/3 sin j y 

~~ 2 sin j/3 sin jy x cos j/3 cos jy cos j/3 cos jy * 

Also, because chord a = 2 sin j a, chord /3 = &c., wo have, in the 
triangle formed by the chords, 

, A N chord 2 0 -f chord 2 y — chord 2 a sin 2 j/3 + sin 2 jy — sin 2 ju 

cos ( x )— • 2 chord /3 cliorif y 2 sin j/3 sin jy ' 

substituting this in the preceding equation, we get 

. cos (A — x) sin },B sin jy 

• * COS A— - -r.T T 7 ,, \ ; 

cos Jp cos jy cos j/j cos jy * 

cos (A— .r) = sill j/3 sin jy H- cos cos jy cos A .... (7) 

This expression is exact. Hut, because the three arcs, a, /3, y, are very 
small, A —x is nearly equal to A, and therefore x is also very small. 
Hence 

cos (A — x) = cos A cos x *f sin x sin A = cos A q- sin A, nearly. 

Also, sin \0 = j/3, cos \Q = 1 — j/3 2 , sin jy = &c., very nearly. 
Ilencc, substituting these values in equation (7), and reducing, we obtain 

x sin A = j/3y — j (/3 C + y 2 ) cos A 

_0S -f-y) 3 -(/9-y) 2 (/3 + y)* + (j9-y)* „ 

le cos^; 

( f 3 4- yY 3 — cos A (/3 — y) 2 1 ■+■ cos A 


= (^i^y tan kA - cvr cot iA : 

or, if x be estimated in seconds, 

' - (-irv sW - Hrv s iTp- - *‘ (8) 

15G. Having obtained the three reduced angles, we find tho chords 
of the spherical arcs intercepted between the stations, from Plane Trigo- 
nometry, and from them we deduce the \<s themselves, by means of 
tho following formula, p. 331, Ex. 5. 

a .1,1 (sin ja) 3 1 . 3 (sin j-a) 5 . * 

2 + "2 — 3 + TTT “ 5~ + & ’ 

and, because chord a = 2 sin £a, and a is very small, if we neglect the 
term9 after the second, and multiply by 2, we get 

, , , (chord a) 3 , a chord a , (chord a) 3 

° “ chord a + L -- L; hence _«= r + .V-^ ; 


a = chord a + 


2x2 
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Example . 

157. As an example of this method of solution, wo will tuke that 


given in art. 151. r 
log r* 

'll- 64224 

(i) 

9-46807 

16 sin 1" 

. 5*8890.9 

(b- c y . 

10-35468 


0*53193 

cot jA , 

0*26765 

(0 

<« + «)• 

.. 9*46807 

.. 11*86312 

1 "• 23 1 . 

0*09040 

+ 11-583 

tan A 

. 9*73235 


— 1.231 

ll*-583 

. 1*06384 


*= 10-352 


In tho same manner, the corrections for the angles B and C will do 
found to be 14" 9 08 4/ and 9'*? 21., respectively. Hence the three angles 
formed by tlm chords aro 

A' - 50° 43' 18"*27, K = ?9° 42' 14 "- 47 , 6' = 43° 34' 27 '* 26 , 
and the sum of these = ISO 0 , as it should be. 

The chord c having been previously found equal to 352033*48 feet, 
we aro enabled to find tho lengths of .the chords opposite A f and B‘ 
from the proportions, 

sin 6" : sin A* :: chord c : chord a; sin (f : in B' :: chord c : chord b. 


coscc O'.. 
sill A' ... 
chord c . . 

. .. 0*1615956 
.... 9*9222144 
.... 5*5 465840 

0*1615956 

sin B' 9-9029490 

5*5465840 

chord a.. 

.... 5-6303040 

chord b 5-7011295 

hence chord a 

= 426066-60 foot, 

chord b = 352033*48 feet. 


We have now to determine the lengths of the arcs a and b from tho 
corresponding chords, from formula (9). Making use of the logarithms 
already given in the preceding solution, we readily find 

(diord af (chord by (chord e) 3 _ , ,, 

24> “ ' oJ ’ ~~ ~ 1 2 05 > —— = *' U ’ 

and therefore the lengths of tho arcs'arc 

(i = 420974 * 08 , b = 502504 * 51 , c = 35203702 . 


SECOND METHOD. — LEGENDRES THEOREM. 


158. Prop. VII . — Jf the three sides of a plane triangle be equal to 
the three sides of a small spherical triangle , respectively, the difference 
between each of the angles of the plane triangle , and the corresponding 
angle of the spherical triangle , will be equal to one-third of the spherical 
excess. 


As before, let a, l , c, he tho three sides of the small spherical triangle, 

* * a b 

measured ip fpet, r the radius of tho sphere, and *j? = a, ~ = /3, 
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= y. Also, let A bo the spherical angle opposite tb the side a, and 

A r the corresponding angle in a piano triangle, whgsc sides are a, i, c, 
Wc have, tlien, as before, * • 

4 cos a — cos (3 cos 

COS A = ~ 7 T~ • 

sin sin y 

If we now expand each of the quantities cos a, cos / 9 , sin &c., in a' 
scries, and arrange the terms according to the powers of a, ft, y, we shall 
find that tho terms of the first order will be the same ns if the triangle 
were recti lineal/ and those of the second order will contain the fourth 
Jlpwers of the arc in the numerator, and the second powers in the de^ 
nominator, * Neglecting, therefore, all powers higher than the fourth, 
we ha vo 

• cos a = J — J a- -4 (i \ shi j3 = ft — J ft\ cos ft = &o* 

Substituting there values in tho preceding equation, it becomes 

* ,* , _ K/5 2 + y 2 - <* 2 ) + -£r (« 4 - /s* - y*) - i 3* y* 

And because - 77^- 7— ^ = 1 + <S (i 3 ' + y 2 ) + /or (1 94 + y*) e + 

J — 4 "t y ) 

if wc substitute this above, and neglect all terms containing powers 
higher thau the fourth, wc get, 

A P" -p y® — a c a 4 + P* 4 y 4 — 2a 2 /3 2 — 2a c y* — 2 ft 2 y 2 

coaA = + 2407 

4 c® — a® a 4 + 4 c 4 — 2a ®c® — 2a® c® — 2b 2 c 2 ' 

~ 26c + 2 TbTxl :i 

But - — ijj jg; — ~ = cos A' (Trig. art. 100) ; also (vol. i. p. 419 ), 


2a«6 4 + 2a*c* + 26V - a* - 6“ — c* ~ ( 1 area) 4 = 1 0 .S’* ; 

■ 2jS* 3 

cos A 5= cos A' — ~ (10) 

3bc x r* ' v 

Let A = A' 4 x, then or is evidently a very small angle, consequently 
cos A = cos A ' cos x — sin ar sin A' = cos A ' — x sin A\ 
nearly. Comparing this value of cos A with equation ( 10 ), wc have 
2S* * S . 0 x 

x = : ; : -7 —5 — r. (MdlS. prob. 2 .) 

3r~ x be sin A 3 v 1 


Hence A' = A - ~~ ( 11 ) 

or 

S S 

In liko manner, B r = B — — , C" = 6' — ; 

V 

A 7 + 71 ' 4- = 180 ° = A 4 2* 4 £ 7 - 

• r 

S 

Hence — is the excess of the three angles of the spherical triangle 

above two right angles, and each of the angles A, 71 , C 9 exceeds Iho 
corresponding angle of the piano triangle by one-third of this spheriodl 
excess, * 
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* Example . 

159. Taking the same example as before, we find the spherical excess 
* 34" *76, and one- third of this excess = 1 1"*59. Hence 
A! = 56° 43' 17**04, B' = 79° 42' 17'*56, C = 43° 34' 25"*40. 
With these angles, and the given side c = 352037*62 feet, we then 
compute tho other sides, a, 5, by Plane Trigonometry, 

sin C : sin A f :: c : a y and sin C : sin j B' :: c : b. 


coscc C 0*1615997 

sin A 1 9*9222127 

c 5*5465891 


0*1615997 

sin B f 9:9929511 

5*5465891 


5*6304015 


b 5*7011399 


Hence a = 426974*06 feet, b = 502504*42 feet. 


THIRD METHOD. 

Prop. VIII . — To compute the sides by Spherical Trigonometry . 

160. 13y Trig. (art. 141), sin C : sin A : : sin c : sin a (a) 

And since c and a are very small, compared with the radius of tho 
sphere, 


sin c 
r 


c 

r 


c 3 
6r^ 


, nearly; sin c = c (l — 


M 


log sin o = log c + log (l — £.J = log e — (12) 

nearly (Alg. art. 400), these logarithms being taken from the common 
tables, and M being the modulus of the system. Having found log sin c 
from this expression, we get log sin a from proportion («). \V r c then 
obtain a from the equation 

log a — log sin a + ~ a? = log sill a -f ^ sin 5 * a (13) 


6r 2 

Example, 

161. To apply this to the last example, 
log r* 14.64224 


}J/ 8.85963 

(1) 4.21739 

c 2 1 1,093 18 

.0000204 5.31057 


log c 5.5465891 

.0000204 


( 1 ) 

.0000301 


5.63037 

5.63037 

4.21739 

5.47813 


sin c 5.0465687 

sin A 9.9222287 

cosec O 0.1615740 


sin a 5.6303714 

.0000301 


a 5.6304015 


As tho logarithm of a is exactly 
the same as that which wo ob- 
tained by Legendre's method, the 
arc itself will also be the same as 
before. 
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The logarithm of the side b is found in the same manner = 5,701 1398, 
which only differs from the former logarithm by a unit in the last 
place of decimals. 

In comparing these three methods together, hegendre’s certainly 
appears to be the most simple, and the first method perhaps the most 
difficult. They are all, however, rendered considerably more easy hi 
practice, by means of auxiliary tables, previously calculated. Tho 
third method also has an advantage over the two others, in this re- 
spect, that if any of the angles (A for example) be one of the angles in 
anothor triangle, as in calculating tho latitudes and azimuths, no further 
correction will be necessary ; whereas, in the first and second methods, 
a new reduction must be made in order to obtain tho angles for 
calculation. The whole may be brought tinder one view in the follow- 
ing table. 


i 

! 

m 

Observed 

9 Angles. 

Apportion, 
ment of 
Error. 

Spherical 

Angles. 

Chord 

Angles. 

Mean 

Angles. 

Opposite 

Chords. 

Opposite 

Arcs. 

A 

B 

C 

56 43 28.58 
79 42 28.69 
43 34 36.89 

+ 0.04 
+ 0.46 
+ 0.10 

28.62 
29.1 5 
36.99 

i 

18*27 

14.47 

27.26 

i. 

17*04 

17.56 

25.40 

426966.69 

502492.46 

352033.48 

1 

426974.08 

502504.51 

352037.62 

1 

180 0 34.16 

1 

0.60 

34.76 

0.00 

0.00 


V. CALCULATION OF THE LATITUDES, LONGITUDES, ANI) 

AZIMUTHS. 

162. When all the sides of tho principal triangles have been found, 
by one of tho methods described in the preceding articles, wc proceed 
to determine the latitudes and longitudes of the different stations, and 
the inclinations which tho sides of tho triangles make with the meri- 
dian. For this purpose, it is necessary that tho latitude of one of tho 
stations and the azimuth of one of the sides should be found inde- 
pendently, by astronomical means ; and from them vve may defermino 
the longitudes and latitudes of all the other stations, and the azimuths 
of the sides of the triangles. We shall fust suppose tho earth to be a 
sphere, rind afterwards correct the error arising from this hypothesis. 

163 . Prop. IX.— Given the latitude of a station A , the distance of 
A from another station Z?, and also the azimuth of B as seen from A, 
to determine the latitude of B> the ea. being considered as a sphere. 

Let P be the pole of tho earth, J A , PB t the 
meridians of the stations A and B • Let the angle 
FAB = A , PBA = B , arc PA = 90° - l } 

PB ss 90° — l\ and l — H ==\ ; also, let the arc 
AJ3 measured in feet = Z), and iu parts of the 
radius =8; and let tho radius of the earth mea- 
sured in feet = r. Wc have then, from Spherical 
Trigonometry (art. 140), 

cos PB = cos PA cos A B 4- sin PA sin A B cos A , 
or sin V ; sin l cos h -f cos l sin S cos A . . . («) 
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Hut sin t «= siu (/ — X) = sin / cos X — cos l sin 

= sin / (1 — *]X 2 ) — X cos /. 

Also, cos„t) = — £c 2 , sin $ = o, 

neglecting all the powers of o and X higher than the second. 

Making these substitutions in cquatiou (a) we have, 

sin l (1 — -JX*) — X cos l = siu l (1 — «|2*) — c cos l cos A ; 

X = c cos A + l (c 2 — X 11 ) tan L 

For a first approximation, wo may neglect the second powers of $ 
and X, and a*->ume X = o cos A, which is the same thing as if we sup- 
posed the meridians at A and B to be parallel. Substituting this first 
value of X in the second member of the last equation, we obtain 

X = o cos A + je- sin 2 A tan /. 

Here X and o are measured in parts of the radius. If X" be the num- 
ber of seconds in X, then X —X" sin l" ; also S = Making these ( 

substitutions, the last equation ecomcs 

- _ I) cos A, If sin 2 A tan l 
k ~ Vsin !"■ 2r* sin" 1" OO 


164. Prop. X. — To determine the same when the spheroidal figure 
of the earth is taken into consideration. 

Let PA, PB, be the meridians of A and 
J7, the earth being considered as a spheroid ; p 

let AM) BN , be the normals to the surface p 

meeting the polar axis in M and N; join X^S^, 

BM. Suppose ApB to be the surface of \\ 'Xx 

a sphere whose centre is M, and radius \\ X : 

MA. Then, because the arc A B is very \\ x \ _ 

small, and A M is a normal to the spheroid, 

it is nearly equal to the radius of curvature ^ 

at A (art. 105), therefore the surface of the ^ t 

sphere will very nearly pass through B, and 

the difference between tho arc AB on the 

sphere and on the spheroid will be altogether insensible.* The spheri- 
cal triangle pAB may bo considered as that wlmso solution wo liavo 
given in the last article, and on this supposition BMp = 90° — /'is 
the colatitude of 13. Hut the true # colatitude of li is the angle BNP 
c= 90° — L y which is greater than BMP by the angle MBN. Let 
l — V = x, V — L = MBN <p ; w e have, then, in the triangle BMN 

MN . CM-CN _ 

sin (jt == jjjj sm BN At = — — - — cos L ; 

but (art. 1 85) CM = AM . c Q sin l, ON = BN . e* sin A, yiereforo 

sm ♦ = 008 L (m sm 1 dm 8m L > 


* The difference between the arc and the chord is a very small quantity, even in 
the largest triangles on the Burvey, and, therefore, the difference between two arcs of 
imtjy equal curvatoie, which have the same chord, will be inappreciable, 
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And since r— £ and differ from unity by a quantity of a very 
minute order, wo have 

sin </> == er cos L (sin l — sin Z), yery" nearly. 

Now, sin Z = sin — (X + ^>) ] = sin l — (X + <p) cos /, nearly. 
Also, sin*^ = 0 , very nearly, therefore 

(ft = t ,s (X + <j>) cos L cos /. 

Hence, transposing and dividing, 
e % X cos L cos i 

0 ss - : = c' : A cos // cos /, nearly : 

1 1 — c* cos Z cos / J 

<f> = e®Xcob e /, nearly, and X + ^ = X (l -f e 3 cos 3 /). 

f fence, on the spheroid, the difference of latitude 

_ f L) cos A 1)* sin 3 A tan /) , t , A TV , x 

*-Z = { r — — - + ~ r<r T T 7- (1 + <?***• /)...(I5) 

r sin 1 mu r ) / \ / 

where r =: AM, the normal to the surface at the station A . 


Hf5. Frop. XI. — things Icing given, to find the difference 
of longitude. 

The difference of longitude on the sphere is the angle ApB , which is 
equal to APB, the difference of longitude on the spheroid. Wo have, 
then, by Spherical Trigonometry, 

sin Bp : Bin A : : • sin o : sin p : : S : p. 


But sin Bp = cos /' = cos L, very nearly, i = D -r r, 
p ss p = P" sin H, thcreforo « % 

y-4 — 7 .(16) 

r cos Z sm 1 


I GO. Prop. XII. — To /tW azimuth of A as seen from B. 

In the spherical triangle ApB wo have, from Napier’s analogies 
(Trig. art. 155), 

cos i(pB + pA) : cos J (/>£ — ;jA) : : cot \p : tan J-(A 4- 7i). 
Now, £ (pJ5 + pA) = 1 (00° - 0 + i (M>° - /) =-90° - | (/ + f), 
| - pA) == J (/ - /'), J (4 + B) =• 00° - 4 (180 — A — Z). 

Making these substitutions, this proportion becomes 

sin + O : cos \{l - t) : s i ]/> : cot £(180° - A - 7?) 

: : tn * £(180° — A — Z) : tan 

And because the distance AB is always very small, compared with the 
radius of the earth, A + J5 is nearly equal to 1 80°, and, therefore, 
180° — A — B is a very small angle. Also, \p or \P is very small. 
Wo may therefore substitute the arcs for the tangents, and also L for V, 
without sensible error. ITence, forming an equation, we obtain, 


B = 180° — A 


, sin 1(1 + L) 
cos \{!- L) 


.(17) 


Tho angle B , which wo have calculated, is the spherical angle pBA , 
or the angle contained between tho planes MBp , MBA ; but the true 
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azimuth is the spheroidal angle contained between the planes NBP , 
NBA ; the difference, however, between these angles has been proved, 
by Delambre, to be so small as not to be sensible in practice. 

In the trigonometrical survey, the angles are measured either from the 
north or south to the. east or west ; but in the “ base du systeme 
metriquo," the angles are measured from the south towards the west, 
entirely round the circle. 

167. Phop. XIII . — To determine the azimuth of one of the signals 
independently from astronomical observations. 

The general principle of the method is this. The error of a clock or 
chronometer is found, either by means of a transit instrument, or by 
observations of equal altitudes, or by single altitudes, if tho Latitude of 
the place be well known. Tho observer then takes the angle (0) be- 
tween the signal and the sun, or a star, when near the horizon, and 
notes the time when the observation was made. The azimuth of the 
heavenly body is also calculated for this time ; the latitude and declina- 
tion being known. Then tho sum or difference of the angle 0 and tho 
azimuth of the heavenly body will give the azimuth of the signal re- 
quired. The refraction will scarcely affect the result, but a small error 
in tho time would produce a considerable error in the azimuth. 

The method adopted in the trigonometrical survey was to take the 
mean of the two angles observed with the theodolite, between a flag- 
staff and tho polo star at its greatest elongation east and west. But, 
from tho great altitude of the pole star in our latitudes, any error in tho 
adjustment of the cross axis of the theodolite to horizontally, would 
materially affect the resulting azimuth: 

# Example. 

16B. From tho Trigonometrical Survey, vol. ii. p. 88, the distanco 
of Black Down from Dunnosc = 314397*5 feet, the latitude of Dun- 
nose = 50° 37' 7",3 N„ and azimuth of Black Down, as seen from 
Dunnosc, = 84° 54' 51" '5 N.\V\ Itequircd the latitude *and longi- 
tude of Black Down, and tho azimuth of Dunnosc, as seen from Black 
Down. 

To find the Latitude. 

The normal AM, which is equal to r tho radius of tho curvature at 
A, perpendicular to the meridian, is found (from art. 185) = 20,963000, 
nearly. 


lofr j 1 . ........ . 

7*3214 5 

j 2 r a sin 1".. ...... 

9.62950 

1" 

4*68557 

i 



ar t no. T-tt 

0*37050 

. 

2*00702 

IP 

10*99470 




sin* A 

9 99658 

ar. co. «. 

7*99298 

tan /. . 

O'OS.073 

D 

5-40735 

( 1 + e‘ cos 2 1) .... 

0001 16 

cos A 

8.94763 


— 

( 1 -j- c 9 cos'-* l) . . 

0-001 16 

• 

• 

• 

• 

• 

• 

• 

o 

»— « 

CO 

c* 

1-44867 

2 74"* 87 

2*43912 



Hence l — L 

— _ 274"- 87 + 28"' 10 = - 4' &'• 

■77, and 


L = l + 4' 6' ,p 77 ss 50° 41' 14"* 07. 
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To find the Difference of Longitude. 


ar. co. log r sin l" 7*99298 
D 5*49735 

sin A « • • • , 

.... 9-99829 

sec L 

... 0-19822 

48 62"* 3 .... 

... 3*68684 


Jlencc P = 1° 21' 2"*3 ; and 
since the longitude of Duunosc 
was previously found 1° IT 36", 
therefore, the 

long, of Black Down = 2° 32' 38"* 3 


To find the Azimuth. 

sin l (l + L) . . 9*88836 
cos i(Z — /) .. 0 00000 
P..\. 3* 68684 

3760"* 12 3*57520 

Hence 

B 180° — A — 1° 2' 40M2 
= 94° 2' 2? ,, *38. 

The observed angle PBA was 
94° 2' 22**75. 


In tho survey, the value of P is found to be 1° 20' 46**4. The 
difFcftenco (15".9) arises from an erroneous assumption in tho length of 
the perpendicular degree, which gives all the longitudes on tho southern 
eoa^t of England too small. 


VI. — HEIGHTS OF THE STATIONS, AND TERRESTRIAL 
REFRACTION. 

169. IW. XIV.- -To find tho altitude of the station B above the 
station A . 

Let C be the centre of the earth, sup- 
posed to be a sphere, and A and B two 
stations on its surface. I)raw T A D, BD , 
perpendicular to the radii CA , Cl?, re- 
spectively ip the plane CA B ; and sup- 
pose #flnd b to be the apparent places of 
A and B as seen from each other, and 
elevated by refraction. If the rays of 
light proceeded in straight lines, the 
angle DAB would be the depression of 
B below the horizon of A, and DBA the 
depression of A below* the horizon of B. 

And because DAC, DBC y are right 
angles, 

C+D^lM°=DAB + DliA + D, and C^DAB + DBA. 

Also, since the distance AB is ' r.own, and the radius of the earth 
(sufficiently near for this purpose) the angle C can easily be found. 

Let a, j9, be the observed* depressions at A and B respectively, and 
p, p, the two refractions, then, 

DAB a + p, DBA = /3 -4- p , and (a + p) 4* (P 4- fO = C ; 

.*. mean refraction -J(p + p) = £(C — a — ft ) (18) 

Let E be the point in CB which is on the same level with A, then 
CJ?= CA, and EB is the altitude of B above A, which is to }>e 
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determined. Johi AE , then tho angle DAE~90°— CAE as 
therefore the 

angle BAE = <p = DAE — ZMZ? = (7 — (a + p)# • • »(19) 

and since the angle is always very small, and very nearly 

a right angle, 

BE = x f = 5 X sin IV... ..#...(20) 

If one of the stations (J7 for example) is elevated above the horizon of 
A % p must bo considered negative. Also, each observation must be 
reduced, previously to the calculation, to the place of the axis of the 
instrument. + 

Example. 

170. At Allington Knoll, the top of the staff on Tentcrden steeple 
was depressed 3' 5" ; and the axis of the instrument was 5£ feet above 
the ground : on Tentcrden steeple the ground at Allington Knoll 1 was 
depressed 3' 35", and the axis of the instrument was 3-1 feet below tho 
top of the staff. The distance between the stations being 61777 feet, 
it is required to calculate the mean refraction, and also the height of 
Tentcrden steeple above Allington Knoll. (Trig. Sury. vol. i. p. 176.) 


The angle which a perpendi- j 
cular height of 5.5 feet subtends j 
at the distance = 61777 feet is 

61777 X sin 1- - I8 " 4: “ d 
in like manner the angl^ which 
3*1 feet subtends is 10"*4. Hence 

Length of perpendicular degree 
at Tentcrden, vol. i.p. 168 61 185 

fathoms. 

Fathoms. Feet. 

61185 : 61777 1 : 10 6 

P 4 1-4 

3 16*6 

Depression of the top of f H 

tho staff.. . * • 3 51 

Correction due to 3*1 ft. -f 10*4 

a + 13 

a 

♦ 18-0 

10 (T 

Depression of instrument 4 1 *4 

9 + 9 

2 48 

Depression of the ground 3 35 
Correction duo to 5} ft. — 18*4 

Mean refraction 

1 24 

Depression of instrument 3 16*6 



Ileneo ?>" = \ C — (*-f mean refr.) = 22*’4, 

and k = D x <j/ sin 1" = 6*7 feet. 



Tho vertical height of the axis at Allington Knoll had been pre- 
viously found to bo 329 foot, so that the height of tho axis on Tenter- 
den steeple was 322*3 feet. 


171. To find the absolute- altitudes, it is necessary that the heights 
of one or more of the stations be ascertained, by actually levelling down 
to the surface of the sea. The heights of all the intermediate stations 
are then determined by tho reciprocal angles of elevation or depression, 
carried on from station to station, and it is obvious t\at a verification 
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will be obtained for every three stations ; for the difference of altitudo 
between A and B , when found from direct observation, ought to be the 
same as when deduced from the difference of tho* heights of each of 

those stations and a third station C. * 

• 

172. In the preceding example, the effect of refraction is -|4h of 
the intercepted arc. In other cases, the refraction varied from jth to 
■j^th of the contained arc. When reciprocal observations coiild not be 
obtained, -j^th of C yas generally assumed as a mean value of p, in 
order to obtain the angle 0 in equation (19). 

VII.-MEASUREMENIi OK THE ARCS OF THE MERIDIAN, AND THE 
ARCS PARALLEL TO THE EQUATOR. 

173. When a chain of triangles has been formed nearly in the 
direction of the arc of a meridian, and all the sides have been computed, 
according to the preceding rules, we arc enabled to determine tho 
length of the arc of the meridian intercepted between the parallels of 
the extreme stations. For this purpose, two different methods have 
been adopted, which wo shall briefly explain. 

T3IE METHOD OF OBLIQUE-ANGLED TRIANGLES. 

174. Prop. XV. — To measure the arc of tho meridian intercepted 
between the parallels of A and L, 

Let A B C D . . . . he a chain of triangles 
lying nearly in the direction of the meridian AX. 

All the sides of the triangles are supposed to have 
been previously computed, and the angle CAX is 
given from observation. Produce CD to M, join 
FM; and, from the last station L, draw LX per- 
pendicular to tho meridian AX. The following 
spherical triangles will then he most easily solved, 
accor^jng to Legendre's method, by first com- 
puting the spherical excess in each case, and then 
deducting onc-third of this excess from each of 
the spherical angles. 

In the triangle ACM \ there are given AC, 
l ACM, / CAM , to find [AM, CM, and jlAMC . 

Then DM = CM — CD, and /MDF = 180° 

— CDF. 

In the triangle DMF are given DF, DM, / D, 
to find MF, / DMF, lDFM. 

L FMN = 180° — (AMC {- DMF) ; 

/ MFN = DFN — DFM. 

In tho triangle MFN are given MF, /.FMN, 

/MFN, to find MN, FN, and /MNF. 

II N = FII — FN, and /FNM = UNO. 

In the triangle IT NO are given HN , / HNO , iNHO , to find NO, 
HO, and /HON. 

Lastly, in resolving the triangles HOK , OKT, LXT f wc find OT 
and TX. Hence we have, by addition, 

AX » AM + MN + NO + OT + TX. 


Jl 
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175. It must lie observed, however, that the point X is not in the 
same parallel of latitude with Z . Suppose the latitude of A to be 
greater than that of X, and let Z = the latitude of Z, and Z + x 
the latitude of X 9 also put LX = p; if, then, we suppose XA 
produced to meet the ‘meridian of L in the pole P, we shall have 
cos PL = cos PX cos LXy or 


sin (L 4- x) = sin x cos L + sin L cos x =» 


sin L 
cos p 


But sin x = x — -f & c., 1 — ^x 2 + &c., 

cos p = 1 — $p a + &e., consequently, we have 

cos L (x — &c.) + sin Z ( 1 — }jX % + &c.) =9 sin Z (1 + ^p 2 + &c.) ; 


. • . £ tan L (£p 2 + -j.t 2 ) + <fec. 


Hence a? is of the second order, with respect to p 9 and therefore the 
term involving x% being of the fourth order, may be neglected. Iltfnco 
x =. -jp 2 tan Z. In this expression p and x are measured in parts of 
the radius ; if we suppose them to be measured in feet, we must sub- 
stitute and ~ for p and a.’, therefore the correction to be added to 
r r 

AX (the latitude of A being greater tliau that of X) is 


x ■= 1L tan L 
2 r 


( 21 ) 


TIIE METHOD OF PARALLELS. 

17G. The method employed by Delainbre, to determine tlic length of 
the arc of the meridian, was to project on the principal meridian all the 
stations to the east, by means of circles parallel to the equator. He 
then computed the distance between every two succeeding parallels 
from formula (15) ; the sum of all these distances will give tho "entire 
length of the meridian between the extreme stations. Having done the 
same for the stations to the we.4 of the meridian, these two sums ought 
to give the same value for the length of the total arc of the meridian, 
and thus the two computations serve to verify each other. If the two 
sums do not agree, a mean should be taken between the two for the 
total arc. This method, however, can only be applied when the dimen- 
sions of the earth are previously known with tolerable accuracy. 

177. When the distance between the parallels of the extreme stations 
has been determined in this manner, it only remains to determine the 
latitudes of these stations, and the amplitude of the corresponding celes- 
tial arc. This is the most difficult part of the whole operation. The 
error of a single second in the difference of latitude is equivalent to 
about 1 00 feet on the terrestrial meridian, and therefore it is obvious 
that an error in the latitude is of far more importance than any which 
can affect the measurement of the base, the angles of the triangles, or 
the direction of the meridian. In the English survey, and in India, the 
latitudes were observed with a zenith sector, made expressly for this 
purpose, by Ramsden. 
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The principle of the zenith sector is this -A B Is an 
arc of a circle, having a long radius 6 y Z>, to which is firmly 
fixed a telescope 2\ of the same length. The instrument 
is suspended vertically, and the telescope (with the arc 
fixed to it) can be moved in the plane of the \neridinn a 
few degrees on each side of the vertical line, so as to ob- 
serve stars within a few degrees of the zenith. A plumb 
lino CP, suspended from the centre of the instrument, and 
passing over the arc A B y shows the angle between Cl) and 
the vertical line CP, This instrument can be turned half 
round in azimuth, so that, if observations bo made on the 
same stars in the two positions, any error in the place of 
the zero of graduation will be entirely removed ; for the 
zenith distance will be as much too groat in the one case 
tis it was too little in the other. The telescope of the 
sector used in the British survey was 8 feet in length. 

lAi France, the small repeating circle, described in art. 
139, was Used to determine the latitudes; and it has justly 
been doubted whether this instrument can he wifely re- 
lied on for determining so important an element as the 
latitude. 



178. Prop. XVI. — To determine the length of an arc parallel to the 
equator . 

Let A B be one of the sides of a chain of tri- 
angles, which lie in a direction nearly perpen- 
dicular to the meridian, and let EF be the 
parallel on which the sides of all the triangles 
are to be projected. Draw the meridians PA a, 

PBby then it is required to determine the 
length of the arc ah in feet. L'*t L = the 
latitude of the parallel EI\ l — the latitude 
of B, z = the azimuth PA ft, N = the nor- 
mal at and E f = do. at B; also, let AB 
measured in feet = Z), and in parts of the radius = e. We have, then, 
in the spherical triangle A PB y 

sin P : sin z : : sin b : cos l, 
and, because P and d are small arcs, sin P — P — ^P 3 , sin 5 = ? — 
1 very nearly; therefore, making an equation and transposing, 

P = — . + IP*- 

cos l 



As a first approximation we have I‘ substituting this value 


. sin ;r 
cos l 

of P in the second member of the last equation, we get 

p = a “L* “ £ (1 _ %l) (a) 

cos l COS l \ COS* U 

Let II be the centre of the circle EI\ and let ab measured in feet 
then 

p : bH : : measure of the angle allb or P : 1 ; 


.% p ass P x bH=P X N cos Z, equation (26) ; also d ass 


P> 


Z> 

JV' 
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Making these substitutions in equation (a) 7 we get 


N cos L 


jY' cos 


& ( n . -D 5 sin » / - sin* *\ 1 /0rtN 

('— sot>j m 


By applying this formula to all the sides of the triangles, the sum of 
thoae projections will give tho required length of the to till arc. 


179. We have now to determine the astronomical difference of longi- 
tude from observation. In the Philosophical Transactions for 1824 
an account is gi\en of some experiments performed by Dr. Tiaiks, for 
determining the differences of longitude of Dover and Falmouth. 
Twenty- four chronometers woio transported by «ea thico several times 
from tho ono place to the other, by which means the difference of 
longitude was determined to be 6° 22' 6" ; and as the length of tho 
parallel found from the siuvey was 1,474672 feet, we have the length 
of a degioe of parallel in latitude 60° 44 ' 24', equal to 231563 feet. 
The difference of longitude of Mammies and Padua was determined, -by 
five signals, at five intermediate stations (see ait. 118). The length 
of tho paiallel in fo(t was found, fioni triangulation, to bo 1,010996 
metres, or 3,316976 English feet, and the difference of longitude was 
12° 59' 3"'15, This gives, for the mean length of a degree in latitude, 
45° 43' 12", found fiom the whole arc between Maicnnes and Padua, 
255470 feet; the length of the degree found fioin the partial arc 
botween Marciines and Geneva was 255546 foot. Both these results 
are greater than a degiee in the same paiallel of latitude on a regular 
spheroid, which most nearly represents tho meridional arcs ; but no great 
lcliance can be placed on these numbers, as the determination of the 
longitudes was attended with considerable difficulty. 


VIU. — THE FIGURE OF HIE EARTH. 

180. If the earth were perfectly fluid, and had no motion of rotation 
about an axis, it would assume a spherical form ; for m this case, there 
would be no tendency in the fluid to mn in any direction, and therofoie 
it would be in a state of equilibrium. But if any portion of the surface 
weio further removed from the ccntie than the rest, the pressuio ansmg 
from the protuberant would be greater than that from the less elevated 
parts, and thciofore the equilibrium would be destroyed. 

181. But, since the earth rev elves on its axis, every particle has a 
tendency to recede from that axn proportional to its distance ; conse- 
quently its gravity will be diminished, and the columns of fluid at the 
equator, being composed of parts that are lighter, must be extended in 
length, in order to balance the columns in tho direction of the axis. It 
has been proved, by Maclaurin, and succeeding wi iters, that a mass of 
homogeneous fluid will bo in equilibiiuin if it be formed into an oblate 
spheroid, such that tho polar diameter shall bo to the equatorial diameter 
as tho atti action at tho equator, diminished by the centrifugal foicc there, 
to the attraction at the pole. And as it appears, from experiments on 
the vibration of pendulums, that the centrifugal /orce is to the force of 
gravity at thq equator as 1 to 289, it may be demonstrated, that a homo- 
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gcneoug fluid of the same mean density of the earth \Vould be in equili- 
.a — b 5 1 1 

bnum if the ratio — = nearly, a being the equa- 
torial, and b the polar diameter ; that is, if b : a 230 : 231. 


1 82. If the fluid mass of the earth be supposed not to be homogeneous, 
but to bo formed of strata that increase in density towards its centre, the 
solid of equilibrium will still be ail elliptic spheroid, but less oblate than 
before. Now, as it appears, from experiments made on the density of 
the mountain Schehallien, in Scotland, and also from those of Caven- 
dish,* that the mean density of the earth is greater than the density at 
the surface, it follows, that if the earth he a solid of equilibrium, the ratio 



will be less than before, or less than 


1 

230* 


% 183. If the earth were homogeneous, the increase of gravity from 
the equator to tho polo would bo-nj-,, ( /, C being the gravity at the 
cquStor ; and the gravity y, at any latitude /, would be represented by 
the equation y — (* (1 4* , J- (7 sin 51 /). But if the density of the earth 

. (t — b 

increase towards the centre, the ratio — ~ — , and the increase of gravity 

from the equator to the pole, divided by the gravity at the equator (y), 
will no longer be expressed by the same fraction, but tho sum of the 

two fractions is constant, and equal to twice the value of — , which 

the spheroid would have if it were homogeneous, that is, 

-J- + V - 2 2«y ~ ' 008G5 (23) 

and y = (r (1 + y Bill- /) J 

Tiiis theorem was first given by Clairaut, and is of great importance in 
determining the figure of the earth from experiments with the pendulum. 

184. As it would far exceed the limits of this work to demonstrate 


these different theorems, wo must refer the student to Airy’s Mathe- 
matical Tracts, and the Encyclopaedias Metropolitana and Britampca 
(art. Eigure of the Earth). We tdiall now proceed to show how the 
figure of the earth is to lie determined from geodetic operations. We 
shall, therefore, first consider the different properties of an oblate 
spheroid, and then compare them with the results deduced from 
observation. 


185. Let A Pap bo an ellipse, which 
by its revolution about its minor axis 
pp, generates an oblate spheroid. Let 
AC — a, CP — b, the cxcentrfcity = <te, « 
tho ordinate MJV = y, CN = .r, the 
normal Mr = n y MR = N> tho radius 
of curvature atil/= p, and the latitude 
of M, or the angle Mr a = /. Now, 
the equation to the ellipse is (art. 57) 

* The experiments of Cavendish have lately been repeated, with tho greatest care, 
by Mr. 13aily, at tho request of the Astronomical Society, and the results which lmvo 
been obtained are extremely satisfactory. The mean density of the earth, as deduced 
from these experiments, is 5*G7 nearly. 

VOL. II. 2 L 
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«V + &*** = a*6 2 . 

Also y — n sin l, and x — ‘Lx Nr = ^ n cos l (art. 91) ; 

c 

a 2 n 2 sin 2 l + — n 2 cos* 2 = a 2 J 2 ; 
b 2 

consequently w = 5 — — - — . 

d (a % cos 8 l + b 9 sm 2 /) 

And, because h % = a 2 (l — e 2 ), therefore a 2 cos 2 l •+• J 2 sin 2 Z = 
a 2 ( 1 — c 2 sin 2 l) ; hence 

n — - a ( L ~ £1 (Od) 

_ a cos? a ( 1 — c 2 ) sin / / 0 r\ 

* ~ TfTTW] ’ 9 = v(T^T»-3h^)’- (25) 


cos l V(1 — e* sin 2 /) 

fZt? COS / t»-t- q 7 


ft- = — = AV cos / (27) 

V(1 — <? 8 sm 2 /) N ' 

m - x&srvi- 1 '*** 1 - < 28 > 

= . 7 " -) 


a (1 — g 2 ) 

(1 — £{ 2 sin 2 /)ii 


186. Pnop. XVII . — The lengths of two degrees on the meridian in 
given latitudes being known from measurement , it is required to deter- 
mine the polar and equatorial diameters. 

Let />, l)\ be the lengths of two degrees in feet ; l , the latitudes 
of their middle points ; p, p', the radii of curvature at those points ; 
then, since the two arcs are very small .compared with their radii, we 
may suppose them to be arcs of two circles whose radii are p, p', without 
sensible error. Hence 

180° : 1° :: n p : D ; 
p = — D = /i D ; and p' = /« D', 


fi being substituted for — - . Hence, therefore, expanding the value of 

p, and neglecting higher powers of e than the second, we have, from 
equation (30), 

D = L = (1 + sin* 0 ( 31 ) 

JX = f - 1 = (1 + y sin* ?) 

H' n 
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D 1 4 $e 2 sin 2 l . . u , 2 , , 

2/ 1 -f sin 2 3 

... _ 2 = 2 D-d)' (32 . 

3 JJ (bin 2 1 — bin 2 l') 3 Z>' bin (/ 4*0 sin (/ — 4') 

187. If ^ = 0, or the degree is at the equator, the length of the 
degree D' a »^ ^ ° \ Hence it follows, that the excess of the de- 
grees of the meridian abo\ % c a degree of the meridian at the equator, is 
as the square of the sine of latitude. 

188. Prop. XVIII . — The length of a degree parallel to the equator , 
and the length of a degree of the meridian , being known from measure- 
ment^ to determine the polar and equatorial diameters . 

•Let A be the length of a degree parallel to the equator, at a plaeo 

# whosg latitude = <p. Then the radius of this circle# =— — — -—fjc 

equation (25) ; therefore 

^ x _ a cos l 

p ~ p V(1 — d l sin 2 l) 

Expanding this expression, and neglecting the powers of e higher than 
the second, 

A = t 008 1 (1 + fr 2 oin® /) (33) 

h 

From this equation, and equation (31), we can determine the values 
of e* and a, when 1) and A are known. 

1 89. We shall now- give some examples of the geodetic measurements 
which have been executed in our own country and in India. They are 
part of those which 3U. Schmidt has selected ns the best for the purpose 
of determining the magnitude and figure of the earth. With thesq 
data, he has found 

a == 20,921665 feet, b = 20,852394 feet. 

d — b 1 

Ellipticity == -j- =» 30^63' 

Degree at the equator — . 362732 ; degree in latitude 45° =* 364543*5. 


No. I Country . 


Latitude of 
Middle Points. 


, Length in Length n;#1 . 

Arc ineasureu. ! jj-ect. of a Degree. 


1 

India .... 

0/0 

12 32 21 

0 / ft 

1 34 56*4 

574368 

362988 

4 83 

2 


9 34 43 

2 50 10*5 

1,029171 

362863 

4- 29 

3 


13 2 54 

4 6 11*3 

1,489198 

362873 

— 46 

4 


16 34 42 

2 57 21*7 

1,073409 

363125 

4 96 

5 

j j 

19 34 34 

3 2 35*9 

1,105499 

363257 

4-118 

6 

55 

22 36 32 

3 1 19*9 

1,097320 

363084 

— 184 

7 

England 

51 25 18 

I 30* 20-0 

586319 

364952 

4256 

8 

)) 

52 50 30 

1 14 3*4 

450018 

365036 

—411 

9 


54 0 56 

1 6 49*7 

1 406516 

365109 

—107 


2 
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The last column in this table is the difference between the length of a 
degree computed with the values of a and b 9 given above, and the 
length of a degree given by measurement. These differences must be 
supposed to arise either from errors in the observations, or from local 
irregularity of form of density. The most probable source of error is 
in determining the latitudes ; for an error of a single second in the dif- 
ference of latitude is equivalent to 100 feet measured on the ground. 
On this account, the largest arcs may be considered the best ; for the 
probable error is the same, whether the arcs bo great or small. 

190. To those examples we may add the results of four arcs of pa- 
rallel, measured in different countries, and also their errors, compared 
with the degrees computed from formula (33). 


No. Country. 


Mouth of the Rhone . . . . 
Becchy Head tu Dimnosc 

Dover to Falmouth. 

Padua to Marcnnos* . * , . . 


Latitude. 

Measured 

Degree. 

Diff. 

o / // 

43 31 50 

266345 

-f 1191 

50 44 24 

232331 

+ 789 

50 44 24 

231579 

+ 37 

45 43 12 

255480 

+ 110 


191. Pilot*. XIX. — To determine the length of any arc of the 
meridian . 


-pdl. 


Let the arc aM (fig. p. 513) measured from the equator = $, then 
ds — Vt lx* + dj/ 2 t and if wo differentiate the values of x and y, given 
in formula (25), we shall readily find 

a (1 —V) dl , 

13 ~ (1 — 0 s sin* /) ^ — ' 

Expanding this expression, and neglecting all powers of c higher than 
the fourth, we get 

ds — (nil (1 — e~) ( 1 4- -i!- <' 2 sin 5 l ^ t 4 sin 4 /) ; 

and, since sin* l = J (1 — cos ‘2/;, sin 4 l = £ (3 — 4 cos 21 + cos 41) 
(Trig. art. 90), this equation becomes 

t Is = adl (1 — c 9 ) (A — B cos 21 + C cos 4/), 
where A — 1 + %er + B = £©? + -{ge 4 , C = 

And integrating 

s = a{ 1 - (?) (A l - Jfl sin 21 + \C sin 41) (34) 

No constant is necessary, because, at the equator, 5 and l vanish to- 
gether. 


102. Prop. XX . — The lengths of any two arcs of the meridian being 
given from measurement , to determine the •polar and equatorial 
diameters . 


If l and V be the latitudes of the two extremities of the first arc, and 
s, s\ tli _*?r distances measured frem the equator, then we have, from 
equation (34), 

s = a (1 — (r) ( Al — JI? sin 21 -f* sin 41) 
s' = a (1 - e«) 0 At - \B sin 2V + *6* sin 4V) 
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Taking the difference of these equations, and putting s — s' = S, 
/ — /' = A, / + = L, we have, from Trigonometry (art. 75), 

# = a (1 — <?) (i4X — B sin X cos £ -h .JQ sin 2A cos 2Z). 

In like manner \vc have, for the second arc, 0 

S' = a (l — e 2 ) (i4\' — B sin X' cos V -f* \C sin 2\* cos 2 JJ) ; 
and since, in these two equations, the values of S r , X, L, S' X', JJ, aro 
all known from observation, the quantities a and c can easily be found, 
and the polar radius b from tiio expression b = a V(1 — r*). 

193. If b = a (1 — a), the small fraction a is called the ellipticity * of 
the spheroid. J lencc 

a (1 - «) = a d(\ — <j*) = « (1 - io 2 - *M) 

^ + *«* (35) 

• 194. If Q be put for tlic elliptic quadrant, measured from the equator 
to the pole, wo have / = in equation (3 1) ; therefore 
» • Q = J« (1 - c l ) A 7t = (1 — y- - -V*) .... (36) 

195. Prop. XXI. — ^ Me wr/A be cut by a vertical, plane per- 
pendicular to the meridian , the radius of curvature of this section , at 
the point where it cuts the meridian , U equal to the normal Mlt. (See 
the last figure.) 

For, since the earth is supposed to bo a solid of revolution, the direc- 
tion of gravity always passes through the axis of the earth. If, there- 
fore, we conceive the plumb line to he carried over an indefinitely small 
arc perpendicular to the meridian, its direction will intersect the axis at 
the same point R as before ; and, therefore, R is the centre, and MR 
the radius of curvature of this arc. The value of MR is giveu in 
formula (26). 

196. Prop. XXII. — To find the radius of the curvature at any place, 
'when the earth is cut by a vertical plane making an angle 0 with the 
meridian . 

Let PAp be an oblate spho- 
riod, formed by the revolution 
of the ellipse PAp about its 
minor axis Pp. Let PM A be 
the meridian of the given place 
M, MNm any section passing 
through the normal Mr, making 
an angle 6 with the meridian ; 
then it is required to find the 
radius of curvature of the sec- 
tion MNm at the point M. 

From any point N in the arc MNm draw NS perpendicular to Mm, 
and SQ also perpendicular to Mm in the plane PAp, Let the plane 
NSQ cut the plane DNE drawn through N, parallel to the equator in 
the line QN. Because MS is perpendicular to SN and SQ, it is per- 
pendicular to the plane NSQ, and therefore the plane MAm passing 

* The ellipticity a = a - } but, by some writers, [is called the ellipticity. 

a h ~ * 

The difference is not of^much moment. 


P 


X 


V 


JJ 


/ 


M 


X 


/* T V " )' 4 


’in' 



518 


GEODESY. 


through MS is perpendicular to the piano NSQ. And because the 
planes NSQ, DEN \ are perpendicular to the piano MAm , their com- 
mon intersection QN is perpendicular to this plane ; therefore NQS, 
NQD , arc right aifgles. Let 

rS = x, SN = y, i NSQ = AMN = 0, I Sr A = = /, 

then will = y cos 0, SZ = cos = y cos 0 cos /, 

= SQ sin QSZ = y cos 0 sin /. 

And bccauso DE = LLV, we have, from the ellipse (art. 67), 

= a* . CD 2 + £ 2 . DE* = a*.CD 2 + 6 2 (Z)Q 2 4- <?^ a ) • . . (a) 
But C7> = ST — SZ = # sin / — y cos 0 cos /. 

= C'r + rT 1 -f T 7 // = c 4 # cos / 4 y cos 0 sin /. 

= y sin 0. 


Making these substitutions in equation (a), it will bo of the form 

Ax 2 + Bxy + Cy* 4 Dx 4 Ey 4 F = 0 (37) 

where A = a 2 sin 2 / 4 cos 2 /. /) = 2/» 2 c cos 1. 

B = — 2(rc 2 — i 2 ) sin l cos l cos 0. E — 2b 2 c cos 0 sin’/. 

6' = £ 2 4 (« 2 — £ 2 ) cos 2 / cos 2 0. A 7 = — (« 2 — c 2 ) 6 2 . 

This is the equation to the ellipse, and we shall find the radius of 

ds 3 

curvature from the expression p = ~ ~ 2 , dy being considered 


(Party* 3 


dx 


constant. Now, at the point M , x == w, y = 0, -1 = 0, 

</y 

d ij 2 % > • 

— = — 1 ; therefore p =r — ~i_ Hence, differentiating equa- 
dy d ' l x ‘ 

tion (37) twice, wo have 

• d Y + By ** + Bx + 2Cj, + D~ + E = 0, 

dy dy dy 

2,1*^ + 2 A** + + 2B y + 2 C + D ^ = 0, 

</y 2 a// 2 




and because _ ‘ = 0, y = 0, we get 
dy 


d 2 x 

dy % 


20 


and p = 


2 Ax 4 D 


2 Ax 4 D r 2 C 

and, since A = a 2 sin 2 / 4 £ 2 cos 2 / = a 2 (l — - c 2 cos 2 /), 

* = Afr = “f*)_ 6* -= o*f 1 ^ c - <l f cos l 

*/ (1 — e* sin* l ) ’ ’ a/ (l e* Bin* l ) ’ 

2^a: + I) = / r (1 7-1, . 

>/(! — <r sin 2 /) 

(7 = i 2 4 (a 2 — £ 2 ) cos 2 0 cos 2 / = a 2 (1 — e 2 + e 2 cos 3 0 cos* /) ; 

... p = a 0 - c> ) (38) 

V 1 — 0 * sin 2 / (l — e 2 + e 2 cos 2 0 cos 2 /) 
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197. Cor . Because 1 — ~ # -|~ £ cos 1 0 co9 2 l • 

= (1 — e 8 ) (sin 8 0 4- cos 2 0) + c 9 cos 9 0 cos 9 1 
= (1 — e a ) sin 8 0 + (l — c 2 3 in 8 /) cos 2 0, 

We obtain from formula (38) • 

— = ! ^ T (1 — <? 2 ) sin 2 0 + (1 — e 2 sin 2 l) cos® 0]. 

p a ( I c 2 ) ' K 

And if r be tbc radius of curvature of the meridian at the point it/, 
and r' the radius of curvature of a section perpendicular to the 
meridian, wo have 


a (l — _f) 

(1 — e 2 sin* l)$ 
Hence it follows that 
2 

• 9 


sin 2 0 cos- 0 

Zf + ~ a 7 


a/ (1 — e 2 sin 8 /) 
r sin 2 0 4* ^ cos 2 0 


TV 


rr 


(39) 


^ r sin 9 0 -j- cos 2 0 
an elegant expression, which may be proved, by the differential calculus, 
to be true of all surfaces, when r and r' are the radii of greatest and 
least curvature of all sections passing through the normal at the 
point M. 

198. Prop. XXIII. — To determine the figure of the earth from the 
vibrations of pendulums . 

This method, which is now very generally practised, on account of 
its great facility, may be thus briefly explained. It appears, from 
Mechanics (art. 279), that the time of vibration of a simple pendulum 
in a vacuum, when the arcs arc indefinitely small, is determined by the 

equation t = vr A/ h. . If, therefore, t and L be given, tho value 

9 

of g may easily be found. Let G represent the force of gravity at tho 
equator, and g the force of gravity in any latitude l ; then wc have, 
from Clairaut’s theorem (art. 1 8.3), 

+ y — *. ; andy = 6' (1 + y sin* /).... (23) 

Suppose, now, that a pendulum, of cither of the forms described in 
Mechanics (art. 329), is made to vibrate, and its vibrations are compared 
with those of the pendulum of a clock, as explained in that article; 
then, if n be the number of vibrations bich the clock pendulum makes 
between two successive coincidences, the experimental pendulum will 
make n + 2 vibrations. Let r be the rate of the clock in seconds, or 
its gain in 24 hours, then the number of vibrations which the clock 
makes in a day is 24 x 60 x 60 f r = 86400 4* T * If* therefore, 
N be the number of vibrations made by the experimental pendulum in 
a day, we have, manifestly, 

2 :: 86400 4- r : N; therefore 


n 


n 


N = 


(86400 + r) = 86400 + r ± — — . 9 . - - — . . . 
n x ' n 


. (40) 


Let N r be the number of vibrations which the same pendulum makes 
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in any other latitado l 1 , and g' the force of gravity at this place. ’Wo 
have, then (Mcch. art. 281), 


W* 0 (± + 

A " 2 


1 + y ( sin * 1 — sin * 0 


g’ 6r(l + y sin* /') 
nearly, y being a very small quantity ; therefore 
W 2 — W'* 

y ~ (sin 2 / — sin 2 0 


( 41 ) 


The value of y being determined in this manner from experiment, the 
ratio of a to h will be found from the first of equations (23). 

In this investigation several corrections have been omitted, which 
must be taken into consideration when great accuracy is required. 


199. (1). Correction for the amplitude of the arc of vibration* I r. 
the expression given for the time of vibration, in the last article, the arc 
is supposed to be indefinitely small. Let t be the observed tim3 of 
vibration, <p the amplitude or semiarc of vibration, and t x the time of 
vibration, when the arc is indefinitely small; then we have (Mccli. 
art. 280*), 



Henco, if N be the observed number of vibrations made in a day, and 
N x the number in an indefinitely small arc, <p N x t\ = 24 hours = Nt, 
therefore 

w, = wi=w(l+^) (12) 

If, therefore, $ remains nearly constant during the time of observation, 
the number of vibrations Almost be multiplied by the quantity ] +- 1 1 ( j<p 2 . 
13ut as the amplitude is continually diminishing, on account of friction 
and the resistance of the air, it is necessary to make an allowance for 
this change. Now it is proved, both by theory and experiment, that 
the arcs decrease very nearly in geometrical progression. Let, there- 
fore, <p be the brst arc, <p f the last, and rn the number of terms, which is 
always a very large number. Also, let q be the ratio of the square of 
each arc to the square of the preceding arc ; then the whole timo of 
vibration will be represented by the equation 

\/ - g \ m + fir o + r~ 1 )} 


Let q = 1 — a*, then x is a very small quantity, and 

log (1 — x) =• M ( — x — -jX 2 — &c.) = — Mx 9 nearly, 

M being the modulus in the common system of logarithms (Alg. art. 
400 ) ; hence 


x = 


Iog(l —.v) 
M * 


or. 



and since we have 
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log? 


2 log p — 2 log p/ _ 2 (log p — log p') 


m — I 


q = 2 (‘°g g 


m 

■ log f>') . 


, nearly ; 


Mm 


Also, (1 — q m ) = — </<t> 2 = 0 2 — p' 2 , very nearly. 

Making these substitutions in the expression for T given above, we have 

Mm — r // 2 

y L 32 log ,p — log P' j 5 

and therefore the mean time of one vibration is 


mean til 

-V*( 

t = ( 


jf 


y— ■ 


i + 


32 log p — log p‘ 
M J 


1> )• 


or 


<> 2 — <P' ) 

32 log^ — - log W 

Ilcifcc, if Vi bo the correction to be added to the observed number of 
vibrations N in a day, we manifestly have 

. M sin 2 1° p 2 — <J 


= N ■ 


32 log <p — log <ft 
the arcs <p and <p' being estimated in degrees. 


r (43) 


200 . ( 2 .) Correction for temperature. Wheu a pendulum is made 
to vibrate at different times, its length will vary with the temperature, 
and therefore the time of vibration will also vary ; hence it is necessary 
to reduce the number of vibrations to a given standard (62o). Let T be 
the mean height of all the thermometers employed during the experi- 
ments, and a the rate of expansion of the metal for l f: of Fahrenheit, 
then, if L 7 V he the lengths of the pendulum at the temperature of 7 T °, 
and 62°, and N 7 A r . 2 , be the corresponding numbers of vibrations in a 
day, we shall have L — L' £l -f e ( T° — 62°/], and consequently 
(Much. art. 281), 

p- = \/£ =-• = 1 + b> CF-62“), nearly. 

lienee, if v t> be the correction to be added on account of the increase of 
temperature, 

i'* = INe (7 T ° — 62°) (44) 

201. (3.) Correction for the buoyancy of the atmosphere. When a 
body moves in a fluid, its weight is u .finished by the weight of an 
equal bulk of fluid, and therefore the accelerating force is diminished in 
the same proportion (IJydr. art. 387). Let N be the number of vibra- 
tions made in a day in air, N* do. in a vacuum ; <j the force of gravity 
in air, y do. in a vacuum; a the specific gravity of air, 8 that of the 
pendulum, during the experiments ; then 

i t _ _ Or ), also (Mech. art. 281 ). 

<J H — <r \ S — a) 
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Let li bo the •height of the barometer, and T the temperature of 
the air during the experiments ; also, let <r be the specific gravity of 
the air at the temperature of 32°, when the barometer stands at a given 
altitude //, and h' $ie height of the same weight of mercury reduced to 
the temperature T. It appears, then, from hydrostatics (art. 397), that 


V 

i specific gravity of the air = - g -j= — ■ — jvj*> _ w * ien P ** ^ l0 


pressure on a unit of surface, a is the expansion of air for 1° of tempera- 
ture, and k is a constant quantity ; hence 



Also, if fi be the expansion of mercury for 1° of temperature, 
hi = II £l -f- u ( T° — 32°) J. Substituting this value of li in the 
proportion above, and forming an equation, we get • 


a = o' 


n i 

77 1 4- («+/*) ( T° — 32°) ’ 


very nearly. 


According to MM. Arago and Biot, when If = 29*9218, and the 

r 

temperature is 32°, a is equal to^ ^ 0 , therefore \ ~jj~ *0000217. Also, 

ol = = -00222, /jl = *0001 (Hydr. art. 399), and therefore 

at -f fx = *0023. Hence 

, __ 0000217 , *00002 1 7 It 

a<T ~ T+ 1)023(7’— 32) ’ a “ N (S- <r)[l + •0023(7’°— 32°)] ’ 

or, if we put (= *0013) for a in the denominator, we shall have, 
for the correction to be added to N , 


y *0000217 h 

S — *0013 1 H- *0023 (2b — 32°) 


.(45) 


202. From several experiments, first made by Bessel, and afterwards 
repeated in this country, by Lieut. -Colonel Sabine and Mr. Francis 
Baily, this correction is found to bo far too small. It appears that a 
quantity of air adheres to the pendulum and moves along with it, and 
thus the mass moved and the moment of inertia are both changed. The 
effect of this varies in different pendulums, and, therefore, it must bo 
ascertained by actual experiments in each case. In the Philosophical 
Transactions for 1832, Mr. Baily shows that the correction on account 
of the air may be expressed by the formula 

•'.I = ° r + 70023 ^- 32-0 ■; 

hf which the value of C is constant for the same pendulum, but varies 
for different pendulums. We cannot pursue the subject further, but 
must refer the student to this paper, and also to an excellent report of 
Captain Foster’s experiments, drawn up by Mr. Baily, at the request 
ottte Royal Astronomical,. Society. 
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203. (4.) Reduction to the level of the sea . — Let f be the force of 
gravity at the level of the sea, g the forco of gravity at a plane h feet 
above this level, and r the radius of the earth ; also let N be the number 
of vibrations in a day at the place of observation, 8md do. at the 
level of the sea. We have, then (Mecli. art. 281 )» 

N± : N : : Jg : */g :: r + h : r. 

Hence i^ = 2V(l +-^ ) ; and v, = N ^ (47) 

204. In tliis correction the mass of the globe is supposed to be 
entirely below the level of the sea ; but as a certain portion of the earth 
is always interposed between the observer and this level, this correction 
is too great. In the Philosophical Transactions for 1819, Dr. Young 
jjpoposcs that it shall be multiplied by a fraction which varies from 
«0*50 to 0*75, according to the form and nature of the ground. In the 
fepor* of Capt. Fosters experiments, Mr. Daily assumes the fraction to 
be 0*666. 

205. We shall apply these formulae to an example taken from Mr. 
Daily’s report, p. 1 4. 

Experiment, No. 10, made at South Shetland \ on January 20, 
1829, with the No. 11 ’pendulum . The clock making 86478*80 vibra s- 
tions in a mean solar day . The height of the pendulum above the level 
of the sea = 19 ft. 2 in. 

It was Captain Foster's practice to record the firs* three and the last 
three coincidences, in printed blank forms, in order to guard against 
any error in noting down the precise times \ a method recommended to 
be pursued in all observations of this kind. The following is a speci- 
men of the mode of registering adopted in these experiments. 


No. 

Time of 
Disappearance. 

Reappear- 

ance. 

Coinci- 

dence. 

Arc. 

Thermo mete us. 

llARO- 

MRTEK. 

Upper. 

Middle. 

Loner. 


h in s 

s 

s 






1 

11 7 42 

44 

||M9 

0*91 

38-6 

38*4 

88*4 

29*442 

2 

16 52 

54 


•87 





3 

26 2 

5 

KB 

*8? 

39-0 

38*8 

38-8 


17 

1 35 22 

30 

26*0 

*36 

38-5 

38-4 

38-4 


18 

44 38 

49 

43-5 

*33 





19 

53. 57 

67 

62-0 

•30 

39-0 

38-6 

38-6 

29*429 


The mean value of h is 29*436. The mean value of T is 38*625« 
Mr. Daily states it to be 38*65 ; we will, therefore, take this number 
for T in the following corrections. In the second correction, Mr. Daily 
assumes the value of e to be *00000982. In the third correction the 
value of C was found, from experiments, to be *3541. ‘ 
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. li. m. f. 

First coincidence •••••«•• 11 7 43*0 

Last do i 54 2*0 

f IS intervals =r 2 46 19*0 

18)9979 

n = 554*389 



lienee, the number of vibrations at South Shetland, in a mean solar 
day, reduced to the level of the sea, is 

N -b v a + v 2 + v 3 -f- v 4 = 86167*806. . 


206. By a comparison of various experiments, which have boon made 
at different places of the earth, by Kator, Goldingham, Hall, Brisbane, 
Sabine, Fallows, Freyciuet, Duperrcy, and Louthe, Mr. Baily finds that 

the value of — - — varies from to — ^ , but the observa- 

tions on the whole may be tolerably well represented by the fraction 
2 8~ r 2G " *^ 1C va ^ ue V therefore, given above, will be *00514491. 


All the pendulum experiments agree, however, in giving a greater ellip- 
ticity to the earth than that which is deduced from the comparison of 
arcs of the meridian. To whatever cause this discrepancy may be as- 
signed, we cannot hesitate in giving the preference to the results of the 
geodetic measures. 


FINIS. 

% 

LO»l>0» ! rBXMTBD UY BKUCE A2U> W?LD, 84, rABRIKQBOX STREET. 










